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PREFACE 

This book is based on courses of lectures given to undergraduates 
in the Universities of Edinburgh and St. Andrews, and >s in- 
tended to provide an easy introduction to the methods of tlic 
theory of functions of a complex variable. The reader is assumed 
to haVe a knowledge of the elements of the theory of fimctions 
of a real variable, such as is contained, for example, m Hardy s 
C&urse of Pure Maihematics-, an acquaintance with the easier 
parts of Bromwich’s Infinite Series would proye advantageoU.s/ 

but is not essential. * » ' w - u ’ 

The first six chapters contain an e^^i'osfition, based on C auchy s 
Theorem, of the properties of one-valued differentiable functions 
of a complex variable. In the rest of the book the problem o 
conformal representation, the elements of the theory of mU‘gral 
functions and the behaviour of some of the special functions of 
analysis are discussed by the methods developed m tlie earlier 
part. The book concludes with the classical proof of I leard s 

'Theorem. , , , 

No attempt has been made to give the book an encyclo- 

\ paedic character. Mv object has been to interest the reader 

and to encourage him to study further some of the rnore 

advanced parts of the subject ; suggestions for further reading 

have been made at the end of each chapter, 

1 am especially indebted to Mr. W. L. Ferrar, who read the 
manuscript of the whole book in its original and revised forms, 
and suggested many improvements. My grateful thanks are 
also due to Professor E. T. Whittaker, F.R.S., for his kindly 
criticism dui-ing the early stages of the preparation of this work 

and for his constant encouragement. 

Finally, 1 have to thank Dr. H. S. Ruse and Professor J. M. 
Whittaker for their careful reading of the proof sheets and many 

valuable suggestions. ETC 

GREENWICH, 

July 1930 
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CHAPTER I 


COMPLEX NUMBERS 

1.1. The introduction of complex numbers into algebra 

In arithmetic, we understand by a real number a magnitude 
which can be expressed as a decimal fraction. If the decimal 
terminates or recurs, the real number is said to be rational, since 
it is then the ratio of two whole numbers. But if the decimal 
docs not terminate or recur, the number is not the ratio of two 
whole numbers and is said to be irrational. We shall assume 
that the reader is acquainted with Dedekind's method of found- 
ing the theory of rational and irrational numbers on a sound 
logical basis.j 

Elementary algebra is concerned with the apjdication of the 
operations of arithmetic to symbols representing real numbers. 
The result of any sequence of such operations is always a real 
number. 

A difficulty, however, soon arises in the theory of equa- 
tions. If a, b, and c are real numbers, the quadratic equation 
ax--\-%x-\-c = 0 has two distinct roots if b- > ca and two equal 
roots when 6^ — ca. But if b- < ca, there is no real number .r 
which satisfies the equation, since the square of every real 
number is positive. It is customary to introduce a new symbol 
^!{ — 1), whose square is defined to be —1, and then to show 
that the equation is formally satisfied by taking 

«-c= -b±^{ac-b')yj{-\), 

when b- < ca. 

When this new symbol has been added to the algebra of real 
numbers, every quadratic equation is formally satisfied by two 
expressions of the form a+j3y'(— 1), where a and ^ are real 
numbers. Such expressions are called complex numbers. 

If we suppose that the symbol — 1) obeys all the laws of 
algebra, save that its square is — 1, we can develoj) a consistent 
algebra of complex numbers which includes the algebra of real 
numbers as a particular case and which also possesses a charac- 
ter of completeness which is lacking in the simpler theory. This 

t Soo, for example^ Chapter I of Hardy’s Pure Mathematics (n)4(>). 
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completeness is well illustrated by the theorem which states 
that every equation of degree n has precisely n roots — a result 
which is true in the algebra of complex numbers but is false in 
the algebra of real numbers. 

The present book is concerned essentially with the application 
of the methods of the differential and integral calculus to com- 
plex numbers. 

1.2. An algebra of ordered pairs of real numbers 

Before we proceed to elaborate the algebra of complex num- 
bers, it is very desirable that we should provide a definition of 
such numbers which depends only on real numbers, instead 
of the formal introduction of the symbol of elementary 

algebra. Such a definition is suggested by the following geo- 
metrical considerations. 

In the analytical geometry of the Euclidean plane, the equa- 
tionsf x' = ax, y‘ = ay define a transformation of any con- 
figuration of points into a new configuration which is obtained 
by a very simple geometrical construction. When a is positive, 
the transformation magnifies all distances from the origin in the 
ratio a . 1, whilst wlien a is negative, tliere is a magnification in 
the ratio -a:l together with a rotation about the origin 
through two right angles. 

If we write the equations of transformation in the form 

(^ -!/ ) = 've see that a real number is the svmbol of 

a certain geometrical transformation. 

These transformations are, however, merely particular cases 
of the more general transformation x' = ax~by, y' = hx+ay, 
depending on two real parameters a and b. This transformation 
magnifies all distances from the origin in the ratio : 1 

and rotates all rays from the origin through an angle tan“^(fc/(j). 

Ihe two equations defining the transformation may be com- 
bined by writing^ 

t The axes of coordinates are supposed to be at right angles. ‘ 

: The notation is that of the algebra of matrices. Tho reader is warned 

against confusing tho matrix ( *1 with the determinant . A 

... \ O, 0/ Q 

matrix has no numerical value, but is merely an array of numbers* 
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here the multipliers for x' oceur in the first column of the two- 
rowed symbol, those for y' in the second. We shall now con- 
struct an algebra of these two-rowed symbols and shall show 
that this provides the desired definition of a complex number. 

In the first place, we say that two symbols are equal if the 
corresponding transformations are the same; thus 

I 

\-b, aj (tj 

holds if and only if « = a' and h = //. Secondly, we define 
the sum of the two symbols by the equation 

/ b'\_l ai-a', h-\-lA 

\~b, aj^\-b', a') \-lj-b\ a\aj' 

From the definition of addition it follows that 


/ a\ b'\j a~a\ 6-6'\ / a, M 
\— 6 , aj \— a~a'j \ — 6, nj' 

accordingly we define subtraction bv 

% 




h~b'\ 

« — « 7 ‘ 


The definition of the product of two symbols is not quite so 
obvious, but it is suggested by analogy witli the simpler case 
in wliich the transformation (z\y’) ^'{z,y)ab is the result of 
applying successively the two transformations y') = (x", y") b 

andfx'.y") = (x,y)a. Accordingly, we define the product of the 

symbols , 

' / a', b' 

-b, a)' a' 


to be the symbol of the transformation obtained by applying 
successively the transformations 


It follows thatf 

I a'. 6'\ 

\-b, aj\-f/, aj 




(ta'~bb\ 

-ab'-a'b, 



nb'-\-a'b\ 
aa' — bbj' 



t It should b« <,b8orvod thHt tho rulo for raultiplicafion is the same as that 
for multiplymg t«o d^termiouniH; elements of a row of the first symbol are 
imUtiplie<i by the corresponHing elemei.t,. of a column in the second symbol 
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' 0 , 0 ’ 

0 , 0 , 

is called the zero symbol, for it plays the part of zero in this 
algebra, since the difference of two equal symbols or the product 
of any symbol and the zero symbol is always the zero symbol. 
Similarly we call q- 

0 , 1 /’ 

which corresponds to the identical transformation 

{x\y') = [x,y), 

the unit symbol, since every symbol is unaltered by multiplica- 
tion by the unit symbol. 

Finally, given any non-zero symbol 

a, b\ 

~i>, ar 

we can deduce from the law of multiplication a unique symbol, 
namely /o/(aH6=), -6/(aH6=‘)\ 

whose product with the given symbol is the unit symbol. The 
second symbol is said to be the reciprocal of the first. We now 
define division by a non-zero symbol to be multiplication by 
its reciprocal. 

Having defined the operations of addition and multiplication, 
together with the inverse operations of subtraction and division, 
we must next consider whether these operations obey the com- 
mutative, associative, and distributive law's of algebra. The 
reader will easily verify that this is the case by showing that, 
,if .4, B, C denote any three of these tw’o-rowed symbols, then 

AB = BA, 

{^+B)+C = ^+{B+C), 

{AB)C = A(BC), 

A{B-\-C) = AB-\-AC. 

Moreover, if is identical with the zero symbol, so also is at 


6 


COMPLEX NUMBERS 


least one of ^4 and B. It follows, therefore, that operations in 


this algebra of two-rowed symbols are carried out in precisely 
the same manner as in ordinary algebra. 


In particular, the algebra of symbols of the form 



identical with that of the real numbers a. Even though the 
two-rowed symbols of this type are logically distinct from the 
real numbers, no useful purpose is served by keeping a special 
notation for them.f With this convention, we may write 




= a + iby 


where 



We easily see, by means of the rule for multiplication, that 



in other words, i has all the properties formally assigned to 
^(— 1) in elementary algebra. 

We now define a compled- number to be a two-rowed symbol 

of the form ( or a-\-ib, which obevs the laws of combina- 

\-b, af 

tion prescribed above. It follows that we can perform all the 
operations of algebra uith complex numbers in exactly the same 
way as mth real numbers, provided that we treat the symbol i as 
a number and replace its square by ~ \ whenever it occurs. 


1.3. The modulus and argument of a complex number 
The geometrical transformation 

( a :',!/') = (^, 3 

associated with the complex number a-{-ib magnifies all dis- 
tances from the origin in the ratio ^ 1> rotates 

all rays from the origin through a certain angle a. Tlie magni- 

t It will bo recalled that a similar point arises in connexion with Doilckiiul s 
theory of tho real numlwrsp wlioru the real rational nmabor x (dofinnd by a 
Detlokind section of the rational numbers) is lo*>ically clistinct from tho corro- 
sponditig rational nuiiibor. 



6 COMPLEX NUMBERS 

fication factor +-\/(a'+6“) is called the modulus of the complex 
number a-\-ib and is denoted by !a + t6|. 

The number a which is determined by the two equations 

a = |n + i6|cosa, b = |a+i6|sina, 

is called the argument^ of a + ib, and is written arg(a + i6). If 
the modulus of a complex number a+it is not zero, its argu- 
ment has an infinite number of values; for if a is a value of 

so also is a-{-2rt7r. n being any integer. The principal 
value of arg(a-t-i6) is defined to be that which satisfies the 
inequality 

— 7T < arg(a-{-i6) ^ TT. 

If, liowever, ja + iil is zero, then a and b are botli zero, and 
the equations to determine a are satisfied identically; the argu- 
ment of the' complex number 0 is thus indeterminate. 

Let us now suppose that the complex number A-{~{B is the 
product of a+ib and a'-f-ih'. Since the geometrical transforma- 
tion corresponding to A + iB is the result of applying succes- 
sively the transformations corresponding to a+*6 and a'-\^ib', 
it follows at once that ’ 

\A-\-iB\ = \aA-ib\.\a’+ib'l 

and also that a value of arg(*4 + i£) is the sum of the principal 
values of the arguments of a-f-z6 and o'-|-i6'. 

1 .31 . The real and imaginary parts of a complex number 

It IS convenient to denote a complex number x-\~iy by a single 
letter, 2 say. If 2 = where x and y are real, we call x and 

y tlie real and imaginary parts of 2 , and frequently write 

X — Biz, 2 / = Imz. 

It is easily seen that 

-~\z\ ^ RI 2 ^ \z\, —\z\ ^ Im 2 ^ \z\. 

From the definition of the equality of two of the symbols of 

§ 1.2, it follows that two complex numbers 2 and z' are equal 

if and only if RI 2 = RI 2 ', Imz = Imz'. Again, from the rule 
tor addition, we sec that 

RI( 2 + 2 ') = RI 2 + RI 2 ', Im( 2 -i- 2 ') = Imz -f- Imz'. 

t Alternatively , the amplitude, or phase of a + .6. 
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1.32. Conjugate complex numbers 

If 2 = x+iy, where x and i/ are real, the number x—ii/ is said 
to be conjugate to z and is denoted by z. Obviously, the number 
conjugate to 2 is 2 itself. Moreover, the numbers conjugate to 
2 j +22 evidently 21+^2 and z^Z 2 respectively. 

The proofs of many theorems regarding complex numbers can 
often be greatly simplified by the use of conjugate complex 
numbers, if we remember the easily-proved formulae 

Izl^ = 22 , 2Rlz = 2 + 2 , 2ilmz = 2 - 2 . 

First of all, ifz^ and z^are any two complex numbers, we have 

1^1 22 !" = 2i 22 2^22 — ZiZj Z-.Z-i = |2iPl22i"> 

and so \^iH\ = 

the positive square root being taken since the modulus of a com- 
plex number is never negative. Therefore the mod^ilus of the 
product of two coinplex numbers (and hence, by induction, of any 
number of complex numbers) is equal to the product of their 

moduli.'\ 

Again, we have 

lZj + 32l^ = (2 i + 22)(2i + 22) 

= Zj2j + Z^22+2|Z2 + 2222 

= l2il2 + 2Rl(2i22)+|22l- 
< l2llH21Zi2-2l+lZ2l2 

and soj 121 + 22 ! ^ | 2 il+l 22 l- 

Hence the modulus of the sum of tuv complex numbers (and so, 
by induction, of any number of complex numbers) cannot exceed 
the sum of their moduli. 

On the other hand, we also have 

121-221^= !2il2-2Rl(2i2-2)+l22|2 

> |2il^-2l2i2-2i+lz2P 

= (l2il-|22i)^ 


t An alternative proof was given in § 1 . 3 . 

+ It should be observed that the sign of .equality occurs only when 3,2, is 
real and positive; this is the case if and only if Zg and 2, have tlio sanio 
argument. 
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1^1-221 > l(l^ll-|22l)l. 

an important inequality of which frequent use will be made. 

Example. Show that argz + argj = 2mT, where n is an integer or 
zero. 

1 A. The geometrical representation of complex numbers 

The usual method of representing real numbers geometrically 
is by means of points on a line, the real number x corresponding 
to the point of abscissa x, according to some given scale, referred 
to a fixed origin on the line. In a similar way, we shall represent 
a complex number z by a point in a plane whose rectangular 
Cartesian coordinates are (Rlz, Imz); the complex number z is 
then called the affix of the point which represents it. The 
straight line whose equation is Imz = 0 is called the real axis, 
since the affix of each j)oint on it is a real number; similarly we 
call the line Rlz = 0 the imaginary axis. 

This geometrical picture, wliieh is often called the Argand 
diagram, enables us to describe properties of complex numbers 
by means of geometrical language, as all the operations of the 
algebra of complex numbers have simple geometrical interpreta- 
tions in this scheme. 

Example 1, If P, Q, J? are t)ie points of affix z, s', z-fc' respectively, 
show that OPRQ Is a parallelogram. 

Example 2. Prove that the polar coordinate.s of the point of affix^ z 
are (|z|,argc), referred to the origin as jx>lc and the real axis as initial 
lino. Deduce a geometrical construction for the point of affix zz'. 

Example 3. Provo that |a-6|*+ |a-h6|* = 2[a|<+2|6|=. Interpret 
this result geometrically. 

1.41. The point at infinity 

In the Euclidean geometry of the plane, ‘points at infinity’ 
do not occur; two straight lines intersect in a point e.xcept in 
the case when the lines arc parallel. It is, however, usual to 
postulate, at a later stage, that there exists an infinite number 
of points at infinity, each being defined as the point of inter- 
section of a pencil of parallel lines. 

Now, if we take a pencil of curves through the point of affix 
c in the Argand plane, the transformation z' = \iz turns them 
into a j)encil ot curves through the point of affix 1/c, provided 
tliat c is not zero. To avoid the difficulty of this exceptional 
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case, we now postulate that there is a single point at inlinity in 
the Argand plane; this point at inlinity is defined to he the ])oint 
corresponding to the origin in the transformation c' - = 1 'z. 

The nature of the Argand plane at the point at infinity is 
made much clearer by the use of Riemann’s spherical rej>rc- 
sentation of coini)lex numbers, which depends on stereograi^hic 
projection. 

In order to map a spherical surface stereograjihically on a 
plane, we take a jioint on tlie sphere as vertex of projection and 
its equatorial plane as plane of projection. Then to any ])oint 
of the sphere save the vertex of projection, there corresjionds 
a unique point of the plane; conversely, to each point ol the 
plane, there corresponds a unique point of the sphere. 

If wc project the points on the sphere + = 1 stereo- 

graphically on the plane C — 0, taking the point (0,0,1) as 
vertex of projection, we find that the ])oint {x, y, 0) of the plane 
corresponds to (^, rj, on the sphere if 


^ = y=ril{\-0, 


or, writing z for x-{-iy, 


Conversely, on the sphere corresponds to the point of 

affix z in the plane if 




2z 

zz-t-l’ 



22 — 1 
22 + 1 ■ 


These equations provide a continuous onc-to-onc corresj)on- 
dence between the complex numbers and points on a splierical 
surface. 

Now if (^,7), I,) corre.sponds to the point oi affix z, (^,7), — 0 
corresponds to z', wliere 


l-i 

1 + C i-ir) ■=’ 

s 

since 1 — ^-. But obviously arge -■ arge' and 

| 2 l. | 2 '| — 1, so that 2 and z' are inverse points with respect to 
the unit circle with centre at the origin. Thus points of the 
Argand plane which are inverse with respect to the circk* l 2 | — 1 
correspond to points of the Ricmaiin sphere wliieh are sym- 
metrical with respect to the plane 4 -0- 
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In particular, when z = 0, 2 ' is, by definition, the point at 
infinity, and so the point (0,0, 1) of the Riemann sphere corre- 
sponds to the point at infinity of the Argand plane. We have 
thus set up a one-to-one correspondence between the points of 
the Argand plane, completed by the addition of the point at 
infinit}', and the points of the whole Riemann sphere. Any geo- 
metrical property involving the point at infinity in the Argand 
plane can thus be easily visualized by means of this spherical 
representation of complex numbers. 

REFERENCESt 

G. H. Hardy, Pure MathematicsX {Catnbriclpi'. lD4t>). III. 

B. A. W. Russell, Introductioyx to Mathtuujtical Philosophy (London, 
1919), Chap. VII. 

MISCELLANEOUS EXAMPLES 

1. Show that the equation of a straight line in the Argand plane is 

624-62 = c, 

where 6 and c are constants, c being real. Deduce the condition for the 
collinearity of three points. 

Prove also that z' is the reflection of z in this lino if hz-\-ht' = c, 

2. Find the area of the triangle w’hose vertices are the points of affix 

3. Show tlmt the triangles whose vertices are Z|, Z|* Zj and zj. zj* 

arc similar if ^ i 

Zx ^ 

z, z; 1 = 0* 

^3 1 

4. Prove that the equation of a circle in the Argand plane is 

azz + bz + tz + c = 0, 

where a 0), 6 and c are constants, o and c being real. 

Show that§ z and z' are inverse points with respect to this circle if 

az'z + bz+bz'~\-c = 0. 

t At the end of each chapter, references will be given to suggest further 
reading. 

X It is important to notice that, although Hardy's definition of a complex 
number is quite different from that adopted here, both depend on constructing 
an algebra with certain symbols involving two real numbers arranged in a 
certain manner. As tho laws of combination ar© the same for both seta of 
symbols, the two constructions load to the same algebra of complex numbers. 

§ This implies that inversion with respect to the degenerate circle 
Ozi+fcz+tz + c = 0 is reflection in the line 65-t-5z+c = 0* 
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6. Show that the equations 

z — a 

where A and a are variable parameters, represent two orthogonal families 
of coaxal circles. 

6. Prove that t!ie homographic transformation 

7 az+^ 
yz-rS' 

where a, j3. y, 8 arc complex constants, turns circles in the z-plane into 
circles in the Z-plane. straight lines being regarded as degenerate circles. 

7. Prove that a hoinographic transformation is a one-to-one trans- 
formation of the complete z-plane into the complete Z-plane, which 
leaves the angle between any two intersecting curves unaltered. Show 
also that the cross-ratio of the affixes of four points 

{Z,-Z))(Z3-Zj 

(2l-2s)(2|-Z|) 

is invariant under a homographic transformation. 

8. Show that every homographic transformation may be generated 
by an even number of inversions with respect to circles or straight lines. 

9. Show that there are two points which are invariant with respect 
to a homographic transfonnation. Hence show that, if these invariant 
points are distinct, the transformation is expressible in the form 

Z-z, z-z, 

where k is a constant, and that, if the invariant points are coincident, 
the transformation is I • 

where & is a constant. 

10. Determine the regions of the z-plane specified by 

I I < 1» =1. or > 1, 

1 —az I 

where o is a constant of modulus less than unity. 

11. Find tho regions of the z-plane for which 

• z+a; 

where tho real part of a is positive. 

12. Show that the equation (az-f fiz)’ = 2(bz-ri'z) + c, where c is real, 
repre.sents tho most general parabola in the complex plane. 

13. Two points, whose affixes are Zj and z*, move independently round 
an ellipse with a focus at the origin. Show that the region in which the 
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point of affix z^',Zi lies is bounded by a curve whose polar equation is 

{l+r*){l-£=)- 2 r{l-€*cos 0 ) = 0 , 

where e is tlie eccentricity of the ellipse. Sketcli this cur\e and indicate 
tlie region in which must lie. What is the corresponding result for 
a parabola? [Oxford: Junior Scholarship, 1929.] 

14. Prove that, in stercographic projection, straight lines in the plane 
correspond to small circles on the sphere which pass through the vertex 
of projection. 

Show also that the groat circles through the ends of a fixed diameter 
of a sphere project into a family of coaxal circles with real common 
points, and that the small circles whose planes are perpendicular to this 
diameter project into the orthogonal system of coaxal circles. 

15. If do be the clement of length of a curve on the sphere 
^ 24 - 7 ^ 14-^2 — 1 and ds the element of length of its stereogruphic pro- 
jection on the plane ^ = 0 , prove that 

do 


ds — 


1 -r 


Hence show that stercographic projection maps a sphere conformallyf 
on a piano. 

16. Show that the points z,. 2 , are the stercographic projections of 
the ends of a diameter of the Ricmann sphere if = — 1 . 

If the Riemann sphere be rototed through an angle 6 about this 
diameter, prove that the corrcspotiding transformation of the Argand 
plane is given by 


2 — z 
z'-z 


‘ = {cos6+isin6) 


z—z 

Z — 2 


•j . -j 

17. Prove that the necessary and sufficient condition that a tran.s- 
formation of the Argand plane correspond to a rotation of the Riemann 
sphere about u diameter is that it be of the form 


, az — c 
Z — • 

cz -t-a 


18. A rotation of the Riemaim sphere about a diameter tlirough the 

point of spherical polar coordinates moves the point 

to Provo thatj 

-A' j. \ cot ^ocosecotcot i- 

cot 10 e'"^ =1 , • ♦ 

cot0(,coseca4-2C()t|tye*'® 

Determine the relation between the luigle of rotation and the para- 
meter a. 

t A method of mopping is sui<l to bo conjormal if it preserves tho angle of 
intursection of every pair of intersecting curves. Seo Chapter VI. 

t c*'^ is bore used as a convenient abbreviation for cos 0 t sin ip. Seo § 3.51. 



CHAPTER II 


THE CONVERGENCE OF INFINITE SERIES 


2.1. Sets of points in the Argand plane 

As we saw in the last chapter, we can describe properties of 
complex numbers in geometrical language by using the Argand 
diagram or the Riemann sphere. In the present chapter, we 
consider from this geometrical standpoint some of the properties 
of sets of complex numbers. 

By a neighbourhood of a point Zq in the Argand plane we mean 
the set of all points z such that \z—Zq\ < «; we call c the radius 
of this neighbourhood. Under the transformation z' — IJz, the 
neighbourhood of the origin of radius e becomes the set of all 
points z for which \z\ > 1/e. Accordingly, we define a neigh- 
bourhood of the point at infinity to be the part of the s-planc 
outside a circle \z\ — R. It should be observed that the portion 
of the Riemann sphere which corresponds to this neighbourhood 
of the point at infinity is the interior of the small circle cut off 
by the plane ^ = {R—\)I{R\\}. 

A point Zq is said to be a limiting ■point of a set of points S in 
the Argand plane if every neighbourhood of Zq contains a point 
of S distinct from Zq. For example, the points il + i are 
limiting points of the set of points of affix 


(- 1 )" + 


n% 

n-|-I 


(n= 1,2,3,...), 


whilst the 
of affix 


point at infinity is a limiting point of the set of points 
n2+2m (n= 1,2,3,...). 


This definition implies that every neighbourhood of a limiting 
point Zq of a set of points S contains an infinite number of poi?its 
of 8. For the neighbourhood \z—Zq\ < € contains a point Zy of 
S distinct from Zq] next, the neighbourhood \z—Zq\ < \zi—Zq\ 
contains a point Sj of 8 distinct from Zq, and so on indefinitely. 


2.11. Closed and open sets of points 

The limiting points of a set are not necessarily points of 
the set. For example, the limiting points dil+i of the set 
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of points of affix 


ni 


+ {n = 1,2,3....) 


arc certainly not members of the set. If, however, every limiting 
point of tlie set belongs to the set, we say that the set is dosed. 

Limiting points are (livide<l into two classes, inferior points 
and boundary points. A limiting point Zq of a set S is said to be 
an interior point if there exists a neighbourhood of Zq wliich 
consists entirely of points of *S’.t A limiting point which is not 
an interior point is called a boundary j>oint. Thus, if S consists 
of all points for wliich i2; < 1. points on the circle \z\ = 1 are 
boundary points, wliilst each point of the set is an interior point. 

A set which con.-^ists entirely of interior points is said to be 
open. It should be ob.served that sets exist wliich are neither 
ojK'H nor closed; a simple set of this type consists of the point 
z — 1 and all points for which ]z\ < 1. 


Example. Show that, if a set A" consists of all tlio limiting points 
of u given set A. then u limiting point of A' necessarily bclong.s to A'. 


2.12. Jordan curves 


The efjuation 


2 = x(0 + t^(0. 


where x(/) and ?/(/) are real continuous functions of the real 

variable t. defined in the range t„^t ^ T, determines a set of 

points in the Argand jilane which we call a continuous arc. 

A ])oint is said to be a multijile point of the arc if tlie equation 

2] = + is satisfied by more than one value of t in the 

given range. 

A continuous arc without multiple point is called a Jordan 
arc. A simple exanijile of a Jordan arc is the polygonal arc 
t\hich consists of a finite chain of straight segments. 

A continuous arc whicli has but one multiple point, a double 
point corresponding to the terminal values T of t, is called 
a simple closed Jordan curve. For example, the arc 


2 = cosf-Lfsin/, 

where 0 >77, is a simple closed Jordan curve, the double 

pointj being 2 — 1, corresponding to / = 0 and t — 27 t. 


t This, of course, implies that belongs to A. 

» It should, however, U' obsorxed tliat it is not a double 
understood in tho theory of higher piano cur\ea. 


point in tho sense 
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2.13. Bounded sets 

A set of points is said to be bounded if there exists a positive 
number K T\ith the property that the inequality l 2 | < A is 
satisfied by the affix z of each point of the set. If there exists 
no such number K. the set is said to be unbounded. 

2.14. The definition of a domain 

A set of points in the Argand plane is said to be connex if 
every pair of its point.s can be joined by a polygonal arc 
which consists only of points of the set. An open connex set 
of points is called a ilornain. If we add to a domain 
its limiting points, the resulting set is called a dosed 
region. 

Two domains which have no point in common arc said 
to be separated. Obviously every polygonal arc which joins 
a point of a domain to a point of another domain 
separated from the first must contain boundary points of the 
sets. 

2.15. The Jordan curve theorem 

It is easily shown that the circle \z~ 1 divides the Argand 

plane into two separated domains, namely the sets defined 
by the inequalities 'zj < 1 and ]z\ > 1, which have the circle 
as common boundary. This result is a particular case of the 
Jordan curve theorem,! which states that a simplf dosid Jordon 
curve divides the plane into two domains which have the curve 
as common boundary. One of these domains is bounded and is 
called the interior domain; the other is unbounded an<l is called 
the exterior domain. 

The two domains into which the plane is divided by a simple 
closed Jordan curve C arc distinguished by a simjde analytical 
property. If a is a point of the exterior domain, arg (2 — a) 
returns to its original value when z goes once round C. On the 
other hand, if 6 is a point of the interior domain, arg( 2 — 6) 
increases by If the increase is +27r, we say tliat z de- 

scribes C in the positive or counter-clockwise sense. 

Although the results we have just stated seem quite obvious, 

t Jordan's original proof will be found in hia Coura d' Ancdyae, 3 (Paris, 
1887), 587. He assumed the truth of the theorem for a polygon. 
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their proof is extremely complicated and far too difficult to give 
here.t For the most part, we shall only use simple closed Jordan 
curves composed of straight lines and circular arcs, and we shall 
rely upon geometrical intuition, which does not, in fact, lead us 
astray. Actually the proofs of the theorem in these elementary 
cases are generally quite straightforward. 

2.2. Nests of intervals and rectangles 

The set of all real numbers x such that a ^ x ^ b is called 
an interval. If we represent the real numbers by points on a 
straight line in the usual manner, this interval is represented 
by a segment of the line of length 6— «, tlie end-points being 
included in the segment. It is convenient to use the same word, 
interval, for such a set of real numbers and for the corresponding 
segment on a line. 

A sequence of intervals /,, /o...., I, is said to form a 7ic.s^§ 

if each interval consists only of points of and if the 
length of /„ tends to zero as n oo. We shall now show that 
there is one and only one point which belongs to all the intervals 
of a nest. 

For suppose that the interval /„ consists of all points x 
sueii that C .r i.' Then, by the definition of a nest, 
a„ C; < bi for all values of n. and so tlie numbers form 
a non-decreasing bounded sequence. Hence, as n co, tends 
to a finite limit Moreover, since a„ ^ for every positive 
integer p, we see, by making p -> oo, tliat Similarly we 

can show that 6„ tends to a limit f', and that ^ for every 
finite value of n. 

But since — a„ tends to zero by hypothesis, a„ and b,^ must 
tend to the same limit We have thus shown that there exists 
a number ^ such that the inequality ^ ^ 6., holds for every 


t Sec r. T/tf Ttii/hr Scr!rs (Oxfc^nL 177-07; {]. X, Watson, 

('omplcx Intefjraiion <iwl Vouch tf/i Theorem (Coinbriilge, 1 01 4). 3- 10 ; M. i!. A. 
Xowinan, T<fpolot/tj of l^hiuc *S^^v ((’aiubridgc, IU39). 

; By a sequence we mean, throughout this book, n sot of infinitely many 
objects which can bo put into ono-to*ono corrospotHlcnco with the sot of 
positivo integers. 

§ This term is suggested in R. C. Young's translation of Knopp, Theory 
and Application of Infinite Series (London, 1928), 
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finite value of ??. In other words, the point of coordinate ^ lies 
in every interval of the nest.f 

A similar theorem is true of complex numbers; we state it in 
a geometrical form. A sequence of closed rectangles 7?j. 

whose sides are parallel to the real and imaginary axes, 
is called a nest if each rectangle R„^^ consists only of juants of 
R„ and if also the lengths of the sides of tend to zero as 
n-^ 00. Then, as we shall now show, there is one and only one 
point which lies in all the rectangles of the nest. 

Let us suppose that the rectangle consists of all points of 
affix 2 such that 

Then, by definition, we have 

where and both tend to zero as n -> co. 

These conditions, however, imply that the intervals 

a„ < a: < b„ {n = 1,2, 3,...) 

form a nest. Hence there is exactly one point ^ on the real axis 
such that the inequality ^ ^ ^b„ holds for all values of n. 
Similarly there is precisely one point iij on the imaginary axis 
such that a'nK f] ^b’^ for all positive integers n. It follows 
that the point of affix is the one and only point which 

lies in all the rectangles of the nest. 

Example. Ai Cj is a triangle, which is divided into four congruent 
triangles by joining the mid-points of its sides. Cj is one of these 

smaller triangles, chosen according to some definite rule. A^B^C^ is 
obtained from A^B^C^ in the same manner, and so on indefuutoly. 
Provo that tlicro is one and only one point which lies within or oi\ all 
the triangles of this sequence. 

2.21. The Bolzano-Weierstrass theorem 

The fundamental property of bounded sets ot points is con- 
tained in the theorem of Bolzano and Wcicrstniss. wliich runs 

t It is necessary for the truth of the theorem that the end-points of on 
interval should belong to the interval. For example, if donotos the sot of 
points such that 0 < ® < 1/n, there is no point >'hich belongs to all the sots 




0 
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as follows. If a set S is bounded and contains infinitely many 
jpoinis, then it possesses at least one limiting point.^ 

hj^pothesis, there exists a closed square with vertices 
±K^iK, to which every point of the set S belongs. The 
imaginary axis divides this square into two equal rectangles. 
One of these, regarded as a closed set, must contain an infinite 
number of points of 5; if both do, we take the right-hand one. 
Again, the real axis divides the selected rectangle into two con- 
gruent squares. One of these squares, regarded as a closed set, 
contains an infinite number of points of 5; if both do, we take 
the upper square. 

In this way we obtain a closed square i?,, of side K, which 
is contained in and which contains an infinite number of 
points of S. We now treat R^ in the same way. We divide 
into two congruent rectangles by a line parallel to the imaginary 
axis. One of these rectangles, regarded as a closed set, contains 
an infinite number of points of S\ if both do, we take the right- 
hand one. The selected rectangle is then divided into two equal 
squares by a line parallel to the real axis. Again, one of these 
squares, regarded as a closed set, contains an infinite number 
of points of iS; if both do, we take the upper one. We thus 
obtain a closed square R^, of side KI2, which is contained in 
and which contains an infinite number of points of S. The 
square R^ is then treated in the same manner, and so on in- 
definitely. The process never terminates since we never reach 
a square which contains only a finite number of points of 5. 

Now the squares R^, R„..., R^,... form a nest, since R,^^ 
consists only of points of R^ and the length of each side of 
Rn+i is A/2'‘, which tends to zero as n -»• oo. Accordingly there 
exists one and only one point ^ which lies in all the squares of 
the nest; we now show that ^ is a limiting point of S. For if 
€ is any assigned positive number, we can choose an integer *V 
such that the diagonal of the square R^/ is less than c; then the 
neighbourhood of ^ of radius € contains the square R^- and hence 
contains an infinite number of points of S. This proves the 
theorem. 

t Two proofs of this theorem for the case when all the points lie on a straight 
line will be found in Hardy. Pure Mathematics (1946). 32. 138. The proof given 
here in the two-dimensional cose U similar to Hardy s second proof. 
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2.3. The convergence of complex sequences 

A sequence of complex numbers -j. is said to be 

convergent if the corresponding set of points in the Argand 
plane has one and only one limiting point, whoso affix 2 is finite; 
when this is the case, the number 2 is called the limit of the 
sequence. We denote this symbolically by writing ‘2,, 2 as 
n x’, or lim — 2. 

The definition implies that 2 is the limit of the sequence if 
and only if every neighbourhood of the point of affix 2 contains 
all but a finite number of points of affix 2,,. In other words, 

z is the limit of the sequence Cj. z., 2„,... if, given any positive 

number e, we can fitid an integer A' such that the inequality 
2 | < € holds for all integers n ^ A’. It follows that a con- 
vergent sequence is necessarily bounded. 

A sequence wliich is not convergent is said to be divergent. 
A divergent sequence either has more than one limiting point, 
in which case it is said to oscillate, or else has a single limiting 
point at infinity. 

If the points of the sequence Zj, 2,,,..., having a single 
limiting point at infinity, lie on a branch of a curve which lias 
the line argz a as asymptote, it is sometimes convenient to 
denote this fact by writingf 2„ x.c*'. Thus n+i/n -> +x, 

and 1 +ni+l/n -»■ l + xn This convention docs not violate the 
postulate that there is but one point at infinity in the Argand 
plane; it is merely a simple way of specifying the manner in 
w’hich the limiting point at infinity is approaclicd. 

2.31. Cauchy’s principle of convergence 

It can be easily shown that a sequence of complex numbers 
2|, Zj,..., 2„,... is convergent if and only if the two sequences 
of real numbers a-,.,..., and y.,.,., where 

^it ~ y,^ = Im2„, are convergent, and so theorems con- 

cerning the convergence of complex sequences can be deduced 
from the corresponding theorems for real sequences. It is, how- 
ever, usually much more convenient to make use of Cauchy ’s 
principle of convergence, which runs as follows The necessary 
and sufficient condition for the convergence of a complex sequence 
2 i> 22-- ‘> is that, given any positive number €, there should 

t ia u&o<l hero to denote cos a -f- i sin a. 
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exist an integer N, depending on €, sxlcK that the inequality 

^ holds for every positive integer p. 

The condition is necessary ; for if 2^ ->■ 2, there exists an integer 
N, depending on the given number €, such that the inequality 
jZft— 2| < holds when n N. Hence, if is any positive 
integer, we have 


4-p — 




The condition is also sufficient. For if it is satisfied, the given 
sequence is bounded, since all save a finite number of its points 
lie in the neighbourhood of Zf^- of radius e ; hence, by the Bolzano- 
Weierstrass theorem, the sequence possesses at least one limiting 
point. Now if the sequence is not convergent, it must possess 
at least two finite limiting points, z' and 2", say. Accordingly, 
there exist integers q and r, depending on the given number €, 
such that 


2 —2 


2*— 2 


%Y+ffl 

With these values of N, q, r, we have 


.V+r 


< €. 


Iz'-Z^i = i(2'-2A'+^) + (2A..^a-2A-)-(2,V+r-ZA^)-(2''-2.V+r)l 

< l2' — + IZAT+g— 2;y[-f Iz^r+p— Z atIH- 12* — 2a-+^1 

< 4€. 

This is, however, impossible, since z' and 2" were supposed to 
be distinct limiting points of the sequence, whilst c is quite 
arbitrary. Hence the sequence does not possess more than one 
limiting point; this completes the proof of the sufficiency of the 
condition. 


Example 1. Determine the limiting points of the sequence of com- 
plex numbers , 

.„ = (l + -)(cos-+,3m-), 

where a is (i) real and rational, 

(ii) real and irrational. 

Example 2. If z„ z, z;-> z', prove that z„-f z + z', z„z^^zz', 

and also that, if z' is not zero, zjzn -*■ ziz'. 


2.32. The maximum and minimum limits of a sequence 
of real numbers 

We shall now show that a sequence of real numbers Xj, Xg,..., 
x„,.., possesses a greatest and a least limiting point. In the cases 
when x„ -»■ x, x„ -> +co> -> —00, the sequence has but one 


Kashmir 
Xccetsion No.'* 




21 


THE CONVERGENCE OF INFINITE SERIES 
limiting point and there is nothing to be proved. Accordingly, 
we may restrict our attention to oscillating sequences. 

Let us suppose, in the first place, that the sequence is bounded 
above, that is, there exists a real number K such that the 
inequality < K holds for all values of n. We now divide the 
real numbers into two classes L and R in the following manner. 
The number x belongs to R if there are only a finite number of 
members of the sequence greater than x, and belongs to L in 
the contrary case. Evidently the class R exists, since every 
number greater than K belongs to it. 

Now if every real number belonged to the R class, all save 
a finite number of members of the sequence would be less than 
—X, no matter how large x was; but this would imply that 
x„ — -oc, which we are supposing is not the case. Hence the 
L class also exists. 

Moreover, this classification of the real numbers satisfies the 
conditions for a Dedekind section, namely, 

(i) every number belongs to L or R\ 

(ii) each class exists; 

(iii) any member of L is less than any member of R. 

Hence, by Dedekind’s theorem,! there exists a real number ^ 
such that all numbers less than it belong to L and all numbers 
greater than it to R. 

Now if € is any positive number, l^Iongs to R; there 

are, therefore, only a finite number of members of the sequence 
greater than ^ + and so « is certainly not a limiting point. 
Hence the sequence does not possess a limiting point greater 
than f. 

On the other hand, « belongs to L\ there are, therefore, 
an infinite number of members of the sequence between € 
and and so | is a limiting point of the sequence. 

We have thus shown that a sequence of real numbers, 
bounded above, possesses a greatest limiting point We call 
^ the max^imum limit of the sequence, and write 

I = iimx„. 

If, however, the sequence is unbounded above, it is usual to 

write r — 

Umx„ = +00. 


t Soo Hardy, Pure Math^malics (1946), 30. 
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The minimum limit of the sequence, which is denoted by 
limx^, is defined by the equation 

= — iim(— x„). 

If limXp has a finite value f', is the least limiting point of 

the sequence; but if limx„ = — oo, the sequence is unbounded 
below. 

Finall 3 % it is evident that the equation 

lirnx,, = Iimx„ 

holds only in the cases when x„ x, -► +co or x^ ^ — oo. 


2.4. Infinite series 


The symbol 




which involves the addition of an infinite number of complex 
numbers, has, in itself, no meaning. In order to assign a mean- 
ing to the sum of such an infinite series, we consider the asso- 
ciated sequence of partial sums <So* where 


If this sequence tends to a finite limit 5, we say that the infinite 
series is convergent and that its sum is s; in this case, wc write 


I a„ = a. 

n «0 

But if the sequence of partial sums does not tend to a finite 
limit, we say that the infinite series is divergent. 

The necessary and sufficient condition for the convergence of 
an infinite series is provided by Cauchy’s principle of con- 
vergence. There are, however, numerous sufficient conditions 
which may be deduced from this general principle. 

An alternative procedure is to make the theory of the con- 
vergence of complex series depend on the corresponding theory 
for real series, with which we shall assume the reader is ac- 
quainted-t For the sequence of partial sums Sg, 

t See. for example. Hardy. Pure Mathematicf (1946); Bromwich, Theory of 
InfiniU Series ( 1926) ; Knopp. Theory and Application of InfiniU Series ( 1 928) ; 
Forrar, A Text-book of Convergence (1938). 
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of a complex series is convergent if and only if Rl5„ and Im5„ 
tend to finite limits, that is, if and only if the two real series 

iRla„, |lma„ 

0 0 

are convergent. 


2.41. Absolutely convergent series 

QO 

An infinite series 2 <2^ of complex terms is said to be abso- 

0 

«0 

lately convergent if the series J is convergent. We now 

0 

show' that absolute convergence implies convergence, but not con- 
versely. 

CD 

Let us suppose that tho series ^ is absolutely convergent, 

0 

and let us write 


Then, given any positive number c, we can find an integer N, 
depending on e, such that the inequaUty 

kA’+p— <^A-I < « 
holds for every positive integer p. Now 

kv+p—^A^l = Kv+l + °V+2+“*+®V+pl 

^ l^A'+ll+Kv+zl^-’ + Kv+pl 


*V+p“^A/l ^ 


But, since c^.v+p— positive, this gives 

'N\ ^ i‘'A'+p“'^iVI < 

Hence, by Cauchy’s principle of convergence, the absolutely 

convergent series J a,^ is convergent. 

0 

To complete the proof of the theorem, we need only observe 
that the series 


.'2 


.•3 


t . I* I" X 

1 + 2 + 3 + ...+-+... 


is convergent, but not absolutely convergent. 

The most important property of an absolutely convergent 
series is that its sum is not altered by changing the order of its 
terms in any manner, a property wliich is not possessed by non- 
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absolutely convergent series. This follows from the correspond- 
ing well-known theorem concerning real series. f 

2.42. Sufficient conditions for absolute convergence 

We shall now prove that ihe series of complex terms is 
absolutely convergent if lim[fl„|^^"< 1, but is divergent if 
lim la,,!*'" > 1. This test, which is due to Cauchy, is of great 
importance in the theory of power series. 

For if iim = 1 — 2c, where 0 < c 5$ then the in- 
equality 1— c is true for all save a finite number of 

values of n. There exists, therefore, an integer M such that 
|a„! ^ (1— c)" when n ^ M. 

If, now, a,j denotes the nth partial sum of the .series ^ |a,J, 
we have, when n ^ M , 




a,.i < (l-c)->^l + (l-^'d"^' + - + (l-c)«-^^ 

^ (1— c)"+^ — (1— ^ (I— c)'‘+^ 

— - . — - - — — * 

c c 


Since this last expression tends to zero as n oo, we may assign 
an arbitrary positive number e and then choose an integer 
N (> 3/) such that the inequality — <7.vl < « is true for 

all positive integers p. Hence, by Cauchy’s principle of con- 
vergence, the series ^ l(/„j is convergent. 

On tlie otlier hand, if lim = 1 + 2c/, wliere d > 0. the 

inequality > l-f-rf is true for an infinite number^ of 

values of This, however, implies that \a,^\ ^ for an 

infinite number of values of «, and so does not tend to zero 
as n '> CO. Hence tlie series ^ is divergent. 

Another test, wliicli is somewhat easier to apply, is d’Alem- 
bert’s ratio-test, which states that the series ^ a„ of complex 
terms is absolutely convergent if lim la„+i/a„I < 1, but is divergent 
if lim > 1- The proof of this is left to the reader. It 

should, however, be observed that d’Alembert’s ratio-test is 
definitely less powerful than Cauchy's nth root test. For, since§ 

lim ^ lim ^ Ijm > Ijm J, 

t See Bromwkh. loc. cit. 71. or Knopp, loc. cit. 138-9. 

X But not necessarily for all suflfioiently large values of n. 

§ for a proof of this inequality, see Bromwich, loc. cit 421-2 ; Kr.opp, loc. 
cit. 277-S. 
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a series 2 may be absolutely convergent in virtue of the fact 
that lim jani*'’* < 1, even though lim > 1; tlie series 

where 0 < ja | < [6] < 1 , is a case in point. A similar remark 
applies to the ratio-test for divergence. 

If. however, la„+i/a„l tends to unity, d’Alembert’s ratio-test 
fails. We may then have recourse to Raabe’s test , which states 
that tht series ^ a„ is absolutely convergent if 


lim n 





For if the value of this maximum limit is — 1 — 2c, where c is 
positive, the inequality 


holds for all save a finite number of values of 7i, and so is cer- 
tainly true when n ^ N, say. If we write this inequality in 
the form 



and add, we find that, when n ^ N, 

(A'-l)|avI-«i«,..,!< UV-Ula.v;. 
But since (A^— l)|ayj does not depend on n, the series 2 l^/il 
of positive terms has bounded partial sums and so is convergent. 
Hence ^ Uy, is absolutely convergent. 


2.43. Tests for non-absolute convergence 

In tliis section we shall need the following lemma. 

If A,^v„ tends to a finite limit as n tends to infinity, then, if 
oni' of the series 


CO CO 

•do ^0 “f ^ ” ^1 „ - 2 d 1 

1 0 

is convergent, so also is the other. 

The result follows at once from the identity 

V N-i 

do^^oH- 2 d,,(i>„-i;„ *,)--= 

i » 
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Dedekind $ Test. The series ^ is convergent if 

(i) the series ^ a„ has bounded partial si-ims, 

(ii) the series ^ (I'n— is absolutely convergent, and 

(iii) L\ tends to zero as n-*-<X). 

If we wTite Jn = then, by condition (i), there 

is a constant K such that |^„| < A" for all n. Hence 

\A„t\\ < K\vJ, 

and so, by (iii), tends to zero as n oo. 

Again , 4 , ,, 

and so, by (ii) and the comparison test for series of positive 
terms, the series 2 absolutely convergent. 

CO 

Hence, by the lemma, the series 2 (^n— >9 

convergent, which was to be proved. 

du Bois-Reymond's Test. The series "^a^v^is convergent if 

(i) the series ^ a,^ is convergent, and 

(ii) the series 2 absolutely convergent. 

Let us write j _ , _i_ 

■^n ^«+l I ®n+2“l" ... . 

Since is convergent, the series defining /!„ is convergent 
and i 4 „ tends to zero as n -> oo. Moreover, since 

we have 

M ^ K\ + K~Vi\ + \vi-Vi\-\-...+ \v^.^~vj 

< l^old- 2 

0 

so that Vrt *s bounded, say jv„| < k. Hence \A^v„\ < k\A„\, 
and so A „ v„ tends to zero as n oo. 

It follows from the lemma that the series 

"ofoH- la„v„ = a„D„- 2 

1 1 

is convergent if 2 A„{v^ — v^^.i) *9 convergent. The latter series 
is, in fact, absolutely convergent. For since .< 4 „ tends to zero, 
there is a finite constant K such that \AJ < K for all n; 
hence and the convergence of 

2 follows by (ii) and the comparison test. 
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2.5. Double sequences 

A set of complex numbers .9„, „ where in and n take all positive 
integral values is called a double sequence. It is said to converge 
to the value s if, given any positive number <, we can find an 
integer A, depending on e, such that the inequality .sj < c 

holds whenever m and n exceed The finite number s is tlien 
called the limit of the double sequence and is denoted by 
lim A double sequence which does not converge is said 

m,n— 

to be divergent. 

The fundamental theorem in the theory of double sequences 
is Stolz’s principle of convergence, which may be stated as fol- 
low's. The necessary and sufficient condition jerr the convergence of 
the double sequence 5„, „ is that, given any positive number e, there 
should exist an integer M depending on e, suck that the inequality 

^ holds whenever p > m > M and q > n > M. 
The condition is obviously necessary. To show that it is also 
sufficient, we observe that it implies that the simple sequence 

1 , 5^,2 convcrgcs to a finite limit s, say. Accordingly, 

there exists an integer such that |6'— < Je when 
n > iVj. But, by hypothesis, there also exists an integer N 2 
such that when p > n > q > n > X.^. 

Hence, if N is the greater of X^ and X^, we have |5— < e 
when p > X, q > X, and so s^^^ converges to the limit s. 

It follows immediately from the definition that if s„ „ be a 
convergent double sequence for which both the repeated limits 

lim (lim lim ( lim 

exist, each repeated limit is equed to the limit of the double sequence. 
For if s is the limit of the double sequence the inequality 

5| < € holds when m and n exceed a certain integer M. 
But since lims,„ „ exists, this gives 

when m > M. This, however, implies that 

lim (Iimv«) = s. 

Tn-^cD\n^co / 

A similar argument shows that the other repeated limit is also 
equal to s. 
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The existence and equality of the repeated limits of a double 
sequence do not imply that the sequence is convergent. For 
instance, if 

mn 

o 

Ttt.lX g I V 4 ^ 

(m + n)2 

both repeated limits are equal; but since 

S — 1 « _ 2 

— 4 ’ ^2n,n — 

the double sequence is not convergent. Again, the example 

V.. = 

\m n) 

sliows that a double sequence may be convergent even though 
neither repeated limit exists. 


2.51. Double series 

By a double series, we understand an array of complex num- 
bers of the form ^ , 

®0.0 + ^0,l + '^0.2 + - 

H" ^2,0 + ^2.2 "h • • ■ 

1 • • . . . } 

there being an infinite num.ber of rows, each containing an 
infinite number of terms. Associated with such an array is the 
double sequence of partial sums 


V Q 
7n*0 n«0 

where p and q are positive integers. The double series is said 
to be convergent if the double sequence ^ converges to a finite 
limit s. W e then call s the sum of the series and write 




»= I 

m,n «0 

A double series which is not convergent is said to be divergent. 
If the repeated limit 

lim(lim^„,) =1(1 a„,„) 

exists, its value is called the sum by rows of the double series. 
Similarly, if 

lim ( lim «, ,) =1(1 <!„,„) 

p-*® ' nwo'm-0 ' 
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exists, it is called the sum by columns. It follows from § 2.5 that 
if a double series u convergent and is summable by rows and by 
columns, all three sums are equal. (Pringsheim’s theorem.) 

Example. Prove that the sum of a convergent double series of 
positive terms can be obtained by summing by rows or by columns. 


2.52. Absolutely convergent double series 

A double series ^ „ of complex terms is said to be abso- 

lutely convergent if J is convergent. An absolutely con- 
vergent double series is convergent. 

For if we denote by the sum of the moduli of the terms 
which occur in then, by Stolz's principle of convergence, 
if we are given a positive number c, we can find an integer N 
such that the inequality 0 < „ < € holds when 

p>m>N,q>n>N. But since 

this gives « when p > m > N and q > n > N\ 

hence the double series converges. 

We shall now show that an absolutely convergent series may 
be summed by rows or by columns. For since 




a 


4-0 




< 2 


a 


r,4-0 




00 

no matter how large n may be, the series ^ converges abso- 

4*0 


lutely; let us denote its sum by A^. Then 


m 


m 


00 


€0 <o 


2 l^.l <22 K.! <22 


a 


r-O 


r-0 <-0 


r-0 a-0 


Ml* 


no matter how large m may be. But this last expression is 
finite, since a convergent double series of positive terms can be 
summed by rows. Hence ^ A^. is absolutely convergent, and so 
the sum by rows of ^ exists; similarly the sum by columns 
also exists. The required result now follows by Pringsheim’s 
theorem (§2.51). 


Example 1. The double series *3 absolutely convergent with 

sum iS. Show that» if 

= 2 «r... 

then iS aa n — ► 00. 
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CD X 

Example 2. Show that, if and ^ are two absolutely 

1 1 

vcrgont series with sums -4* B respectively, then 




is absolutely convergent and has sun* AB. (Cauchy.) 


con- 
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MISCELLANEOUS EXAMPLES 

1 . Show that the .series 2 -"/^‘‘ponvrrgc.s absolutely when \z\ < land 

also when |3| = 1 and Rip > 1 , but that it diverges when | 2 | > 1. 

Prove al.so that if [zj = 1 . zz/: l, the scries converges, but not 
absolutely, when 0 < Rip < 1 ; and that it diverges when Rip « 0. 

Finally show that, when 2 = 1 , the .series converges only if Rip > 1, 
when it i.s absolutely convergent. 

2. Prove that, if a„ is never zero and 

On '"tjP’ 

where IS bounded, p > 1, and p is a complex con-stant, then a^n-" -> I 
(9^ 0) a.s n -»• 00. 

Hence show that the series T converges if and only if Rip <-l, 
and that it is then absolutely convergent. 

3. Prove that the binomial series 

l+vz-\-v(u- ] f- + v{y~ l)(v-2)^ + ... 

converges absolute^' when jz! < I and diverges when \z\ > 1. Show 
also that, on | 2 | = 1 , the scries is absolutely convergent if Rlv > 0, 
convergent if - 1 < R1 »' < 0 and z ^ _ 1, and divergent if B\v - 1 . 
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4. Show that the hj'pergeometric series 


n I 


(<t)n(jg)n 



where (a)^ = a(o{4- 1 )fa+ 2)...(a4-n— 1), converges absolutely when 
jz] < 1 and also when |2| = 1 and Rl(y — a— > 0, but that it diverges 
when |z| > I. Discuss also the convergence of the vseries on [:[ = 1 
when RUy— a— jS) < 0. 

5. Provo that, if 2 a„n*** is convergent and R1 2 Rl^, tlien ^ 

is also convergent. Show by an example that tl;e latter series is not 
necessaril}' convergent when RU = Rl^. 

6. Show that, if 

V 2(2_l)(2_2)...{2-n f 1) 

/(,,„) = 


and z is not zero or a positive integer, the series otid 

2 a„( — 1 )"/»!’+* are either both convergent or both divergent. 

7. Prove that, if 


F{z,n) = - 


n! 


z(2+l)(2 + 2)...(2 4-n) 


and 2 is not zero or a negative integer, the series 
^re either both convergent or both divergent. 

8. Show that, if ^ as n — >• oo, then 


+ ^ !+... + A„)!n — > A . 

More generally, prove that, i{ A^-*- A, B„ — > B, then 

MiXh +AnB.J/n-* AB. 


CD tiO 

9. The series 2 convergent with sums A end B ro 

1 1 

spectively. Show tRat, if 

C„ = ai6n"b^l^»v-l + *”+On-l^t + Ofi^l> 


and = Ci+c,+ ... + c„. 

then lim ( Oj “b C| d" 0,i)/n = AB. 

n-*® 


Deduce that, if 2 convergent, its sum i.s AB. (Abel'.s theorem.) 

1 

10. Show that it is sufficient for the convergence of the series 2 of 
Ex. 9, that one of the series 2 ®b' 2 t>e absolutely convergent. f 
(Merten’s theorem.) 


t Compare the result of § 2.52, Ex. 2. 


CHAPTER III 

FUNCTIONS OF A COMPLEX VARIABLE 


3.1. The definition of a function 

When we say that jc is a function of the complex variable z, 
defined in a domain D of the Argand plane, we mean that we 
can calculate the value of w at each point z of D hy & given 
rule or set of rules. For example, the greatest integer less than 
| 2 | is a function of the complex variable z in this general sense. 

This definition is, however, far too wide for our present pur- 
poses. For it implies that, if 2 = x-|-iy, then w is of the form 
u{x,y)-^iv{x,}j). where u and v are real functions of the real 
variables x and y of the most general possible type. In the 
present chapter we consider how this definition may be modified 
so that the methods of the differential calculus of functions of 
a single real variable may also be applicable, as far as possible, 
to functions of a complex variable. 

3.2. Continuous functions 

A function /(z), defined in a bounded closed region D of the 
Argand plane, is said to tend to a limit I as z tends to a point 
Zq of D along any path in Z). if, given any positive number t, no 
matter how small, we can find a number h, depending on € and 
Zq, such that the inequality 

1 /( 2 )— < « 

holds for all points z of D, other than Zq, which belong to the 
region |2 — z^t < S. When this is the case, we write 


lim f{z) = 1. 

2— C, 


This definition says nothing whatever about the value of f{z) 
at Zq, and. in general, I need not be equal to/( 2 o). But if /{Zq) = I, 
we say that the function is continuous at Zq. In other words, 
the function f{z), defined in the bounded closed region D, is said 
to be continuous at a point Zq of D, if, given any positive number 
€, we can find a number 8, depending on e and 2 ,,, such that the 


inequality 


1/(2) -/{2o)l < € 


holds at all points z of D in the neighbourhood \z — Zq| <.h of Zq. 
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If a function is continuous at every point of a bounded closed 
region D, it is said to be continuous in D. 

It should be observed that a function of the complex variable 
2 = continuous in a region D, is necessarily a continuous 
function of x when y is constant and also a continuous function 
of y when x is constant. But continuity with respect to x and y 
separately does not imply continuity with respect to z. An 
instance of this is provided by the function 

/(z) == xyl{x'^-\-y'^) (z ^ 0), 

= 0 (z = 0). 

which is a continuous function of x and y separately. But since 
/(z) = m/(l-hm 2 ) on the line y = mx,J{z) is certainly not a con- 
tinuous function of z at the origin. 


Example 1. Show that the function defined by the equations 

m = 0 

is discontinuous at the origin. 




Example 2 . Show that the function defined by the equations 

/(2) = xV(x*+y*)» (2 ^ 0 ). /(O) = 0 

is continuous at the origin. 

Example 3 . The functions f{z) and g{z) are continuous at 2^. Show 
that/(2)-|-5r(z) and /{z)g{z) are also continuous there. Prove also that 
is continuous at if 9(25) is not zero. 


3.21. Uniform continuity 

We have seen that, if/(z) is continuous in the bounded closed 
region D, then, given any positive number c and any point z 
of D, we can find a positive number 8(€,z), depending on c and 
2, such that the inequality 

1/(2') -/(2) I < ^ 

holds whenever z' is a point of D in the neighbourhood 
I2'— z| < 8(€,2) of the point z. In point of fact, there are an 
infinite number of such numbers 8(€, 2) ; for if the property holds 
with 8(e,2) = S', say, it also holds when S(€,z) < S'. us now 
denote by A(£, 2) the largestf of the numbers S{e,z); it i.s a positive 
function of the complex variable 2 defined at each point of D. 

t The existence of the largest of the numbers S(e, z) ts readily proved by 
means of a Dedekind section of the real numbers. 
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There are two possibilities regarding the behaviour of A(€,2) 
in the region D. Either there exists a positive number 7 j{e), 
depending only on vsuch that the inequality A(c,2) 
holds at every point of D. or else there exist points of D at 
which A(€,2) takes values as small as we please. 

If the second alternative is true, we can find a sequence of 

points 2j, 22 2,,,... of 1 ), for which A{e.2„) < (J)". Since D is 

bounded, this sequence possesses at least one limiting point 
by the Bolzano-Weierstrass theorem; moreover, since D is 
closed, ^ is a point of D. 

But since/(2) is continuous at there exists a positive number 
8 such that the inequality 

I/(2)-/(4)I < h 

holds whenever z is a point of D in the region [ 2—^1 < 28 . Now 
let 2 be any point of /) for which '2 — ^1 < 8 . Then, for all points 
z' of D such that j2' — 2] < 8 , we have \z' — i\ < 28 , and so 

\J{z')~J{z)\ < l/( 2 ')-/( 01 +l/( 0 -/(e)l < 

From this it follows that A(€,2) > 8 , whenever 2 is a point of 
D in the neighbourhood I2 — < 8 of the limiting point But 
this is impossible, since there are points of the sequenee Zj, 
in every neighbourhood of The second alternative is thus 
untenable. 

We have thus shown that, ij f{z) is continuous in the bounded 
closed region /), then given any positive number e, we can find 
a positive number depending only on c. such that the inequality 
\f{z')—j{z)\ < € holds for every pair of points 2.2' of D for which 
|2 — 2'1 < In other words, we can choose the number S(€, 2) 
so that it has the same value at each point of D. This property 
is usually stated in the following form: a function which is con- 
tinuous in a bounded closed region is uniformly coniinuous 
there. t 

3.22. Bounded functions 

A function /(’). defined in a domain D, is said to be bounded 
in D if there exists a positive constant K such that the inequality 
1/(2); K holds at each point 2 of L>. 

t for thi' equi\alenf theorem concerning functions of a real variable, see 
Hardy. Purt Malhfinatics (1921), 189-90 tTheorem II). 
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V/(’) continuous in a bounded closed region D, it is bounded 

in D. For if not. we could find a sequence of points 2j, 2,,,... 

of D such that |/(2„)! > 2 '*, and this sequence would possess at 
least one limiting point ^ belonging to D. This is, however, 
impossible since /(z) tends to a finite limit as 2 -> Hence the 
result. It should be observed that tins result is not necessarily 
true if the region is not closed; for example, 1 /( 1 — 2) is con- 
tinuous when \z\ < 1 , but is not bounded there. 

3 . 23 . The symbols 0 and o 

The notation 'J(z) = 0 ( 1 ) as 2 ^ a’ means that f{z) is bounded 
in a neighbourhood of the point a; more precisely, there exist 
positive numbers A and 8 , independent of 2, such that 1/(2) | < A 
w’hen I2— a| < 8 . Similarly ‘/(2) = 0 ( 1 ) as 2->co’ means that 
f{z) is bounded in a certain neighbourhood of the point at infinity. 

If f{z)l<j>{z) = 0 {\) as 2 ot, we shall sometimes write 

/(2) = 0{|^(2)|). 

When, however, f{z)/<l>{z) tends to zero as 2 ->• a, it is usual to 
write f{z) = o(|^(2)|). Thus 2^ = o(j2l) as 2 0 , but 2 — o([2p) 
as 2 -> 00. 

3 . 3 . Differentiability 

We shall now consider whether the definition of the derivative 
of a function of a single real variable is applicable in the theory 
of functions of a complex variable. If/(2) is a one-valued func- 
tion, defined in a domain D of the Argand plane, we say that 
f{z) is differentiable at a point z^ of D if the increment-ratio 

2 - 2 o 

tends to a finite limit as 2 tends to Zq in any manner, provided 
that 2 always remains a point of D. 

More precisely, we require that there should exist a number 
I with the following property: given any positive number c, no 
matter how small, there must exist a jjositive number 5 , de- 
pending on € and possibly on Zq, such that the inequality 

/{ 2 )-/( 2 „)_^ 

2 -Zo 

holds whenever 2 is a point ofDinthe neighbourhood |2 — ZqI <8 
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of the point Zq. When this is the case, we call I the derivative 
of f{z) at Zq, and denote it by /'{Z q). 

In order that a function sliould be differentiable at a certain 
point, it must be continuous there; for otherwise the increment 
ratio would certainly not tend to a finite limit. On the other 
hand, continuity does not imply differentiability. A simple 
instance of this is provided by the continuous function [zp, 
which is differentiable at the origin, but nowhere else. For when 
z ^ Zq and Zq ^ 0, we have 

!2|*— |Zoi* 22 — ^0^0 z I . 2 — Zo 
— — Z-f-ZQ 

2 — 2o Z — Zo Z — Zq 

= z-fzo(cos 2 a— isin 2 a), 

where a = arg{z— Z q), and this expression does not tend to a 
unique limit as z -> z^ in any manner; but when Zq is zero, the 
increment ratio is z, which tends to zero with z. 

Example. Show that |z| and argz are not differentiable anywhere. 

3.31. The definition of an analytic function 

If a function is one-valued and differentiable at every point 
of a domain D of the Argand plane, save possibly for a finite 
number of exceptional points, we say that it is analylic in the 
domain D. The exceptional points are called the aingular pointy 
or singularities of the function. 

If, however, no point of Z> is a singularity of the analytic 
function, we then say that it is regular in D. 

When we are dealing with functions which are analytic or 
regular in a domain, we shall often find it more convenient to 
use the ordinary notation 

dfi^ 

dz 

for the derivative of /(z), instead of/'(z). 

Example 1 . Show that, if f{z) and < 7 ( 2 ) are analytic functions, regular 
in a domain D, then /( 2 )+y( 2 ) and f{z)g(z) aro also regular in D, and 
that their derivatives may be calculated by the ordinary rules of the 
calculus. 

Prove also that /( 2 )/j{ 2 ) is regular in D, provided that g(z) does not 
vanish there. 
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Example 2 . Prove that, if u; is a regular function of which is 
itself a regular function of 2, then w is a regular function of 2 and 

dw dw d^ 
dz d}^ dz 

3.32. Polynomials and rational functions 

One of the simplest analytic functions is 2", where n is a 
positive integer. This function is regular in every bounded 
domain, and has derivative 712“"* ; for when 2 ^ Zq, 

Z — 2 o 

as 2 2 q. Similarly, we can show that 2-", where n is a positive 

integer, is analytic in every bounded domain and lias but one 
singularity, the origin; its derivative is 

By using the result of § 3 . 31 , Ex. 1 , we find that the function 
Oo+ai2+a22^+”-+o„2", where n is a positive integer and the 
coefficients a, are constants, is also an analytic function, regular 
in every bounded domain. Such a function is called a poly- 
nomial in 2 of degree n. It will be shown in § 0-21 that this 
polynomial is expressible uniquely in the formf 

“n(2-2i)(2-Z2)...(2-2j, 

where the numbers 2|, 22 2^ are certain constants, depending 

only on the coefficients a,. Since the polynomial vanishes when 
2 = 2^, we call 2i, 22,..., 2„ the zeros of the polynomial. 

The quotient of two polynomials is called a rational function. 
Such a function is also an analytic function, its only singularities 
being the zeros of the denominator. 

3.33. Power series 

An infinite series, proceeding in ascending integral powers of 
2, of the form 

ao+ai2+a222 + ...+a„2'‘ + .... 

where the coefficients a^, Cj, are all constant, is called 
a power aeries.X By Cauchy’s nth root test (§ 2 . 42 ), this series 

t So« also Hardy, Pure Maihemalica (1946), 85, 492. 

t The concluBiona of this section will also bo true of power sorioa of tho 
form — a)", tho obvious changes being made. 
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converges absolutely when iim < 1 and diverges when 

lim > 1. Hence, if 

= i?, 

the series is absolutely convergent w’hen \z\ < R and divergent 
when \z\ > R. Tlie number R is called the radius of convergence 
of the power series; tlie circle [sj = i? is its circle of convergence. 

There are three cases to be considered, viz. (i) i? = 0, (ii) R 
finite, (iii) R infinite. The first case is quite trivial, since the 
series is then convergent only when 2 = 0. In the third case 
the series converges for every finite value of z. 

We shall now' show that, if a power series lias a non-zero radius 
of convergence, its sum is an analytic function regular within its 
circle of convergence. 

GO 

Let f{z) be the sum of the power series which has 

0 

a non-zero radius of convergence R. Obviously /{z) is one-valued 
when \z\ ■< i?; we have to show that it is continuous and dif- 
ferentiable at every point of the domain \z\ < R^, where R^ is 
any finite positive number definitely less than R. 

Now choose a number i ?2 such thatf 0 < ifj < 

If \z\ ^ R^ and 1A| ^ we have \z-\-h\ ^ R^, and so 

/(2+A)-/(2) = |a„z” 

0 0 

= A i «„{(z+A)''-‘ + (z + A)'-=s + ...+ 

1 

-|-(2-1-/i)2"-2-|-2”‘^}. 

From this, it follows that 

\S(z + h)-J(z)\ < 

1 

But this series of positive terms is convergent, sincej 

= ^ < 1 . 

R 

Hence 1/(2 + *)— /(z)l < A\h\, 

where A is independent of z and h, and therefore f[z) is con- 
tinuous when \z\ < 

t If A is infinite, it is conventional to interpret the inequality as meaning 
that i?, is finite and greater than i?j. 

% We xise here the welhknown result that lim = 1. 
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Now the increment ratio /U)} tends foiinally to 

as A 0. Accordingiy, we consider the expression 

' - - 2 - i •- 1" ^‘1" " -“-'I ■ 

1 1 ' ' 

w’here z and h satisfy the same conditions as before. By the 

use of the binomial theorem, we see that 


(z-h^)"— r" 


n 




and so 

(2 + A)"-2" 


— nz 


n-l 


< |Ali,.c;|2|"-'iA;-= 

2 

0 

0 


Hence 


^ ^n(n-l)|Aiirs;'2. 


y 

say, where B is finite and independent of z and h, since the 
series 2 n(n— is convergent. But this implies that 
1 tends to zero with h. We have thus shown that 


/'( 2 ) = 

1 

provided that \z\ ^ i?j, where is any number less than the 
radius of convergence of the given power series. This completes 
the proof of the theorem. 

Now, since lim = lim 

the series ^7ui„2"“' has the same radius of convergence R as 
the series ^o^z” whose sum is /(z). Hence, if we apply the 
theorem to the derived series, we see that J'{z) is itself an analytic 
function, regular when \z\ < R, and that its derivative is 
^ n(7i— l)a,j 2 '*--; and so on. Thus the derivative of /(z) of any 
order p is regular when \z\ < R, and is given by the formula 

dP <X> 

:r„M -- In{n-l)(>t-2)...(n-p+l)a„z"->’. 

n p 
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In other words, a power series can be dijferentiated term by term 
as often as we please at any point within its circle of convergence . 

The results of this section can be proved more quickly by 
using the properties of uniformly convergent series. See § 6.2 
and § 5.21. 

Example. Show that, if [a„/a„^,| -*■ iZ as n -»■ co, then It is the radius 

of convergence of the power series (This result often provides 

a simple method of calculating the radius of convergence of a power 
series.) 

3.4. The Cauchy-Riemann equations 

We have just seen that the sum of a power series with a non- 
zero radius of convergence is an analytic function, regular within 
its circle of convergence. The converse theorem, that an analytic 
function, regular in a neighbourhood of a point z^, can be ex- 
pressed as a power series of the form 

0 

with non-zero radius of convergence, is also true, and will be 
proved in § 4.5. Thus the whole of the theory of analytic func- 
tions can be made to depend on power series. 

For some purposes it is, however, more convenient to make 
use of an alternative method of defining analytic functions 
which depends on the theory of continuous functions of two 
real variables. We shall suppose that the reader is acquainted 
with the elements of this theory. 

Let us suppose that, when z = x-\-iy, the function f{z) is 
expressed in the form u{^>y)-\-iv{x,y), where u and v are real 
functions of the two real variables x and y. Now if f{z) is dif- 
ferentiable at agi ven point z, the increment ratio{/( 2 -l- A) —fiz)}lk 
tends to the limit /'(z) as A 0. If we take k to be real, this 
in)plies that the expression 

y-(^+h,y)~u(x ,y) ^ ;V(x-i~h,y)—v(x,y) 

^ h 

tends to / (z) as A ^ 0. Hence the two partial derivatives u^,Vj. 
must exist at the point (x, y) . and the derivative is then given by 

f'{z) = n^{x,y)-\-iv^(x,y). 
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Similarly we find, by taking k to be purely imaginary, that 
tty, Vy must exist at (ar, y) and that 

/'(«) = Vy{x,y) — iUj,{x,y). 

The two expressions for f'{z) so obtained must, however, be 
identical. Equating real and imaginary parts, we find that 


= Vy, tty = —v^. 

These two relations are called the Cauchy- Riemann differential 
eqyxitxona. We have thus shown that /or /Ac /unc<ia7i/(2) = tt+tv 

to be differentiable atz — x-\-iy, it is necessary that the four partial 
derivaiives Uj., v^, tty, Vy should exist and satisfy the Cauchy- 
Riemann differential equations. 

That the conditions of this theorem are not sufficient is shown 
by considering the functionf defined by the equations 




/(O) = 0 . 


This function is continuous at the origin, and the four partial 
derivatives exist there and have values^ 


tt^ = 1, tty— — 1, V^—l, Vy=l, 

satisfying the Cauchy-Riemann equations; yet, as the reader 
will easily verify, the derivative /'(O) does not exist. 


3.41. Sufficient conditions for a function to be regular 

We shall now show that the continuous one-valued function 
m — u-\-iv is an analytic function of z = regular in a 

domain D, if the four partial derivaiives tt,, tty, Vy exist, are 
continuous, and satisfy the Cauchy-Riemann equations ai each 
point of D. 

Let 2 = x-\-iy and 2 ' = x' -\-iy' be two points of D. Then, 
since u^^, Uy exist and are continuous, we have, by the mean- 
value theorem for functions of two variables, 

tt(a; ) — u(a:,y) = {Ux{x,y)-\-(){x' —x) {Uy{x,y)-\-ri]{y' —y), 

t Thia example ia due to Pollard, Proc. London Math. Soc. (2) 28 (1928), 
169-60. 

X It should be remembered that Uj(0,0) is, by definition, equal to 
lim {u(x,0)-tt(0,0)}/x lim(x/x) = 1 . 

Similarly for the other derivatives. 
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where € and -q tend to zero as z' -> z. Similarly, 

v{x\y’)-v{x,y) = {vA^.y)-{^€}{x' -x) + {v^{x,y)-\-q'}{y' -y), 

where e' and q' also tend to zero. Hence, by the Cauchy 
Riemann equations, we obtain 

/{ 2 ')— /( 2 ) = {^A^.y) + iv^{x.y)}{z‘ —z)-\-uj, 
where a, = (^ + U')(x’~x) + [q-^iq'){y'-y), 


and so 
Now 


JKL-M = u+iv 

z'—z ^^z'—Z 




2 —2 


2 —2 


2 —2 


Hence 


< kl + KI + l^l + IVI- 


2 —2 




as 2' ^ 2. Thus f{z) is differentiable at each point of D\ this 
completes the proof of the theorem. 

Example. The function /(«) is regular in a domain Z), where its 
derivative is identically zero. Show that/(2) is constant in D. 


3.5. The exponential function 

We now introduce the exponential, logarithmic, and trigono- 
metric functions of a complex variable by means of power series. 
We shall assume that the reader is well acquainted with the 
properties of the corresponding functions of a real variable, and 
shall show how these properties can be extended into the com- 
plex domain. 

The exponential function exp 2 is defined by the power series 




By using the ratio-test (§ 3.33, Ex.), we find that the radius of 
convergence of this power series is infinite. Hence exp 2 is an 
analytic function which has no singularities in any bounded 
domain in the 2-plane. 

When a: is a real number, expx is identical with the function 
c* of elementary algebra. We shall often fin d it convenient to 
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write er for exp2, when z is complex, since exp; obeys tlie 
multiplication law 

exp; expz' -= exp(c-|-2'), 

which is of tlie same form as the law of indices in algebra. 

To prove this, we observe that, if we ditferentiate terrn by 
term, we find that the derivative of exp; is exp;. Hence, it 
a be any finite constant, the derivative of the function 

f(z) — exp; exp(a— 2) 


is identically zero, and so/(2) is a constant whose value, expa, 
is found by pvitting 2 = 0 . We liave thus shown that 


expz exp(fl — 2) = expa, 
or, writing 2' for a— 2, that 

expzexpz' = exp( 2 + 2 '). 

This result is usually called the addition theorem of the ea-ponential 
function.'f 

An important consequence of the addition theorem is that 
exp2 never vanishes. For if exp2 vanished when 2 = the 
equation , , , 

^ exp2iexp(— 2|) = 1 

would give an infinite value for exp(— 2^), which is impossible. 


3.51. The trigonometrical functions 

It follows from the geometrical definition of the trigono- 
metrical functions of an angle of circular measure x tliatj 






go 


smx = 




cosa: = 2 


. 2 n 


( 2 r?)!’ 

n-O ' ■ ' n-0 

for all values of the real variable x. Wc now define the trigono- 
metrical functions of a complex variable 2 by the equations 


CD 


Bin 2 = 


= 2(-ir 


gZn+l 


00 


cos 2 — 




. 2 n 


{ 2 n)\ 


(2n4-l)!’ 

n-O ' ’ n-O 

Since the radius of convergence of each of these power series is 
infinite, sin 2 and cosz are analytic functions of 2, regular in 
every bounded domain of the Argand plane. Moreover, we see 


t The Addition theorom can also bo proved by u»ing Cauchy s theorem on 
tho product of two absolutely convergent series (§ 2.52. F^x. 2). 

t See, for example, Hobson, Plane Trigonometry (Cambridge, 1911), 131-4. 
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at once by term-by-term differentiation that the derivatives 
of sinz and cosz are cosz and — sinz. 

The other trigonometrical functions are then defined by the 
equations 


. sinz 

tan 2 = , 

cos 2 


cot 2 = 


cos 2 
sinz 


1 

sec 2 = , 

cos 2 


1 

cosec 2 = . 

smz 


Obviously sinz, cosec z, tanz and cot 2 are odd functions of z, 
cos 2 and secz even functions. 

If we use the result of § 3 . 31 , Ex. 2 , we find that tanz and 
secz are analytic functions, regular in any domain in which cosz 
never vanishes, their derivatives being sec-z and sec 2 tanz re- 
spectively. Similarly cot z and cosec z are regular in any domain 
in which sinz never vanishes and have derivatives — cosec^z and 
— coseczcotz respectively. 

If we denote exp{{2) by e'^ in accordance with the convention 
of § 3 . 5 , the equations defining the sine and cosine become 

sinz = {e'*— e-'-)/ 2 i, cosz = (e'^+e-'“)/ 2 . 

From these formulae and the addition theorem for expz, it 
easily follows that the fundamental identity 

sin^z+cos^z = 1 
and the addition theorems 


sin{z + 2') = sinzcosz' + coszsinz', 

cos(z+z-) = cos 2 cosz' — sinz sinz', 

still hold when z is complex. As all the elementary identities of 
trigonometry are algebraical deductions from the fundamental 
identity and the addition theorems, these identities still hold 
for the trigonometrical functions of a complex variable. 

Example. Prove that, if z = x-f-iy, where x and y are real, 

«* = e'lcosy + tsiny). 


3.52. The hyperbolic functions 

When 2 is real, the hyperbolic functions are defined by the 
equations 

sinhz = coshz = tanhz = sinhz/coshz, 

cosechz 1 /sinhz, sechz = 1 coshz, cothz = 1 /tanhz. 
We now define the hyperbolic functions for all real or complex 
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values of 2 by these equations, the symbol r being now inter- 
preted as meaning the function exp 2. 

The hyperbolic functions of the complex variable z are all 
analytic functions, and their derivatives have the same form as 
in the theory of the hyperbolic functions of a real variable. It 
should be observed that sinhz and cosh 2 are regular in every 
bounded domain. On the other hand, tanhz and sechz have 
singularities at the points where cosh 2 vanishes, and cothz and 
cosech 2 at the points where sinh 2 vanishes. 

The equations 

sin 12 = t sinh 2, cos 12 = cosh 2, 
sinh 12 = isinz, cosh 12 = cos 2, 

which the reader will easily prove, are of great importance as 
they enable us to deduce the properties of the hyperbolic func- 
tions from the corresponding properties of the trigonometrical 
functions. 


3.53. The zeros of sinz and cosz 
If 2 = x-\-iy, where x and y are real, we have 

sin z = sin z cosh y -f i cos z sinh y, 
and so sin z vanishes if and only if 

sinz coshy = 0 , cosz sinh y = 0 . 

But since coshy ^ 1 when y is real, the first equation implies 
that sinz is zero, and so z = titt, where n is an integer or zero. 
The second equation then becomes sinhy = 0 , and this has but 
one root, y = 0 , since sinhy increases steadily with y. We have 
thus proved that sinz vanishes if and only if 2 — jitt, w'herc 
n is a positive, zero, or negative integer. Moreover, by using 
the addition theorem for sinz, we see that 


nn8in(2-n7r) _ 

r 

which tends to {— 1 )" as 2 nrr. 

It follows that the only singularities of cot 2 and cosec z are 
at the points z = mr. The behaviour of these functions near 
a singularity is exhibited by the equations 


(2— n 7 r)co 8 ecz->- (— 1 )", (2— n 7 r)cot 2 1 


as 2 nrr; the proof of this is left to the reader. 
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Similarly we can show that cos 2 vanishes if and only if 
2 ^ (n-|-i)7T, where n is an integer or zero. It follows that the 
only singularities of tan 2 and sees are at the points 2 == (n+ i)rr, 
and that 

{z — (7i+J)77}tan2-> —1, {z— (n + i)7r}sec2^ (— 

as z ^ {n-\-^)7r. 

Example 1. Show that the only singularities of cosechz and cothz 
are at the points 2 = mri, where n is a positive, zero or negative integer, 
and that, as 2 — ► nm, 

( 2 — nmlcosecbz ^ ( — 1)", (2 — OTrOcothz -> 1. 

Example 2. Prove that the only singularities of soch 2 and tanhz 
are at the points 2 = (n + J)7n', where n is a positive, zero or negative 
integer, and that, as 2 — ► (n + i)7ri. 

{2 — (n+ i)7ri}sechz -»■ t( — !)"+•, { 2 — (n -f J)7r7}tanh2 1. 

3.54. The periodicity of exp 2 

The real or complex number y is said to be a period of the 
function f(z) if the equation /( 2 +y) = f{z) holds for all values 
of 2 . We shall now show that expz is a periodic Junction, Us 
periods being '2niri, where n is an integer. 

For, if y = a-\-i^ be a period of expz, we have, by the 
addition theorem, 

expz = exp{z+y) = expzexpy, 

so that expy = 1. But this equation, when written in the form 
e®(cos/9H-tsin/3) = 1, implies that 

e«cos^ = 1, e“sinj8 = 0. 

If we square and add, we find that e-“ = 1, and so a = 0. The 
number jS is thus given by the equations 

cos /3 = 1 , sin = 0. 

Hence ^ — 2mT, where n is an integer. This proves the theorem. 

3.55. The logarithmic function 

When X is real and positive, the equation = x has one real 
solution, which is called the logarithm of x and is denoted by 
logx. Vt hen, Iiow'ever, 2 is complex, the corresponding equation 
expie = 2 has an infinite number of solutions, as we shall now 
show; each solution of this equation is called a logarithm of 2 . 


FITNCTIONS OF A COMPLEX VARIABLE 47 

To find the solutions of this equation we write w « f ii\ 
where u and v are real, so that 

e”(cos e + i’sin r) = z. 

From this it follows that v is one of the values of argz, whiLst 

€“ = \z\ and so w = log [sj. Every solution of the equation is 

thus of the form , i , , • 

U' = logjzH-eargz. 

Since argz has an infinite number of values, there are an infinite 
number of logarithms of the complex number z, each pair dif- 
fering by a multiple of 2ni. 

We shall write 

Logz = log|z|-}-iargz, 

so that XiOgz is a function with an infinite number of values 
corresponding to each value of z. Each determination of Logz, 
obtained by making a special choice of the many-valued func- 
tion argz, is called a branch of the logarithm. The most im- 
portant branch is the principal value of the logarithm of z, which 
is obtained by giving to argz its principal value. We shall 
denote this principal value by logz, since it is identical with the 
ordinary logarithm when z is real and positive. 

Now the function log|z[ is continuous except at the origin; 
but as z 0, log |z| -► —CO. Again the principal value of argz 
is continuous except at points on the negative half of the real 
axis; for, if r < 0, y > 0, we have 

limarg(z-f ty) = v limarg(j;— iy) = — tt 

V-»0 J/-.0 

Hence, if z 0 and z' -*-z along any path which does not cross 
the negative half of the real axis, then logz' ^ logz. But if the 
path from z' to z crosses the negative half of the real axis once, 
logz' logzi27rt, where the sign is -1- or — according as the 
path crosses from above to below or from below to above. Thus 
we can pass from the principal value to any other branch of 
Logz by making a sufficient number of circuits about the origin. 
For this reason, the origin is called the branch point of Logz. 

To avoid this difficulty, we now make a cxd along the real 
axis from — co to 0, across which it is imj)ossible to pa.ss. Then, 
if D is any bounded domain in this cut plane, so that no 
point of the cut belung.s to /), logz is one-valued and 
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continuous in D. If z and z' are any two points of D and if 
w and w' denote logz and log 2 ' respectively, then lo' as 
z' ^ z along any path in D. Hence 



w —w 


exp w — exp w 


__ j /exp lo' — exp 


w 


w —w 


1 /expti; = Ifz 


as 2 ' z. Thus log 2 is an analytic function, regular in D, which 
has the function I /2 for derivative. 

Example 1 . Prove that a value of the logarithm of zz' is log z + log z', 
but that this is not necessarily the principal value. 

Example 2. Show that log(l — r*) is a regular analytic function pro- 
vided that the z-plane is cut along the real axis from — 00 to — 1 and 
from 4-1 to + 00 . Discuss how the function behaves when circuits are 
made about the points 1 and — 1. 


3.56. The power series for log(l+ 2 ) 

We have just seen that log(l- 4 - 2 ) is an analytic function which 
is regular in the 2 -plane, supposed cut along the real axis from 
—00 to —1, and which has derivative l/(l-f- 2 ). In the region 
[zt < 1 this derivative can be expanded as a convergent power 


senes 


1— 2 + 2*— z^-f ... . 


But, by § 3.33, the sum of this power series is the derivative of 
the function 



whenever the latter series converges. 

Now the radius of convergence of the power series defining 
J{z) is unity. Hence 

=/(2)— Iog(l+2) 

is an analytic function which is regular and has zero derivative 
when |z| < 1. It follows that F{z) is a constant, whose value 
is found to be zero by putting z ^ 0. We have thus shown 
that log(l-l-z) can be represented by a power series 


log(l + 2 ) 


^ 3 n+l 



convergent when \z\ < 1. 
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3.57. The function 2 ® 

It follows from the definition of Logs that, when ;> is any 
integer, the function exp(;)Log2) is a one-valued function of s, 
being equal to 2^, even though Logs is many-valued. If q i.s 
any other integer, the function 

U’ = exp(- Log 

\? 

is, therefore, a solution of tlie equation — s'', so tluit we 
might denote any branch of it bv s'''*'. We shall, however, 
reserve this notation for the princi})al value of ;/•, namely 

^t>}q _ exp|~ logsj. 

The other solutions of the equation are then of the form 

XV = 

where k ~ 1 , 2 , 1 . Obviously each of these solutions can 
be obtained from by making circuits about the branch point 
0 of logs. 

We now define 2®, for any real or comj)lex value of n, by the 

equation ^ , 1 v 

2® = exp(alogs). 

With this definition the law' of indices still holds; for 

2“2^ = exp(aIog2)exp()8]og2) = cxp[(.\+^)log :} - 

We saw in § 3.. *55 that logs is discontinuous on tlte negative 
half of the real axis, and that it suddenly decreases by as 
we cross this line from above to below. Hence, if x ■ , 0 and 
2/ > 0, then / _l • 

as y -► 0; tlius 2® i.s also discontinuous when 2 is real an<l 
negative, except in the case when % is an integer. It is, however, 
one-valued and continuous in every bounded domain D ot ttie 
2-plane, supposed cut along tlie real axis from — oc to 0. Mok*- 
over, if we write the equation defining 2® in the form 2' 
where ^ = !og2, we sec. by § 3 . 31 , Ex. 2, that 2* is regular in 
its derivative being given by 

d2® 

dz d^ dz 

£ 


Q2ani 


deM d^ , 1 , 
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Example 1 . Show that it is not necessarily the case that 

2^ 25 = (Zj Zj)"*. 

Example 2. Determine the branches and branch-points of the func- 
tion (1 -z*)*/*. 

REFERENCES 

Power series: 

T. J. I'a Bromwich, Theory 0 / Infinite Series (London, 1926), Chap. X. 
P. Dienes. The Taylor Series (Oxford. 1931), Chap. V. 

The exponential, logarithmic and trigonometrical functions: 

G. H. Hardy, Pure Mathematics (Cambridge, 1946), Chap. X. 

E. W. Hobson, Plane Trigonometry (Cambridge, 1911), Chap. XV. 

E. T. Whittaher and G. N. Watson, Modem Analysis (Cambridge 
1920), Appendix. 


MISCELLANEOUS EXAMPLES 


1. If 


f(z) = — (z^ 0). 


/(O) = 0, 


X* + I/' 

prove that the increment ratio {/(z)-/(0)}/2 tends to zero as z 0 along 
any radius vector, but not as z ^ 0 in any manner. 

2. Ifz = re^ '/(^l = M + tu, where r, u, u are real and/(z) is a regular 

analytic function, show that the Cauchy-Riemann differential equa- 
tions aro 


du 

dr 


1 dv 
rYd^ 


dv 

dr 


1 du 
r dd ' 


3. Verify that the real and imaginary parts of logz satisfy the Cauchy- 
Riemann equations when z is not zero. 

4. Prove that the function 


/(z) = 1 + y 

^ n* 

n — I 

is regular when jzl < 1 and that its derivative is a/(z)/(l+z). Hence 
show that the derivative of (l+z)-y(z) is zero, and deduce that 

/(z) = (l+z)“. 

6. If n is any positive or negative integer or zero, and if 0 < < < 
prove that |c*/z’'( tends to infinity as z tends to infinity in the angle 
i’r+e < argz ^ but that [c*/z"| tends to zero as z tends to 

infinity in the angle ^TT-\-e < argz < frr— «. 

6. Prove that, if n is a positive integer and |z| < Jn, 

nlog(l + ^) = z4./^(2) 





where 


n 
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Deduce thut 


\ n' 


as n 00, when z lies in any bounded domain of the :-plano. 

7 . Show that tJje general solution of tlie oqxiation 2 — tanu' is 

1 . 1^.2 

Prove that each branch of this many-valued function is an analytic 
function, regular in the c-plane, supposed cut along the imaginary axis 
from — oci to ~i and from i to 00 I, and that the derivative of eacli 
such branch is 1 /( 1 +2*). 

Show also that, when jz] < 1 , the principal branch is 

8 . Prove that the conjugates of the complex numbers f,in2 and cos 2 
are sinf and cosf respectively. Hence show that 

|sin2|‘ = A(cosh 2 y — cos 2 x), |cos2|* = J(cosh 2 y + cos 2 a:). 

9 . Prove that 


sinh|Im2j < 


sin 

cos 


cosh(lm2). 


Deduce that [sina] and |cos2| tend to infinity as 2 tends to infinity in 
cither of the angles c argz < tt— r arge ' 2 -n — €, where 
0 < f \tt. 


10 . If /(z) = u-f-fy is an analytic function, regular in a domain I) 
where f'(z) does not vanish, prove that the curi’cs u = constant, 
V = constant form two orthogonal families. 

Verify that thi.s is the case when (i)/(2) — 2*, (ii)/(2) — sin 2. 


CHAPTER IV 

CAUCHY S THEOREM 

4.1. Rectifiable arcs 

Before discussing Cauchy s theorem on the integration of 
analytic functions of a complex variable, it is desirable to con- 
sider briefly how the length of a Jordan arc, whose equation is 
2 == :r(0 + i!/(0, where may be defined. Let Zq, 2 i. 

Zg,..., 2 „ be the points of this arc which correspond to the values 
f©' ^ 2 ' - > C- of the parameter t, where 

^</i<(2< ... T. 

The polygonal arc which is obtained by drawing straight lines 
from Zq to Zi, from Zj to Zg, and so on, is of length 

n 

2 ~ 2 l^r ^r~l\‘ 

r« 1 

If 2 tends to a unique limit ^ as n co and the greatest of the 

numbers tends to zero, we say that the arc is rectifiable 

and that its length is 1. 

It can be shown that the necessary and sufficient condition 
for a Jordan arc to be rectifiable is that the sums 2 should be 
bounded for all possible modes of subdivision of the range of 
values of the parameter.f In the present book, we shall, in 
general, be concerned only with rectifiable arcs of a more special 
type, namely Jordan arcs with continuously turning tangent. 
Such curves we shall call regular arcs. A regular arc is charac- 
terized by the fact that the derivatives x{t) and y{t) exist and 
8.r6 continuous over the whole rdnge of values of 

We shall now prove that a regular arc is rectifiable by showing 
that the sum 2 does, in fact, tend to the limit 

T 

J {x^+y^yi^dt. 

The first step in the proof is to show that 2 can be made to 

Proofs of this are given, for example, by P. Dienes. The Tavlor Series 
(Oxford, 1931). 199-201 ; E. W. Hobson, Functions of a Real Variable (Cam- 
208-^0 Phillips, Course of Analysis (Cambridge, 1930), 
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differ by as little as we please from the sum 

I: = i + 

1 

by making the greatest of the numbers sufficiently small. 

We start with the inequality 

1{1Z1-|2'|}1 < |Z-Z'| 

of § 1.32, which obviously implies that 

|{iZ|-|Z'l}| < |Rl(Z-Z')i + |Im(Z-Z')t. 

Hence we have 

= I ( + } I 

where denotes a:(;,), and so on. 

Now, by the mean-value theorem of the differential calculus. 

where and t' lie between and and so 

4 « (<r-<,-i){|i(T.)-i((.)i+|y(T;)-y((,)i}. 

But, by hypothesis, the functions x{t) and y{i) are continuous 
and hence also uniformly continuous. We can therefore assign 
arbitrarily a positive number as small as we please, and then 
choose another positive number 8, depending only on e, such 

\i{t)-x{t‘)\ < 6 , m)~y{t')\ < < 

whenever |(-('| < S. If the greatest of the numbers tr-tr-i is 
less than S, we find that 


Ir < 

and hence that 

II - II I < i 4 < 2 € I = 2 e(r-(„). 

r-l r-1 

Finally, by the definition of the integral of a continuous func- 
tion, the sum tends to the limit 


i T 

J |i(0+i>/(01 dt = j dl, 


as n tends to infinity and the greatest of the numbers 
tends to zero. Since, however, I 2 ~ I made as small 

as we please by making S sufficiently small. ^ must also tend 
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to the same limit. We have thus shown that a regular arc is 
rectifiable and that its length is 

T 

j dt. 

t, 

4.11, Contours 

If AB and BC are two rectifiable arcs of lengths I and 1' 
respectively, which have only the point B in common, the arc 
AC is evidently also rectifiable, its length being From 

this it follows that a Jordan arc which consists of a finite number 
of regular arcs is rectifiable, its length being the sum of the 
lengths of the regular arcs forming it. Such an arc we call 
a contour. 

By a closed contour we mean a simple closed Jordan curve 
which consists of a finite number of regular arcs. Obviously 
a closed contour is rectifiable. 

4.12. Riemann’s definition of integration 

The fundamental operation of the calculus known as integra- 
tion arfses in two distinct ways. The determination of the 
indefinite integral may be regarded as the operation inverse to 
that of differentiation. But in the applications of the calculus 
to geometry or physics, it is the definite integral, defined as the 
limit of a sum, which is of importance. In the theory of func- 
tions of a complex variable we start with the definition of an 
integral as the limit of a sum, and, later on, deduce the con- 
nexion between the operations of differentiation and integration. 

Although this definition of the definite integral had its origin 
in the work of the Greek mathematicians, it only attained a 
precise arithmetical form, satisfying modern standards of rigour, 
in the nineteenth century at the hands of Riemann.f We shall 
now explain Riemann’s definition of an integral, not, indeed, in 
its original form, but in one more suited for our present purposes. 

Let us consider a function f{z) of the complex variable z, 
which is not necessarily analytic but which has a definite finite 
value at each point of a rectifiable arc L. Let the equation of 
this arc be z = a:(0 + iy(0. where tQ ^ t ^ T. We subdivide this 

t In Ills inaugural address of 1854 on trigonometric series. This is reprinted 
in his collected works (tJerinan edition (187G)» 213-51). 
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arc into n smaller arcs by the points Zq, 2 ^, Zj,..., z„_i, (= Z), 

which correspond to the values 

^0 ^2 ■■■ ^n-l ~ 

of the parameter t, and then form the sum 

2= i/(W(Zr-2r-l). 

f «» 1 

where is a point of L between and z,. 

If this sum ^ tends to a unique limit J as n tends to infinity 
and the greatest of the numbers tends to zero, we say 

that/( 2 ) is in(eyra6/et /rom Zq to Z along the arc L, and we write 

J = j f{z) dz. 

L 

The direction of integration is from to Z, since the point of 
affix a:(0+i!/(0 describes the arc L in this sense when t increases. 
Thus the numbers Z, Zq play in this theory much the same parts 
as the upper and lower limits in the definite integral of a func- 
tion of a real variable. Nevertheless, we do not w'rite 

z 

J = J /( 2 ) dz\ 

for, as we shall soon see, the value of J depends, in general, not 
only on the initial and final points of the arc L but also on its 
actual form. 

The complex integral of a function f{z) along a rectifiable arc 
L, defined in this way, exists under quite general conditions, 
a sufficient, but not necessary, condition being that/( 2 ) sliould 
be continuous on L. There is no need whatever to assume tliat 
the derivatives and y(0 exist. We shall not, however, prove 
this general result, J but shall only consider in detail the case 
when i/ is a contour. 

Example I. If L is any rcctirmble arc joining the points Zq and Z, 
prove that 

j dz = Z — Zq, j zdz = 5(Z* — z;). 

L L 

t In particular, if L is a segment of the real axis, this definition reduces to 
the ordinary definition of the integral of a bounded function of a real variable. 

For a proof of this, eoe, for example. Wut.son, Cotnptei InU^alion and 
Cauchy's Theorem (Cambridge, 1914), 17-25. 
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Both integrals exist since the integrand is, in each case, continuous 
on L. 

In the first case, we have 

X ^r-l) = X (^r — ^r—\) — Z 

r-l r=l 

from which the result stated follows at once. 

In the second, we have to find the limit of 


X Cr(«r-2r-l)- 

f-1 

This is necessarily the same as the limits of 


fl 


Xi — X -r(2r Xt ~ X 


f-1 


r=l 


and so is also the same as the limit of i( + ^ ). But 


i(Xi + X,) = i X = i(2»-z2). 

1 


Hence 


jzdz^ i(Z‘-zl). 


It should be observed that in both these examples the value of the 
integral is independent of the path from to Z. 

Example 2, If/(z) is integrable along the two rectifiable arcs AB 
and BC which have only the point B in common, prove that /(z) is 
integrable along the arc AC end that 

J /(z) dz = j f(z) *^2 + J f(z) dz. 

AB BC 

Example 3. If/(z) is integrable along L, and if L' is the same arc 
described in the opposite sense, show that 

j /{z)dz ^ — j /(z)dz. 

L' L 

Example 4. \f f{z) and g{z) are integrable along L, and a and 6 are 
constants, prove that 

j + dz = a j /{z) dz +6 J g{z) dz. 


4.13. Integration- along a regular arc 

Let us suppose that f(z) is continuous on the regular arc L 
whose equation is z = x{t)-{-iy{t), where ^T. We prove 

that/(z) is integrable along L and that 

T 

j f(z) rfz = J dt, 

L i 
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where F{t) denotes the value of f{z) at the point of L of para- 
meter t. 

In the notation of § 4.12 we have to consider the sum 

1 = 

r-1 

where is a point of the arc between and z^. If is the 
parameter of obviously lies between and Writing 

where <f> and ^ are real, we find tliat 

1=1 + l 2 V'('^r)(^r--rr-l) + 

r»l r-l 

+ » i 4>{rr){yr-i/r-l)- 1 '^(^r)('/r-i/r-l)- 

r-1 r*-l 

We consider these four sums separately. 

By the mean-value theorem of the differential calculus the 
first term is 

h = l^Mi^r-^r-l) = l>i>irr)MK) 

r-1 r-1 

where t' lies between and The first step is to show that 
can be made to differ by as little as we please from 

l^^lmmitr-tr-l) 

r* 1 

by making the greatest of the numbers sufficiently small. 

Now, by hypothesis, the functions ^(f) and x{t) are continuous. 
As continuous functions are necessarily bounded, there exists 
a positive number K such that the inequalities j^(0i ^ A', 
l^(0t ^ K, hold when f© f ^ T. Moreover, the functions are 
also uniformly continuous; we can, therefore, assign arbitrarily 
a positive number c, as small as we please, and then clioose a 
positive number 8, depending only on «, such tliat 

1^(0— < e, i(f')| < £, 

when If — f'l < 8. Hence, if the greatest of the numbers 
is less than 8, we have 

= l^(^r){i(T;)-i(/r)) + i{fr){^(T,)-^(fr)}l 

< I^Wl-|i{T;)-i(gi+ii(ui.|^(Tj-.^(Oi < 2A'c, 
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and therefore 




By the definition of the integral of a continuous function of 
a real variable, t^nds to the limit 

T 

f mun dt 

t. 


as n tends to infinity and the greatest of the numbers 
tends to zero. Since, however, | — ^ 2 1 made as small 

as we please by taking 8 small enough, niust also tend to 
the same limit. Similarly the other terms of J tend to 
limits. 

Combining these results we find that tends to the 
limit 


^ J J 

j di +i J + = J ii’(0 {i(() + »■</{()} dt, 


t. 


f. 


r. 


and so f{z) is integrable along the regular arc L. 

This re.sult is not merely of theoretical importance as an 
existence theorem. It is also of practical use in that it reduces 
the problem of evaluating a complex integral to the integration 
of two real continuous functions of a real variable. 

More generally, it can be shown without difficulty tliat, if 
f(z) is continuous on a contour C, it is integrable along C, the 
value of its integral being the sum of the integrals of f{z) along 
the regular arcs of which C is composed. 


Example 1. Find tlic value of the integral of l/{r — a) round tho 
circle C, whose eejuation is js — a| = i?. 

The parametric equation of C is 2 — a + J?cos< + ii?sinh where t 
varies from 0 to 2n as 2 describes C once in the positive sense. Hence 

2ir 

I = I A — Jishit -i- iRcosi)dt 

J 2 — (i J Ji cos r + < /e sin r 

c 0 


2W 

= J i (f/ = 27ri. 

0 

Example 2. Show that the integral of l/z along a semicircular arc 
fron^ — 1 to -}• I has the value — tti or ni according as the arc lies above 
or below the real axis. 
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4.14. The absolute value of a complex integral 

If f{z} is continuous on a contour C of length /, where it satisfies 
the inequality 1 /( 2 ) ] ^ 3/, then 




In proving this theorem we evidently only need to consider tlie 
case when C is a regular arc. 

Now if <l>{t) is any complex continuous function of the real 
variable t, we have 


n 


n 


1 ^ 1 Wmi-tr-l). 

r-1 I r=l 

and so, on proceeding to the limit, 

T . T 




jHi)dt < J 1^(01*. 




In the notation of §4.13, /(z) = J’l/) on C, and so \F{t)\ < M. 
Hence 


c 


jf{z)dz=^ j F{t)(x-\-iy)dt 


c 

T 

[Fma'+y^Y'^di 

U 




2 

M j {x^^fyl^-dt = Ml. 


t. 


4.2. Cauchy's theorem 

Let f{z) be an analytic function, regular in a domain D 
bounded by a simple clo.sed curve. Let Zq and 2 , be two points 
of D, joined by a rectifiable arc L lying in D. Then the integral 
of/{z) along L certainly exists since /(z) is continuous on L. 
The fundamental property on which the theory of analytic 
functions depends is that the value of thi.s integral is a function 
of Zq and Zj alone and is quite independent of the particular 
arc L which joins the two given points. 

An equivalent form of this re.sult is Cauchy's theorem, which 
states that, if C is a simple closed rectifiable arc lying in D, then 
the integral of f{z) round C is zero. For any two points of C 
divide it into two rectifiable arcs L and Lj, say. If denotes 
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tiie arc described in the opposite sense, the integrals oi f{z) 
along L and L.^ are equal. Hence we have, by § 4.12, Exx. 2, 3, 


\J{z)dz = \f{z)dz + \j{z)dz 


^ f(z) dz - ^ f(z) dz 



In tlic sequel we shall always suppose that a simple closed 
rectifiable curve is described in the positive or counter-clockwise 


sense, unless the contrary is explicitly stated. 

It is \ er\ difficult to prove Cauchy’s theorem in its most 


general form. In the next section we make the additional 
assumption that the derivative f‘(z) is continuous within and 
on C and follow the lines of Cauchy's second proof.f We then 
show that this additional assumption is not necessary when the 
contour is a polygon, and, finally, we indicate briefly how the 
extension to the general case may be carried out. 


4.21. The elementary proof of Cauchy’s theorem 

We now prove the simplest and original form of Cauchy’s 

theorem, that if J{z) is an analytic function u-hose derivative f'{z) 

exists mid is continuous at each point within and on the closed 
contour C, then 

j f{z) dz = 0. 
c 

Let D be the closed region which consists of all points within 
and on C . If we write z = x + iy, f{z) ~ u-{-iv, where x, y, u, v 
are real, we have, by § 4.13, 

J f(z) dz = j* (u dx —V dy)-\-i f (u dx dy), 

V c 

where, hy dx ^Qdy), we mean the sum of the integrals of 

the form J {Px~\-Qy) dt over all the regular arcs composing C, 
We now transform each of these curvilinear integrals by 
means of Green’s theorem, J which states that ii P{x,y), Q{x,y), 

t Comptes Bendus, 23 (1846), 251-5. This proof is often called Riemann's 
proof ; he gave it in his inaugural dissertation at Gottingen in 1851 (Oes. Werke 
(1876). 3-46). 

Cauchy’s first proof depended on the calculus of variations. It occurs in his 
‘Memoir© sur les integrales definies. prises entre limites iraaginaires’ (Paris, 
1825), which has been reprinted in Bulletin dtg tfci. math. 7 (1874), 265-304, 

8 (1875), 43-55, 148-59. 

X See Gibson. Advanced Calculus (London. 1931), 335-6, or Phillips, Courat 
oj Analysis (Cambridge. 1930), 290-1. 
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^Qldx, dPjcy are continuous functions of both variables in 1) 

then 

By hypothesis J (z) exists and is continuous in l> Since liow- 
ever, 

I {z) = Mj. + ifv ^ 

we are, in fact, assuming that a and r and tfioir partial deri- 
vatives u^, i-j, are continuous functions of botli varial)les j- 

and y m D. The conditions of Green’s tl.eorem are thus 
satisfied. 

Hence we see that 

= 0 . 

by the Cauchy-Riemann differential equations. This conijiletes 
the proof of Cauchy’s theorem. 

4.22, The general form of Cauchy’s theorem 

^ Although the simple form of Cauchy’s theorem whicli we have 
just proved suffices for many of the applications we have in 
view. It IS desirable to consider whether the assumptions we 
have made are necessary for the truth of the theorem. Tlie first 
step in this direction was taken by Goursat.t wl.o showe.i that 
It IS unnecessary to assume the continuity of J'{z), and that 
Cauchy s theorem is true if it is only assumed that /'(c) exists 
at each point within or on the simple closed rectifiable curve V. 

Actually the continuity of the derivative /'(c) and. indeed, its 
differentiability are consequences of Cauchy’s theorem. 

ore generally still, it can be shown that if f{z) is an analytic 
/uneffon. canhni^ within and on the simple dosed redifuibh 
curve C, and tf f {z) exists at each point within C, then 

j f{z) dz = 0. 
c 

We shall now indicate briefly the lines of the proof of this 
general form of Cauchy’s theorem. 

foiLd Goursot's proof will also bo 

uiiu in IU8 d Analyse, 2 (1918), 74-8. 
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The first step is to show that, if f{z) is an analytic function 
whose derivative /' (2) exists at each point within and on a tri- 
angular contour C, the integral of f{z) round C vanishes. LiCt 
us Tvrite 


J /(2) dz 


c 




so that h ^ 0. The proof consists in showing that we are led 
to a contradiction if we assume that h > 0. 

Lot us suppose, then, that h > 0. If we join the middle points 
of the sides of C by straight lines, the domain within C is divided 
into four congruent triangles whose boundaries are yg, y^, 
say. Then 4 . 

f /(2) dz = 2 \ /(2) dz, 

^ '’"‘n 

since, on the right-hand side, we are integrating twice in oppo- 
site directions over each side of a triangle y, which is not part 
of a side of C, and the corresponding integrals cancel. Hence 
we have ^ 


< I 

f 


J /( 2 ) dz 


so that the inequality 




J /( 2 ) dz 


Y, 




must hold for at least one value of r; if it holds for more than 
one value of r, we take the least. In this way we obtain a tri- 
angular contour, Cj, say, of half the linear dimensions of C, 
with the property that 


//w 


dz 


f. 




We now treat Cj in the same manner, and so on indefinitely. 
Proceeding thus, we obtain a sequence of triangles C, 

each of which is contained in and has half the linear 
dimensions of its predecessor, with the property that 


J /( 2 ) dz 


> A/-*”. 


By the example of § 2.2 there is precisely one point, a say, 
which lies within or on every triangle of this sequence. More- 
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over, by hypothesis, f{z) is regular at a. Hence, given any 
positive number c, we can find a neighbourliood of c. wliose 
radius depends on c, in which the inequality 

— (2 — a)/'(a)| < e|2— al 

holds. This neighbourhood of « contains all the triangles of tlie 
sequence for which n > .V. where .V is an integer depending on 
€. It follows that, if IS the perimeter of tlie triangle C t)ie 

l/(2)-/(a)-(2-a)/'(a)I < 

IS satisfied by the affix r of every point on C,„ provided that 
We know, however, thaff 

f d2 = 0, I* 2 (fz = 0, 

Cji 

from which it follows that 

/ * = / {/(2)-/(»)-(2-c)/'(»)} *. 

Cn Cn 

Hence, when n > N, we have, by § 4.14, 

jf{z)dz = f{/( 2)-/(a)-(2-a)/'(a)}f/z 

Cn 

< = d^lA\ 

where / is the perimeter of C. 

We have thus shown that, when n > N, 


0 < A < 4 


n 


jfiz) dz 

Cn 


< cF. 


his IS, however, impossible, since , is arbitrary; the assumption 
inat A ,9 positive is thus untenable. But since h 0, we must, 
therefore have A = O. This completes the proof! of Cuuchy s 

regufrr ^ ‘"angle within and on which the integrand' is 

^‘op is to extend this result to the case of a polygonal 
n our. e shall make use of the fact that the interior of 
ny c ose polygon can be divided up into a finite number of 
t See §4.12, Ex. 1. 

49D-608 ^ ^ Trans. American Maih. Soc. 1 (1000), 
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triangles. For, if the polygon is not convex, it can be divided 
up into convex polygons by producing the sides sufficiently, and 
any convex polygon can be divided into triangles by joining any 
interior point to the vertices. 

Let us suppose that/( 2 ) is an analytic function regular within 
and on a closed polygon C. If C is now divided up into n tri- 
angles whose boundaries are Q,..., C„, we obtain 


I* /(c) = 2 

r« 1 



since, on the right-hand side, we are integrating twice in oppo- 
site directions over each side of a triangle which is not also 
part of a side of C, and the corresponding integrals cancel. But 
we have shown that the integral of f{z) round each triangular 
contour vanishes, and so 


J f(z) dz = 0. 

c 

We have now reached the really difficult stage in the proof 

of Cauchy’s theorem in the general form enunciated at the 

beginning of this section. We are given that f{z) is regular 

within the simple closed rectifiable curve C and continuous 

witliin and on C. These conditions imply that jf{z)dz exists; 

c 

we have to show tliat it is zero. 

It can be proved that, when any positive number € is assigned, 
a closed polygon P can be constructed, each point of which lies 
within C and at a distance less than c from C. The derivative 
f'{z) exists at every point within or on P, so that the integral 
of fiz) round P vanishes. The general form of Cauchy's theorem 
would, then, be completely proved if we could show that 



The validity of this passage to the limit is immediately sug- 
gested by geometrical intuition. Nevertheless, it is one of the 
most difficult things to prove in the whole of the theory of 
functions of a complex variable. A proof has been given by 
Pollard which depends on ‘some rather delicate theorems of 
de la Vallee Poussin, the development of which requires great 
care and unusual nicety of thought*. We shall, therefore, con- 
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tent ourselves by relying on geometrical intuition for the validity 
of this passage to the limit, and refer the reader to tlie original 
memoirst for the proof. 

4.3. The deformation of contours 

The evaluation of the integral of an analytic function round 
a closed contour, within which the function is not necessarily 
regular, can often be simplified by noticing that the value of the 
contour integral of an analytic function is unaltered by deforrnaiion 
of the contour, ‘provided that the contour crosses no singularity of 
the integrand during deformation. 

C 


Fio. 1 

For simplicity, we shall only consider a particular case of this 
result, though the method of proof is quite general. We shall 
show that if and C 2 are two closed contours, C 2 lyi^y 
pletdy inside Q, then 

J /(z) dz = I f{z) dz, 
c. c, 

provided thatf{z) is continuous in the closed annulus and regular 
in the open annulus bounded by and C^. 

Let us take two points of affixes a and b on C, and two points 
of affixes c and d on Cj. If we join a to c and 6 to d by two 
polygonal arcs which have no point in common and which do 
not cross Cj or Cj, we form two closed contours Lj and Lg, as 
shown in the figure. Now /{z) is continuous in the closed 
region and regular in the domain bounded by L,, and so its 

t Pollard, Pfoc. London Math. Soc. (2) 21 (1923), 456 - 82 ; 28 (1928). 14.5-60. 

80© aUo Watson, Compltx Integration and Cauchy' $ Theorem (Cambridge, 1914), 
37-40, 
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integral round is zero; similarly for L^. Hence 


J /(2) dz-^ j f{z} 

z. 



But Lj and L2 each contain the polygonal arc oc described 
twice in opposite senses, so that the two integrals along the arc 
ac cancel; similarly for the polygonal arc bd. Hence this last 
equation takes the form 


I /(2) dz — j f{z) dz = 0, 
c, c, 

when we take into consideration the conventional sense of 
description of the contour Cj. 


4 . 31 . Cauchy’s integral formula 

We now show that if f{z) is an analytic function, regular within 
a closed contour C and continuous within and on C, and if a is 
any point within C, then 



c 

Since f{z) is regular at a, we have 


/(z) = f{a)-{-{z~a)f{a)-{-{z~~a) 7 j, 

where 7; is a function of 2 and a which tends to zero as z -»• a. 
Hence, given any positive number e, we can find a neighbour- 
hood |2— a| < 8 in which the inequality I17I < c holds. 

Now draw a circle y with centre a and radius r, where r is 
less than S and is also so small that y lies entirely within C. 
Then, since /(2)/(2— a) is regular in the annulus bounded by y 
and C, we have, by the theorem of § 4 . 3 , 



= 27 rt/(a)q- J rj dz. 


Y 
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From this we deduce that 


f M rf 2 -2m Ha) 
J 2— a 



( Tjdz 


J 

Y 


27rr€, 


since Itj] < € on y. The expression on the right-hand side of 
this inequality tends to zero with r. The expression on the left- 
hand side is, however, quite independent of r and so must be 
identically zero. 

This completes the proof of Cauchy’s integral formula 


/(“) = 5^- [ - ’ 

2771 J z—a 


c 

which expresses the value of an analytic function at a point 
within a closed contour in terms of ita values on the contour. 

Example. Let C, and C, be two closet! contours, lying com- 
pletely within C,. and let a be a point between C, and C,. Show that 

‘ f /<!) ,2 - ± f m ,2. 

2771 J Z—a 2ni f z — a 

C-. r, 

provided that /(z) is continuous in the closed annulus and regular in tlie 
open annulus bounded by and Cj. 

4.32. The derivatives of an analytic function 

If it were known that the process of differentiating Cauchy ’s 
formula for /(a) under the sign of integration is valid, we could 
deduce at once that 

= 5^- f 

2771 J [z—a)’ 
c 

We now show that this formula is true under the conditions of 
§4.31. 

Let us suppose that the shortest distance from a to the con- 
tour C is 28, so that the inequality i^— a[ ^ 28 is satisfied by 
the affix z of every point on C. If 1A| < 8, the point a-j-A also 
lies within C at a distance not less than 8 from C. 

By Cauchy’s integral formula, we have 


2,ri z-a 

= -L. "f - rf.. 

27ri J (z—a—h){z—a) 


dz 

h 
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/(a+A)— /(a) 


-- f 

27rt J 


/(2) 


(2— a)2 


dz = ± f . 

27n J ( 2 ~a—h)(z~ 


a) 


dz. 


Hence 


f(a) = lim = _L r J(± dz. 

A-*o A 27 ri J ( 2 — a)* 


provided that 


r M_ 

J (z~a—h)(z— 


af 


c 

dz 


is bounded as h tends to zero. 

Now/{2) is continuous on C, so that an inequality \f(z)\ < M 
is satisfied there. Hence 

m 


( 2 — a— A)(z— a)* 
when 2 is on C, and so 




M 

48® 


J 




( 2 — a— A)( 2 — a)® 


dz 


u 




m 

48® 


where I is the length of C. This completes the proof of Cauchy’s 
integral formula for /'(a). 

The result we have just proved has the very remarkable con- 
sequence that/'{ 2 ) is itself regular within C. To prove this, we 
have to show that the derivative /"(z) of the function/' ( 2 ) exists 
at each point a within C. 

Formal differentiation under the sign of integration gives 


na) = 1 f ^ 

mj (z— 


a) 


Accordingly we consider 

/'(a + A)-/'(a) 1 f f(z) 


_1 ( 

Tri] {Z— 


a)- 


dz 


(fiz)l L_ I 

27rt J '\{z-a-h)^ ( 2 -a)* ( 2 -a)®/ h 

27rt J \z~a~hnz~a)^ ^ 
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But it is easily seen by using the same type of argument as 
before that this last expression tends to zero with h. Hence 

/■(a) = 

h 




exists and is given by 


= S J 

c 


m 

( 2 -a) 


dz. 


In a similar manner we can show that /'(z) is regular within 
C, its derivative /'"(z) being given by the formula 


/'"(a) = iL r dz 

^ ^ ^ 2niJ ( 2 -a)< ’ 


when a is any point within C. And so on indefinitely. Hence 
/(2) w an analytic function regular within a closed contour C 
and corUimums within and on C, it possesses derivatives of all 
orders which are regular within C, the nth derivative being given by 

f{z) 


^ ^ ' 27rt J (2- 


a) 


n+l 


dz. 


c 


Example, The function f(z) is regular within a closed contour C'. 
Show that, if z = x-\-iy, the functions log |/{z)|, urg/(z), Rl f(z), ln\J(z) 
all satisfy Laplace's equation 


v^y 

Vx 


- + — = 0. 

* £>y* 


Prove also that 




4.33. Cauchy's inequalities 

Let.f{z) be an analytic function regular within a circle C of 
centre a and radius R. Then if the inequality j/( 2 )| M holds 
everywhere on C, ,, , 

< -"g'. 

We have proved that 


/<«>(a) = 



f{z) 

(2 — 0 )"+! 



On C, l/( 2 )/(z-a)«+M < and the length of C is 

The result stated follows immediately by § 4.14. 

Example* Prove that the modulus of on analytic function cannot 
have a true maximum at a point a if it is regular in a neighbourhood of a. 
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4.34. Liouville's theorem on integral functions 

An analytic function which is regular in every finite region 
of the 2-plane is called an integral function. 

If f{z) is an integral function which satisfies the inequality 
1/(2) I < M for all values of z, M being a constant, then f(z) is 
a constant. 

This theoremf follows at once from Cauchy’s inequality con- 
cerning the derivative of an analytic function. For, if a is 
any point of the 2-plane, f{z) is regular when \z—a\ ^ R, no 
matter how large R may be, and satisfies there the inequality 
1/(2) t i ' M. Hence we have 

i/»i 

Making R tend to infinity, we find that f'[a) is zero. Since, 
however, a is arbitrary, we have thus shown that the derivative 
of f(z) vanishes everywhere. Hence f[z) is a constant. 

4.4. The converse of Cauchy’s theorem 

Let f{z) be a one-valued function, continuous within a closed 
contour C. In order that the integral of f{z) along any contour 
within C may depend only on the affixes of the end-points of that 
contour, it is both necessary and sufficient that f{z) be an analytic- 
function, regular within C. 

The condition is evidently sufficient. For the difference be- 
tween the integrals of f(z) along two different contours, which 
lie within C and have the same end-points, is equal to the 
integral of/{2) round a closed contour within C, and so vanishes. 

To show that the condition is also necessary, we consider the 
integral of /(2) along a path within C from a fixed point a to 
a variable point 2. Since, by liypothe.sis, tlie vr 4 lue of this 
integral is independent of the path, it is a one-valued function 
of 2; let us denote it by 

^’( 2 ) = J /(Z) dz. 

a 

We shall show that F{z) is an analytic function, regular with- 
in C. 

t It was given by Liouville in lectures in 1847, but seoma to be really due 
to Cauchy. 
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Let b be any point within C. If the shortest distance of 6 
from C is 28, every point z for which jz— 6| < 5 certainly lies 
within C. Hence, if 1^1 ^ 8, 


ti+h 

F{b+h)-F(b)= j f(z)dz. 


where the path of integration is now taken to be a straight line. 
From this it follows that 

b+ft 


-m = i j {/(z)-/(fc)) dz. 


Now, by hypothesis, f{z) is continuous at 6. We can, there- 
fore, assign arbitrarily a positive number <, .and then choose 
a positive number depending on e, such that 

\f{z)-m\ < ^ 

when | 2 — 61 < tj. Hence we have, by § 4.14, 

F{b-\-h)~F(b) 


-fib) 


< r, 


% 

provided that l^l < and so F'(b) exists and is equal to/(6). 

Since, however, 6 was any point within C, we have thus 
shown that F( 2 ) is regular inside C and that its derivative is 
f(z). This, however, implies, by § 4.32, that/( 2 ) is itself regular 
within C. This completes the proof of the necessity of tlie 
condition. 

The theorem we have just proved is due to Morera.t H is 
really a converse of Cauchy’s theorem, and is more usually 
stated in the following form. 

Jf f{z) is c&ntinvxms and one-valued within a closed contour C 

\hz)dz^0 

V 

for every closed contour P within C, then f[z) is an analytic func- 
tion, regular within C. 

It should be observed that we have proved incidentally lliat 
if J{z) is regular ivithin a closed contour C, the integral 

Z 

I fiz) dz, 

a 

+ Rtndieonti del h. lat. Londbardo, 19 (1886), 304-7. 
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taken along any contour vntkin C, is an analytic function, regular 
within C, and has derivative f(z). This is the fundamental 
theorem of the calculus of analytic functions; it asserts that the 
operations of integration and differentiation are inverse opera- 
tions. 

Example. Let f(z), g[z) be analytic functions, regular within a closed 
contour C. Show that 

t S 

j/{z}g'(z)dz =/lz)g(z)~f(a)g(a)~ j/'(z)g(z)dz, 

a o 

wh«'n integration is along any contour within C. 


4.5. Taylor’s theorem 

We saw in § 3.33 that the sum of a power series with non- 
zero radius of convergence is an analytic function, regular within 
the circle of convergence. We now prove the converse theorem, 
that if f{z) is an analytic function regular in a neighbourhood of 

z =: a, it is expansible as a power series of the form ^ctn{z—a)^, 

0 

whose radius of convergence is not zero. 

By hypothesis, there exists a positive number R with the 
property that/( 2 ) is regular when |z— a| < R. Let R^ be any 
po.^itive number less than R, and let R^ — so that 

0 < < R. Then f{z) is certainly regular within and 

on the circle C whose equation is \z~-a\ = i? 2 - 

Now let a-\-h be any point of the region \z—a\ < Ry^. Then, 
as a -\-h is within the circle C, we find, by using Cauchy’s integral 
formula (§ 4.31), tliat 

f(a + h) = 5^ dj 

2tti J z—a—h 
c 


1 r // J 1 ^ . < 

27Ti J [z—a {z—a)- {z—ay 


+ 


h^ 






dz. 


(2 — 0)'^+^ (2 — o )”+^(2 — a — 

If we now use Cauchy’s formula for the derivatives of an 
analytic function, we obtain 


f{a+h) =/(«)+ ^f<r>(a)’^+A 


n> 
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where 


27Ti J ( 2 — a)'‘+^(3— a— 
c 


But l/(s)| is continuous on the circle C and so is bounded 
there. Hence there exists a positive number M such that 
|/( 2 )| < ilf on C. Moreover, w-hen \z—a\ = 


\z-a-k\ > \{\z-a\-\h\]\ ^ E,-E,. 
Using the result of § 4.14, we find that 



M\k\ m 

E 2 — Ei\E2, 



Since, however, 1^| ^ i?i < E 2 , it follows from this inequality 
that i4„ tends to zero as n tends to infinity and therefore that 


«D 


/(a+A) =/(a)+ 


I 



It is, however, possible to prove rather more than the mere 
convergence of this power series. Since i^[ ^ J?i, we have 



MR^ IRiY 

R2-R\\eJ ’ 


the expression on the right-hand side of the inequality being 
independent of h. Hence, given any positive number €, we can 
choose an integer N, depending on « but quite independent of 
h, such that |.<4„| < e when n > N. We express this property 
by saying that the power series converges uniformlyf with 
respect to k when |A| ^ fl,. 

We have now proved that ijf{z) is an analytic function, regular 
in the neighbourhood |z— a| <. R of the point z ■= a, it can be 
expressed in that neighbourhood as a convergent power series of 


the form 


<0 


/(z) =/(a)-b 


(z-af 

n! 


n» 1 


This expansion is uniformly convergent when \z—a \ ^ R^, pro- 
vided that <; R. This result is known as Taylor's theorem 
concerning analytic functions of a complex variable. 


t For an account of the theory of uiiifono convergence, see Chapter V. 
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Example 1. Prove that, when \z\ < 1, the principal value of (1 + 2 )“ 
is equal to 

1+ V J )—(«—»+ 

n! 

n«-l 

Example 2 . Show that, when \z\ < 1 . 

log(l+ 2 ) = + 

4.51. Zeros 

If/(2) is an analytic function which vanishes when z = a and 
is regular in a neighbourhood |2— a] < i? of a, we say that a is 
a zero of f{z). By Taylor’s theorem we can expand f{z) as a 
power series of the form 

/(z) = f a„(z-a)" 

n — 1 

which converges in the given neighbourhood of a and has no 
constant term. If is the first non-zero coefficient in this 
expansion, we say that a is a zero of order m. 

Let us suppose, then, that f{z) has a zero of order m at a. 
We can therefore write 

f{z) = (z-a)'" f a,„+„(z-a)'' = (z-a)'”^(2), 

n-0 

where ^{2) is regular when |2— a| < R and does not vanish 
when z = a. We now show that there exists a neighbourhood 
of the point a which contains no other zero of/(2). 

For if <^{a) = 2c, it follows from the continuity of (f>{z) that 
there exists a region |2— a| < S in which 

I^{z)-^(a)! < \c\. 

This imphes that 

l^(2)l > l{l^(a)!-|^(z)-^(a)|}| > |c| 

when |2— o] < S, and so ^(2) certainly does not vanish there. 
Since /(z) = (z— we have thus shown that the only 
point at which /(z) vanishes in the region [z— a| < 5 is the given 
zero z = a. 

From this it follows that if f{z) is an analytic function regular 
in a domain D, and if Zj, Zg,..., z„,... is a sequence of zeros of f{z) 
having as limiting point an interior point a of D, thenf{z) vanishes 
identically in D. 
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For since /(z) is a continuous function having zeros 2,, as near 
a as we please, /(a) must be zero. Moreover, as f{z) is regular 
in the domain Z>, of which a is an interior point, we can expand 
f{z) as a power series 

/(z) = i 

I 

converging in a certain neighbourhood of a. Either f{z) is 
identically zero, or else there is a first coefficient, say, in this 
power series which is not zero. But if the latter is the ease, we 
have just seen that there is a neighbourhood of a which contains 
no zero other than a, and this is contrary to the hypothesis that 
a is a limiting point of the sequence of zeros z^, 2,,,... . 

Hence /(z) is identically zero. 


4.52. Laurent's theorem 

Let us consider an analytic function f{z) which is regular in 
the annulus R < (2— a] < R' but not regular everywhere in 
< R'. Although such a function cannot be expanded as 
a power series in z—a, it can be expressed, as we now show, 
as the sum of two series of the form 


/( 2 ) = 

0 1 

each series being convergent in the annulus. 

Let ifj, R[ be any two positive numbers such that 
Ri< R[< R' and let R.^ = R^ = U^'-i-Ri). 

Then/(z) is certainly regular in the closed annulus bounded by 
the circles C, C‘ whose equations are |2— a| = R2, \z—a\ — R^ 
respectively. 

Now let aq-A be any point of the annulus R^ ^ \z — ci\ ^ Ri- 
Then, as a + A lies between the circles C and C, we have, by 
the example of § 4.31, 


/(a+A) = 


• r_/w /w,. 

2ni J z~a~h 27rt J z—a — h 


V' c 

Just as in the proof of Taylor’s theorem, we easily show that 

/( 2 ) 

^az = 

0 


_L. f 

2-ni J 2 — a 
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where 


“" = 2^- J *■ 


C' 


This series converges uniformly when |A| ^ R[. We cannot, 
however, write /^'*>(a)/n! for a^, since f{z) is not regular every- 
where within C'. 

Similarly we have 


_ _ L . f rf . 

27rt J z — a — h 


1 (0-0) (2-a)"-i 

“T » o “T ••• "r 


(2 — 0 ) 


^2 




h”{z—a—h)l 


dz 


r-1 


where 


and 

to 

II 


But if il/ denotes the greatest value, necessarily finite, of \f{z)\ 
on C, we have 

MR 

\h\ 

Thus tends to zero as n tends to infinity, uniformly with 
respect to k when \h\ ^ R^, and so 


l|Aij - r,-rXrJ ■ 


i f dz = y^ 

Tti J z — o — h h'^ 

,, n — l 


27rt 

the series being uniformly convergent when 1A| > i?!. We have 
thus proved that 

/(o+A) = |;a^A"+ 

0 1 

provided that R^ ^ k ^ R[. 

Changing the notation slightly, this result, which is knowm 
as Laurent's theorem,^ can be expressed in the following form. 
U f{^) w on analytic function, regular in the open annulus 

t It waa published by Laurent in Comptca Rendus, 17 (1843), 348-9. 
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R < | 2 — o) < R\ it can be eaipr^sed there a convergent series 
of the form ® 

f{z) = 2 

— CO 

This expansion is uniformly convergent in the closed annulus 
R^ < \z-a\ < Ri, provided that R < R^ < R'l < R' ■ The co- 
efficients a„ are now given by the single formula 



where F denotes C when n < 0 and C when n 0. Since , how- 
ever, the integrand is regular in the annulus R < al < R , 
we may take F to be any circle js— oj — r, where R < r <. R , 
no matter what value n has. 

The real importance of Laurent’s theorem rests in the fact 
that it is an existence theorem. It shows that an analytic func- 
tion can be expanded, under certain circumstances, as a series 
of a given type, but it does not necessarily provide the simplest 
method of calculating the coefficients. 

Finally, it should be observed that Laurent s theorem will 
not provide an expansion of the logarithm of z as a series ol 
positive and negative powers of z. For Logz is a many-valued 
function, whose principal value, logz, is discontinuous along the 
negative half of the real axis and so is not regular in any annulus 
with centre at the origin. 

Example 1 . Show that 



where 


Ztt 


= s j 


cos nQ cosh( 2 cos B) dO, 


the series being uniformly convergent in any closed annulus with centre 
at the origin. 

We have to expand the function coshw where w = z-|-z"h Now 
coshw is an integral function of w, whereas w is an analytic function 
of z whose only singular point is the origin. Hence co.sh(z-f-2“’) is an 
analytic function of z regular in the annulus i? < l^l < R ’ matter 
how small the positive number R may be or how large R' may be. 

We can, therefore, apply Laurent’s theorem to obtain 

COSh(z + Z-^) = 2 

^CO 
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where 


27n 


Vf 

TTl J 


cosh( 2 -|- 2 r^) 


dz. 


the contour T being any circle \z\ = r. If we take r = 1, then z — 
on r, where 6 varies from 0 to 2it. Hence we have 

2jt 




cosh{e^ + d$ 


2ir 


-t 


2tr 


— I cosh(2cos^)cosn^ dd 


~r.l 


cosh{2 COS 0)sin n$ d$. 


0 0 
If we put $ = 2rr—<f>, we find that the last integral vanishes^ and so 


lln 




cosn^cosh(2cos0) dO. 


But evidently a„ = a_„, and therefore 


coshtz+s-*) = ao+ Za„(2"-f-z-"). 

i 

The uniform convergence of this series in every annulus with centre at 
the origin is an immediate consequence of Laurent's theorem. 

Example 2. Find the Taylor or Laurent .scries which represent the 
function l/{( 2 *+ l)(z + 2)), (i) when (zj < 1, (ii) when 1 < [zj < 2, 
(iii) when | 2 | > 2. 


4.53. Isolated singularities of an analytic function 

Let/( 2 ) be an analytic function with a singular point at z = a. 
If there exists a neighbourhood of the point a which contains 
no other singularity of /(z), the point a is called an isolated 
singularily of the function. 

If this is the case, there exists an annulus r < \z—a\ <. B in 
which /(z) is regular and can be represented by the Laiuent 
series ^ ^ 

/(2) = 2««(2— a)"+ ®)~"- 

0 i 

Since, however, we can make r as small as we please, this 

lAurent expansion actually holds when 0 < \z—a\ < B. The 

infinite series ^ 

2 6„(2— a)-" 

1 

is called the principal part of /(z) at the singular point z = a. 
There are three cases to be considered. First of all, it may 
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happen that all the coefficients 6„ are zero. We then call z = a 
a removable singularity of f{z), since we can make f{z) regular 
when |2— a| < i? by suitably defining its value at a. For if we 
write F{z) =f{z) when 0 < |2~a| < R and F{a) = a^, the 

function F{z) has the Taylor expansion J a„(2— a)” and so is 

0 

regular when ]2-al < R. Singularities of this type are of little 
importance. 

Secondly, the principal part of f{z) at the isolated singularity 
may ne a terminating series of powers of l/(z— a). The singu- 
larity is then called a pole. If b„^ is the last non-zero coefficient 
in the principal part, the pole is said to be of order m. Poles 
of orders 1, 2, 3,... are usually called simple, double, triple,... 
poles. The coefficient b^ is called the residue of J{z) at the pole a. 

If/(2) has a pole of order at 2 = a, the Laurent series takes 
the form 

= (2-a)-"’.^(2). 

where ^(2) is regular when I2— a| < R, and being equal to 
6„, is not zero. We can therefore findf a neighbourhood 
12— a 1 < 8 of the pole in which 

Hence, if/(2) has a pole at a, |/(2)| tends to infinity as 2 tends 
to o in any manner. 

Moreover, if/(2) has a pole of order m at a, l//(2) is regular 
and has a zero of order m there. For 

V/(z) = {z-a)”'l<f,{z), 

where <^(z) is regular and does not vanish when [2— a| < 8. 
Similarly we can show that the converse is also true, that if 
F{z) has a zero oforderm at a, 1/F(2) has a pole of order m there. 

Finally, if the principal part of f(z) at the isolated singularity 
a IB not a terminating series but has an infinite number of non- 
zero coefficients, a is called an isolated essential singularity. In 
this case, a is evidently also a singularity of l//(z). 

t See §4.51. 
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Example 1. Tho function f(z) has a simple pole at z = a. Show that 

the residue at tiiis pole is lim {(2 — a)/( 2 )}. 

z—*a 

Example 2. The analytic function f{z) is of the form ^( 2 )/^(z) where 
i/»( 2 ) has a simple zero at 2 = a, but <j>{z) does not vanish at a. Prove 
that/{z) has a simple pole of residue <j>(a)ltf/'{a) at 2 = a. 

Example 3. Show that the only singularities of cot7r2/(2 — n)* are 
poles. Find the residues of the function at these poles. 

If we write ^ cosTTZ 

(2 — a)^ (2 — a)*sin77z’ 


we see that the function is the quotient of two integral functions, and 
so its only singxilarities are at the zeros of the denominator. Thus the 

function is regular save for poles at 2 — a and at z = 0. f 1, i2 

If a is not an integer or zero, 2 = a is usually a double pole and the 
rest all simple poles; but if a is an int(‘ger or zero, 2 = a is a triple polo. 

Let us considi r first the pole z — n, when n is an integer or zero, and 
let us suppose that n ^ a. The residue at thi.s pole is, by Ex. 1, 

(2 — n)eot7r2 , {[cot7r(^ + n) 

hm r — = um 


n 


(2-a)* 


(S + n-o)* 
C cos nC 


= lim 


+ 7T(n — a)* 

When we determine the residue at 2 = a, we have to consider 
separately the cases when a is or is not an integer or zero. If a is an 
integer or zero, wo obtain by writing 2 — a = ^ 

COtTTZ COtTT^ 


(2-a)* 




7T^ 

and so the residue is But when a is not an integer, we have 

COtTTZ cot7r(o + 5) 

cot 77 a TTCOSec’TTrt , , , » ^ I 

= — — |- 7 r*co 8 ec* 7 rocot 7 ra 4 - .... 

so that the residue at a is now — Trcosi'cVa. If a is half an odd integer. 
cotTra is zero; and the pole at a i.s simple of resi<luc — tt. 

Example 4. Determine the singularities of z cosec z, and find the 
resiiiucs at its poles. 

Example 5. Find the residues of 2*/(c*4-2*)* at its poles. 

Example 6. Show that e^l* has an isolated easential singularity at 
the origin. 

Example 7. Show that sin(l/ 2 ) has an isolated essential singularity 
at the origin, w’hich is also the limiting point of the zeros of the function. 
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Example 8 . /(z) is an analytic function with an isolated singularity 
at 2 = a. Show that, if/(2) = 0 (|z — al"") as 2 — ► a, the singularity is 
a pole of order not exceeding n. 

4.54. Limiting points of zeros or poles 

We have already seen that if a is a limiting point of zeros of 
an analytic function /(z), regular when 0 < \z—a\ < R, tiien 
/(z) either vanishes identically or else has a singularity at «. In 
the latter case the singularity is isolated, but it is not a pole 
since 1/(2)| does not tend to infinity as z tends to n in any 
manner. Thus, apart from the trivial case when J{z) is zero save 
at a, the function has an isolated essential singularity at the 
point a. 

If, however, f{z) is an analytic function whose only singu- 
larities in the region 0 < \z—a\ < R are poles, infinite in num- 
ber, having the point a as limiting point, a is a singularity; for 
/(z) is unbounded in every neighbourhood of a. A singularity 
of this type is not a pole, since it is not an isolated singular 
point. We call it an essential singularity. 

Example. Show that sec(l/2) hna simple poles at the points 
2 = l/{(n+i) 7 r}, where n is an integer or zero, and an essential singu- 
larity at the origin. Prove also that the residue at >s 

4.55. The behaviour of a function near an isolated essen- 
tial singularity 

We have seen that, if a is a pole of the function /(z), then 
!/( 2 )| increases indefinitely as z tends to a in any manner. On 
the other hand, the behaviour of a function near an isolated 
essential singularity is of a far more complicated cliaracter; in 
fact, in every neighbourhood of an isolated essential singularity, 
there exists a point'\ at which the function differs by as little as 
we please from any previously assigned number. This result is due 
to Weierstrass.J 

Let us consider, then, an analytic function f(z) which has an 
isolated essential singularity at z = a. Let c be any nuinlxT, 

t Actually there are an infinito number of such points. For if bo such 
a point in the neiglibourhood |z — a < r of the essential singularity a, there 
must be another in |z — a| < a , and bo on indefinitely. 

t Abh, der Prexut. Akad. Wita. tu Berlin {Math. Klaase) 1876, 11. This is 
reprinted in Weierstraas’s Werke, 2, 77. 
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real or complex; we have to show that, given two positive 
numbers e and r, no matter how small, we can find a point 
in the region \z—a\ < r at which \f{z)~c\ < e. 

If a is a limiting point of zeros of the function f{z)—c, the 
theorem is obviously true, since we have only to take Zj to be 
any zero in the given neighbourhood of a. But if a is not a 
limiting point of zeros, the function J(z)—c has no zeros in the 
given neighbourhood, provided that r is sufficiently small, and 


hence the function 



1 

/(2)-C 


is regular when 0 < |2— a| < r. We have to show that there 
exists a point z^ in this region at which |^(2)| > 1 /c. 

Let us suppose that, on the contrary, |^(2)| ^ 1 /e there. 

QO 

Then, if the principal part of g{z) at a is J have 

1 

= ^. J J7(2)(2— a)"-* dz, 

ls|-p 

where 0 < /? < r, and hence 



Since, however, is independent of p, we find, by making p tend 
to zero, that b,^ is zero for all values of n and hence that g{z) 
is regular at a. This is impossible; for it would imply that/(2) 
is regular at a or else has a pole there. The assumption that 
1^(2) 1 ^ l/€ when 0 < |z— a| < r is, therefore, untenable. 

We have thus shown that the inequality I^(z)l > 1 /e must be 
satisfied at one point at least in the given neighbourhood of a\ 
this completes the proof of Weierstrass’s theorem. 

A more striking result still is Picard’sf theorem, which states 
that, in every neighbourhood of an isolated essential singularity^ 
there exists a point at which the function actually attains any given 
value with at most one exception. For example, sin I/2 and 
have isolated essential singularities at the origin; sin 1 /z actually 
attains every value in 0 < \z\ < r, no matter how small r may 
be, whereas attains there every value except zero. The 


t Comptes Rtndus, 88 (1879), 1024-7; 89 (1879), 745-7. 
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proof of Picard’s theorem is too difficult to be given at the 
present stage. 

4.56. The point at infinity 

The equation z' — \jz sets up a continuous one-to-one corre- 
spondence between the points of the complete 2-plane and the 
points of the complete 2'-plane. If z is at the point at infinity, 
z' is at the origin. Accordingly we shall say that a function /(2) 
has a zero, a pole, or an essential singularity at infinity if the 
function /(2"') has a zero, a pole, or an essential singularity at 
the origin. For e.xample, the functions sinl/2, (2-f 1)’, and 
have respectively a simple zero, a double pole,- and an essential 
singularity at infinity. 

It is important to notice that if the only singularities of an 
aruxlytic function, including possibly the point at infinity, are 
poles, the function is a rational function. 

For let F{z) be such a function. It can have only a finite 
number of poles since a limiting point of poles is an essential 
singularity; let its poles be atOj, 00, of orders n^, n^,..., 

n^, m respectively. It follows that 

G{z) = (2-ai)"'{2-a2)'’*...{2-aJ»»F(2) 

is regular in every bounded domain, and so is an integral func- 
tion. We can, therefore, expand G[z) as a Taylor series 

G(2) = i6„2", 

0 

which converges for every finite value of 2. 

But (2— ai)"*(2— a2)"’...(2— has a pole of order 

N = ni~\-n2-\- ...-{-ni^ 

at infinity. Hence G{z) also lias a pole at infinity, its order being 
N +m. This, however, implies that the Taylor series for G{z) 
terminates and is of the form 

N + m 

G{Z) = 2 

0 

This gives (z-a,)».), 

and so F{z) is a rational function. 
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4.6. Analytical continuation 

Let /j(2) be a regular analytic function defined in a domain 
/>j. We shall now show that it is sometimes possible to continue 
this function analytically. By this we mean that it is sometimes 
possible to find an analytic function F{z) which is equal to f^{z) 
at each point of hut is regular in a more extensive domain. 

Let 1).^ be another domain which has in common with Z>, a set 
of points forming a domain A. If tlicre exists a function 
regular in D.^, which is equal to/j(2) at a set of points having 
a limiting point i belonging to A, the analytical continuation 
of /j(2) is })ossible. 

In the first place, the functions /j(2) and /^(s) arc equal at 
every point of A. For fi{z)—foiz) is regular in A and has a set 
of zeros with ^ as limiting point; since { is a point of A, this 
implies that /2{2) vanishes everywhere in A. 

If we now write F{z) = f^{z) when z is in and F{z) = f^{z) 
when 2 is in the function F{z) so defined is evidently an 
analytic function, regular in tlie domainf function 

/i(2) has, therefore, been continued analytically into D^. More- 
over this analytical continuation is unique. For if g{z) is 
another function, regular in D^, which is equal to f^{z) at a set 
of i)oints having a point of A as limiting point, g{z) is equal to 
/i(2) at every point of A and hence is also equal to/2(z) there; 
a repetition of the previous argument then shows that /2(z) and 
g{z) are equal everywhere in 

When f^iz) has been found in this way, it may be possible to 
continue 72(2) analytically into a domain which overlaps D^. 
If this is so, there is a function /3(2), regular in Dg, which is 
equal to f^iz) in the common part of and D^. If overlaps 
D^, we should expect that the analytical continuation ot f^{z) 
into would be the original function fi{z). If and are 

circles having a domain A' in common, this conjecture is, in fact, 
true. For in A' we have /j(2) == f^i^z) = J^{z), and this implies 
that /i(2) = fz{z) in the common part of £>3 and D^. But if 
Z>2, £>2’ -^3 have no domain in common, it is not necessarily 

the case that the analytical continuation of f^{z) into is /i(2). 
For example, let us denote the domains [z — 1 ] < p, \z—ui\ < p, 

t By + we mean the set of points which belong to Z>| or to or to 
both. Since and D2 aro domains, is also a domain. 
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|3-aj2| < p. where a> = and iv'3 < p < I. by D^, D 
A respectively; any two of these domains have in common an 
area bounded by two circular arcs, but there is no point common 
to aU three. The function r* is regular in /),; if we continue it 
analytically into D^, from D, into D„ and. finally, from D, into 
th^ function obtained in this way is not 2 * but — 2 *. 

4.61. The genera! definition of an analytic function 

Let j{z) be an analytic function defined only in a certain 
domain where it is regular. Let us suppose tliat it is possible 
to continue this function analytically outside the given domain. 
If we form all the continuations of the function, then all the 
continuations of these continuations, and so on in every possible 
way, the complete analytic function /( 2 ) is defined as consisting 
of the original function and all the continuations so obtained. 
The complete analytic function defined in this way is, of course, 
not necessarily a one-valued function. 

If /( 2 ) is not an integral function, there wUl be certain excep- 
tional points which do not lie in any of the domains into which 
the function has been continued. These exceptional points are 
called the singularities of the complete analytic function. It is 
evident that the singular points of a one-valued analytic func- 
tion are also singularities in this wider sense. 

It may happen that, in this process of continuation, we ulti- 
mately reach a closed curve across which it is impossible to 
continue the function. Such a closed curve is called a natural 
boundary of the complete analytic function. An example of a 
lunction with a natural boundary will be found in § 4.62, Ex. 2. 

4.62. Analytical continuation by power series 

We shall now consider very briefly the problem of continuing 
analytically a function /( 2 ) defined initially as the sum of a power 

senes 2a„(2-2o)'« whose circle of convergence C\ has a finite 
non-zero radius. 

The first thing to observe is that, when the continuation has 
been earned out, there must be at least one singularity of the 
complete analytic function on the circle of convergence a. For 
It there were not. we could construct, by analytical continua- 
lon, an analytic function which is equal to/{ 2 ) within but 
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is regular in a larger concentric circle Cq. The expansion of this 
function as a Taylor series in powers of z—Zq would then con- 
verge ever3rwhere within C^; this is, however, impossible since 
the series would necessarily be the original series, whose circle 
of convergence is C^. 

In order to carry out the continuation, we take any fixed 
point within C^^, and calculate the values of f{z) and its suc- 
cessive derivatives at that point from the given power series 
by repeated term-by-term differentiation. We then form the 
Taylor series 

0 

whose circle of convergence is say. 

L#et T\ denote the circle with centre z^ which touches Cq 
internally. By Taylor's theorem, this new power series is cer- 
tainly convergent within and has sum/(2) there. The radius 
of Cl cannot, therefore, be less than that of Fj. There are now 
three possibilities: 

(i) Cl may have a larger radius than Fj. In this case Cj lies 
partly outside Cq, and the new power series provides an ana- 
lytical continuation of f(z). We can then take a point z^ within 
Cj and outside Cq, and repeat the process. 

(ii) Cq may be a natural boundary of f{z). In this case we 
cannot continue f{z) outside C^, and the circle Ci touches Cq 
internally, no matter what point 2i within Cq was chosen. 

(iii) Cl may touch Cq internally even when Cq is not a natural 
boundary of f{z). The point of contact of Cq and Ci is a singu- 
larity of the complete analytic function obtained by the analyti- 
cal continuation of the original power series. For there is 
necessarily one singularity on Cj and this cannot be within Cq. 

We see, then, that if Cq is not a natural boundary of the 
function f{z) = c©)'** this process of forming new power 

series provides a simple means of continuing the function ana- 
lytically. f It is, therefore, theoretically possible to deduce all 
the properties of the complete analytic function from the pro- 
perties of the coefficients a„ of the Taylor series which defines 

t For furthor information on the theory of analytical continuation by power 
series, soo, for example, Goursat, Coura d'Analyae, 2 (1918), 235-62. 
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the function initially. This interesting but extremely difficult 
problem is, however, beyond the scope of the present book.f 
Example 1. Show that the function 

/(Z) = l+2 + s‘ + ...+Z'' + — 

can be continued analytically outside its circle of convergence. 

The circle of convergence of this power series has the equation 
|zl =s 1. Within Co the sum of the series is (1 — z)“*. But this function 
is an analytic function, regular in any domain which does not contain 
the point z = 1. and so provides the required analytical continuation 
of/(z). 

It is, however, instructive to carry out the continuation by means of 
power seiies. If a is any point within Cg, it is easily seen that the power 
series expressing /(z) in powers of z — a is 


CC 


2 

n-0 


(l-ar+i 




The circle of convergence Cj of this new power series is jz— a| = [1 — a|- 
Now if 0 < a < 1, Cl touches C^ at z = I, which is, therefore, a 
singularity of the complete analytic function defined initially by the 
given power series. If, however, a is not real and positive, wo have 
1 1 —a I > 1 — |a |, so that C, crosses C^; in this case the new power series 
provides an analytical continuation of /(z) outside C^. 

Example 2. Show that the circle of convergence of the power series 

f(z)= 14-z + z’ + z*-rz’+-.. 
is a natural boundary. 

The circle of convergence Cg of the power scries is [z] = 1 ■ If the point 
on Cg is not a singularity of /(z), then /{re*') must tend to a finite 
limit a.s the real number r increases and tends to unity. ^ 

Let us consider, then, the behaviour of /(z) as z moves up to Cg along 
the radius through the point of affix e-*’’’’ *', where p and q are integers. 
Now we can express /(z) in the form 

/(2)= l+-Z + Z*+... + Z>*-i- f Z*" 

n =-a + I 

= /l(*) -171(2). 


say. Since /i(re***"* **) is a polynomial in r of degree 2'^, it teiids to 
a unique limit os r ^ 1. But 


/,(re**-"v**) = £ £ r*", 

n*-a + 1 ^^1/+ 1 

t An intoredtifig account of roc^ent researches on this problem is given by 
Hadamard and Mandolbrojt, La 6Vrie dt Taylor (Collo<*tion 'Scientia*; ]926). 
See also Dienes^ Tht Taylor Serien (Oxford, 1931), Chapter X. 

J It is not, howover, the case that, if /(re*^) tends to a finite limit, then 
is not a singularity of /( 2 ). Kor example, the binomial expansion of (1 — 2 )* 
converges when |:| • 1, and (1— r)l tends to zero as 1. Yet z = 1 is 

a singularity (a branch -point) of (I— z)f. 
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which tends to infinity as r ^ 1. Accordingly the point of affix e***"’/** 
on Co is a singularity of/(z). 

But any arc of Cq, no matter how small its length, contains a point 
whose affix is of the form where p and q are integers. There 

are, therefore, points whose affix is of this form within every circle which 
crosses C^, so that it is impossible to continue /(z) analytically outside 
its circle of convergence. 
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MISCELLANEOUS EXAMPLES 

1. The function /(z) is regular when \z—a\ < R. Show that, if 
0 < r < i?, then 

TTT 

g 

where F(6) denotes the real part o[/(a + re^). 

2. The function /(z) is regular when jz| < R'. Prove that, if 

|a| < R < R', 


z« 


/ 


F(0)e-^ de, 


then 


2m J (z-a 


R^-aa 


c 


where C is the circle jzj = R. Deduce Poisson’s formula, that, if 
0 < r < E. 

0 

3, When |z| ^ the function/(z) is regular and satisfies the inequality 
/(*)| > 1. Show, by applying Poisson’s formula to log/(z), that, if 
z\ kR where i < 1, then 
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4. The function f{z) is regular when [zj < i? and has tlie Taylor 




expansion Show that, if r < R, 

0 

29 


1 r 

2n J 


<D 


|/(re^)l*d0=2ja„|V". 

0 


Hence prove that, if j/(z)| < M when |z[ < i?, 

I < AP. 


i) 


6. Deduce Cauchy’s inequalities from Ex. 4, and show that, in the 
notation of § 4,33, |/.«.(a)| = 

if and only if /(z) = Afe “^(2 — where a is a real constant. 

6. The integral function /(z) satisfies everywhere the inequality 

l/(*)| < where A and k are positive constants. Prove that /(z) is 

a poljTiomial of degree not exceeding k. 

7. Show that the branch of the function (1 — 2^ + z*)“*/* which is 
equal to -f 1 when z = 0, is regular when |z| is less than the smaller of 

n|» so con be represented by a Taylor series 


CO 


1+ 2 




Prove that the coefficients in this expansion ore given by 


^«(m) = 






dz 


where C is a closed contour surrounding the origin but not enclosing 
either of the points 1). 

8. Prove that the function exp{iu(z— 2 ~‘)} is regular save at the origin 
and can be expanded as a Laurent series 


2 

— 00 

2w 


where 


= (— ^ J* cos{n0— u.sintf) dO. 


9. The function/(z) is regular when [z| > R and |/(z)| is bounded as 
z]— >co. Prove that /(z) con be expanded os a series of the form 

2“n^". convergent when |z| > R. 

10. The function /(z) is regular in the strip — a < Imz a, where a 
ia positive. Provo by asing Laurent’s theorem that, if /(z) periodic, 
of period 27 r, it con be expanded in the form 


«0 


/(Z) = 2 Cn8‘'“. 


— CD 
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where 


-rj 




the series being uniformly convergent in the strip — o+8 < Imz < a— S 

for every positive value of 8 (< a). 

Deduce thatf 


00 


/(z) — iao+ 2 + 6„sinn2), 

n* I 


2n 


"where 




2 jf 


/(2)cos nz dz, = 1 J /(z)sin n2 dz. 

0 0 

11 . Each of the functions 

(i) cot2, (ii) cosec>2log(l-2), (iii) 2/(sin2-tan2) 
has a pole at the origin. Find its order and residue in each case. 

12 . Show that the circle |2( = 1 is a natural boundary of each of the 
functions 

(0 Z*"'. (ii) y — TaiiS- 

Q 

13 . Show that the sum of the series 

is a when \z\ < 1 , but is c when jcj > 1. Why is this? 

14 . Prove that the sum of the series 

OD 


2 


(l+z’*)(l-f-Z’*+‘) 


is 2/(l-2*) when jzj < 1, but i.s l/(2*-l) when \z\ > 1. 

16 . The function /(z) is regular within and on the circle C whose 
equation is |zj = R, save for simple poles 6,, 6j within C. More- 

over, /(z) does not vanish on C, but has simple zeros a,, a,,..., a„ within 
C. Prove that tlio function 

Ii isssj Ii 

»-i «.i 

is regular and non-zero within and on C. and also that |/’(2)| = \f{z)\ 
on C. 


t This result is Fourier s theorem for analytic functions of a complex 
variable. A detailed account of the conditions under which Fourier’s theorem 
for functions of a real variable is valid will be found in Hobson’s Functions of 
a Rtal Faria6/e, 2 (1926). 


CAUCHY'S THEOREM 91 

By applying Poisson’s formula to log F(z), show that, if z = re®‘ where 
r < R, then 


m 






2w 


+ 


Ij 


log 


+ 


R*-t 


/?*-2i?rcos(^-(^)4 r* 


di^. 


Deduce that 


2ir 

J log |/(fie»‘)| = 2,rlogl^-^”l^:"+2„log|/(0)|, 

5 l«l“l — «m! 

provided that the origin is not a zero or jxile of /(z). 

How would these results be modified if /(z) possessed multiple poles 
or multiple zeros within C? ( Jensen. f) 


t J. L. W. V. Jensen. Acta Math. 22 (1899), 359-64. 



CHAPTER V 


UNIFORM CONVERGENCE 

5.1. The limiting function of a sequence of functions 

Let So{2), 5 i( 2 ), S2(^)> -- be a sequence of one-valued functions, 
each defined in a bounded closed region D. At present we do 
not assume that these functions are differentiable or even con- 
tinuoiis in D\ they are merely functions of the complex variable 
2 in the most general sense. 

It may happen that, when ^ is a point of Z), the sequence of 
complex numbers tends to a definite finite 

limit. We then say that the sequence of functions is convergent 
at i. If the sequence converges at each point of Z), it is said to 
be convergent in Z), and the limiting function 5(2) of the sequence 
is defined at each point of D by the equation 

8 {z) — lim 5 „{ 2 ). 

This means that, given any point ^ of D and any positive 
number €, no matter how small, we can find an integer iV such 
that l 5 ( 0 — 5 „{^)j < e when n N. The integer N, which is 
made definite by being taken as small as possible, will depend, 
in general, not only on c but also on the particular point ^ under 
consideration; we denote this fact by writing N = N{€,i). 

In this way we have associated with the convergent sequence 
a function which is defined at each point of D and which 

only takes positive integral values. In general, this function 
will not be bounded in L). But when N{€,z) is bounded, we say 
that the sequence is uniformly convergent in the region D. 

The uniform convergence of the sequence implies, therefore, 
that there exists an integer M = il/(€), depending on « alone, 
such that iN (€,2) M{€) at each point z of D. In other words, 

the sequence of functions Sq(z), 51(2),... converges uniformly in 
the region D to the limiting function 5(2) if, given a positive 
number e, no matter how small, we can find an integer J\J, 
depending on c alone, such that tlie inequality |a(2) — 5„{2)| <; t 
holds at each point z of D provided only that n > M. 

The idea of uniform convergence i:^of great importance in 
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analysis; for, as we shall see, it often enables us to deduce pro- 
perties of the limiting function of a sequence from tlie common 
properties of the members of the sequence.. 




5.11. The principle of uniform convergence 


The definition which we have just given of the uniform con- 
vergence of a sequence presupposes that the limiting function 
of the sequence is known. Before we proceed to discuss tl\e 
properties of uniformly convergent sequences, it is desirable to 
express the condition for uniform convergence in a form which 
does not involve the actual determination of the limiting func- 
tion. This is provided by the following principle of uniform 
convergence, analogous to the principle of convergence for 
sequences of numbers. The 7 iecessary and sufficient condition for 
the uniform convergence of the sequence of functions 50(2), 6q(2), 
in the bounded closed region D is that, corresponding to 
any positive number «, there should ea’istan integer depending 
on € alone, such that the inequality 


|Sm4p(2)-'9r,.(2)i < ^ 

holds at each point z of D for every positive integer p. 

In the first place, the condition is necessary. For if the 
sequence converges uniformly to 5(2), we have, in the notation 

k(2)-5n(2)l < y 

at each point 2 of Z) provided that n ^ il/lAc). Hence, if 
m = and p is any positive integer. 



l«m+p(2)-«m(2)l = l{«(2)-5„,(2)} - (^(z) -5,„^.„(2}} 1 

^ |s(2)-5^(2)14-|«(z)-'Sm+p(2)l 


< € 

at each point z of D. 

The condition is also sufficient. For if it is satisfied, the 
sequence converges, in virtue of the principle of convergence, to 
a limiting function 5(2), If we make p tend to infinity in the 


wo find that | 5 ( 2 )— s,„(2)l ^ €. 

But since l 5 „( 2 )— «„,(2)| < € at each point of L> provided that 
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n > m, this inequality gives 

l«(z)-«n(2)! = [{«(3)-.S„(z)} + {«^(2)-5„(2)}| 

< l«(2)-«m(2)H- W2)--»n(2)l 

< 2c, 

when n > m. Hence the sequence converges uniformly to 5 ( 2 ). 

5.12. Uniformly convergent sequences of continuous 
functions 

At first sight we should expect that the limiting function of 
a convergent sequence of continuous functions would itself be 
continuous. This is, however, not the case. For example, the 
sequence of functions 1, 2 ^, 2 ^, 2 *,... converges at each point 
within and on the ellipse + = 1, yet the limiting function 

of the sequence has the value 1 at the points 2 = ±1, but is 
zero at every other point within or on the ellipse. It can, how- 
ever, be proved that if 8^{z), is a convergent sequence 

of functions, each continuous in a bounded closed region D, a 
sufficient condition for the continuity in D of the limiting function 
5 ( 2 ) of the sequence is that the convergence be uniform. 

For if the sequence is uniformly convergent, then, given any 
positive number c, we can find an integer 31, depending on e 
alone, such that the inequality 

!«(2) — 5„{2)I < c 

holds at each point 2 of D, provided only that n 31. Hence, 
if 2 i and 22 are any two points of D, 

l•^( 2 l) ■S{ 22 ) I = [{5(21) — -83/(21 )} + {5 v(2i) — >83/(22)} + {5 17(22) ^(22)}! 

< N2i)-«l/(2i)!+|a(22)-a37(22)H-Ku(2i)-5j/(22)| 

< 2€-\-\S^j[{Zi) — S,ij{Z2)\. 

But -83/(2) is a continuous function, and so is also uniformly 
continuous. We can therefore find a positive number S, de- 
pending only on «, such that the inequality 

holds for each pair of points 2 , 2 ' of D for which I 2 — 2 '| < 8. 
Hence, if I 21 — 22 I < 8, we have 

l«( 2 i)— -8(22)1 < 3 c: 

this proves the theorem. 
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From this we shall deduce that if s^{z), s^iz), s^iz),... is a 

sequence of continicous functions which converges uniformly to 5(2) 

in a bounded closed region D, and if L is a contour luing in 
D^then 

lim s„(z) dz = I s(:) dz. 
n-® ^ J 

The function 5(2) has been shown to be continuous in D and 
so is certainly integrable along L. Now, given any positive num- 
ber e, we can, by hypothesis, find an integer M, depending on e 
alone, such that, when n'^ M, the inequality l5{2)— 5„{2)| < t 
holds everywhere in D and, in particular, on L. Hence, if I be 
the length of L, we have 

J 5{2) dz — { s„{ 2 ) rfz = I I" {s(j)_5j2)} dz < il. 

L L L 

Since, however, c can be as small as we please, this shows tliat 


lim I s„(2) rfz = J 5(2) dz. 


5.l3. Uniformly 
tions 


convergent sequences of analytic func- 


Let us suppose that the sequence of functions Sf^{z), ^1(2), 53(2),... 
converges uniformly to a(2) in every closed region D unlhin a closed 
contour C, and that each member of the sequence is an analytic 
function regular within C. Then 5(2) is also regular within C and 
the sequence 3,^(2) converges uniformly to s'iz) in D. 

We know that the limiting function 3(2) is continuous within 
C\ we shall prove that it is also regular there by means of 
Morera’s theorem (§ 4 . 4 ). 

Let L be any contour, not necessarily closed, lying entirely 
within C. Since each member of the sequence is a regular 
analytic function, J 3 „( 2 ) dz depends only on the affixes of the 

end-points of L. 

But since L lies within C, it lies in a closed domain in which 
the sequence of functions converges uniformly, and so 


lim I s„(2) dz = { 3(2) dz. 

L L 

The value of j 8 {z) dz depends, therefore, only on the affixes of 
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the end-points of L. Hence, by Morera’s theorem, s{z) is regular 

within C. 

It remains to show that 5^(z) converges uniformly to s'{z) in 
any closed region D within C. We construct a closed contour 
r which lies within C and yet is definitely outside i); let 8 be 
the shortest distance between P and D. Now let a be any point 
of D\ then, by Cauchy’s integral for the derivative of an analytic 


function, 




1 r 5(Z) — S„(2) 

•Ini J (2—0)^ 

r 



But, by hypothesis, 5„(2) converges uniformly to 5 ( 2 ) within 
and on P. Hence, when we are given any positive number e, 
we can find an integer M, depending on € alone, such that 

< e when 2 is any point within or on P, provided 
that n > M. By the result of §4.14, it follows that, when 



l5'(a)-5;(a)| < 



where I is the length of P. The expression on the right-hand 
side of this inequality is independent of a, and therefore Sn{z) 
converges uniformly in D to the limiting function s'{z). 

A repetition of the same argument shows that 5 ^( 2 ) converges 
uniformly in every closed region within C to s''{z), and so on 
indefinitely. 


5.2. Uniformly convergent series 

CO 

Let each term of the infinite series ^ w„( 2 ) be a one-valued 

0 

function of 2 , defined in a bounded closed region D. We associate 
with this series the sequence of partial sums 5o(2)> 

5„(2) = Uo(2)-fU,(2) + W2(2) + -+«n(2)- 

If tliis sequence is convergent in D and has the limiting function 
5 ( 2 ), we say that the series converges in D and that its sum 
is 5 ( 2 ). If, further, 5 „{ 2 ) tends to its limiting function uniformly 
in D, the infinite series is said to be uniformly convergent in 
the bounded closed region D. 

If each term of the infinite series ^ «„(2) ^ continuous in a 
bounded closed region D, and if the series converges uniformly 
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in D, then the sum of the series 5 ( 2 ) is also continuous in D. 
Moreover, if L is any contour in D, 

f 5(2) rf2 = f f i/„(2) dz. 

L 

This important result is obtained immediately by applying the 

theorems of § 5.12 to the sequence of partial sums of the infinite 
series. 

Similarly, we deduce from § 5.13 that if each term of the infinite 

series ^ w„( 2 ) is an analytic function, regular within a closed con~ 
0 

tour C, and if the infinite series converges uniformly in every closed 
region D within C, then the sum of the series 5 ( 2 ) is also an 
analytic function, regular within C. Moreover, 

s’{z) = f <(2), 

0 

the latter series being uniformly convergent in D. This result is 
sometimes called Weierstrass’sf double-series theorem, since his 
proof of it depended on expressing each term as a power series 
and rearranging the double series so formed. 

It should be observed that we can apply Weierstrass’s 

CD 

theorem to the series ^ to obtain 

0 

5 ''( 2 ) = 2 <(2), 

0 

and so on indefinitely. In other words, a uniformly convergent 
series of regular analytic functions can be ditlerentiated term 
by term as often as we please. 


5.21. Weierstrass’s 3/-test 

One of the simplest sufficient conditions for the uniform con- 
vergence of a series is Weierstrass’s il/-test, which rims as 
follows. The infinite series 2 'afiz) converges uniformly and ahso- 
luiely in a bounded closed region D if each term satisfies there 
an ineqvnliiy !w„( 2 )| < M,^, where iI/„ is independent of z and 
2 w convergent. 


1 Monatahtrichte der Preusa. Akad. Wiaa. (1880). 719-4.3. This popnr is 
f«print«d in Weiorstrosa’s Werke, 2, 201-30. See also Bromwich, /n/in ilc 
(i9i6), 266-7, or Knopp, Theory awJ Application o/Jn/tniCe Series (Ji)28), 43t>-3. 


6S3U61 


U 
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The series is evidently absolutely convergent in D. To prove 
that it is also uniformly convergent in D, we observe that, if 
5„(2) is the nth partial sum of the series, then 


m+1 I m + 1 m + l 

for every positive integral value of p. Now J is convergent; 
hence, given any positive number «, we can choose m so that 


2 


m+1 


With this value of m, which depends only on e, we have 


where z denotes any point of D and p is any positive integer. 
The required result now follows by the principle of uniform 


convergence. 

Op 

Example 1. The radius of convergence of the power series 

is R. Show that the series converges uniformly and absolutely when 
\z\ < R', provided that R’ < R. Deduce that the sum of the series is 
an analytic function regular within its circle of convergence. 

OP 

Example 2. Show that the series 2 converges absolutely and 
uniformly in any bounded closed region in which Rlz > 1. 


5.22. Hardy’s tests for uniform convergence 

The two tests in this section are generalizations of those of 
§ 2.43. They are consequences of the following lemma. 

//, in a bounded closed region D, the Junction A„{z)Vn{z) tends 
uniformly to a finite limit as n ^ co, then if one of the series 

I I AJz){v^{z)-v„^^{z)] 

converges uniformly in D, so also does the other. 

The lemma may be proved as in § 2.43. 

The series 2 ®n(2)^n(^) ^ uniformly convergent in a bounded 
closed region D, if in the region D 

(i) the series J ®n(*) uniformly bounded partial sums, 

(ii) the series J lv„(z)— v„^.i( 2 )! is uniformly convergent, and 

(iii) v„( 2 ) tends to zero uniformly as n^co. 
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^n(z) = ao(2)H-ai(2)+...+a„(2), 

condition (i) means that there is a constant K such that 
l-^n( 2 )t < a: for all » and all 2 in Z). Since |^„(2)y„(2)| < A'|r„(2)i, 
it follows by (iii) that A „(2)i;„{2) tends to zero uniformly as n -> 00. 
Hence, by the lemma, ^ a„(2)tJ„{2) converges uniformly in Z) if 

does. 

Now condition (ii) implies that, given any positive number c, 
we can find an integer N depending only on « such that 

€ 

j|jVn(2)-t'n+l(2)| < ^ 

for any positive integer p and for all 2 in D. Hence 

N+p 

Hence J ■^ 4 n( 2 )(v„(z)— 1?„+,(2)} converges uniformly in D, and the 
result follows. 


The series ^<^Xz)v„{z) is uniformly convergent in a hounded 
closed region D if in the region D 

(i) the series J converges uniformly, 

(ii) theseries'^ |v„( 2 ) — v„^i(2)| wconycryenfajtd toa Sounded 
sum, 

(iii) t;Q(2) is bounded. 

H ^„(2) = a„^i(2)4-a„^2(2)+a,.^3(2) + ..., 

then, by condition (i), A^z) tends to zero uniformly as n -»■ 00. 
Also i;„(2) is bounded in £>; for 



*^0(2)- 2 {Vr( 2 )-Vr+l(z)) 
0 

✓ 


< |Vo(2)H- f |Vr(2)-V,^l(z)l < 

0 

where /f is a finite constant by (ii) and (iii). Since 


l^n(2Ki(2)| < K\AXz)\, 
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AJ^z)vJ,z) tends to zero uniformly in Z) as n oo. Hence 

CD <X> 

ao(2K(2)+ Ian(2)Vn(2) = 2 {^n(2)-^«-l(z)K(2) 

1 1 

converges uniformly in D if J ^ni^){^ni^)~^n+i(^)) does. 

Since i4„(2) tends to zero uniformly, given any positive num- 
ber €, we can find an integer N, depending only on «, such that 
\An{z)\ < ifK for all n > and for all z in D. Therefore 

S^p 

^ i 2 l*^n(z)-*^n+l(2)l 


N + P 


iV + 1 
€ ^ 


^ K 2. I*^n(2)-Vnfl(2)l < « 
0 

for all z in Z) and for every positive integer p. Hence 

2^„(z){v„(z)-r„+i(z)} 

converges uniformly in D, as required. 


CD 

Example 1. The power series whose radius of convergence 

0 

is unity, converges at the point 2=1. Show that the series converges 
uniformly in the domain |1— 2| < cosS, |arg(l— 2 )| < 8, if 0 < 8 < in. 
Deduce that « o 

0 0 

as 2 -► 1 along any path within the circle of convergence which does 
not touch that circle. 

We apply the second test off 5.22, with a„{z) = o„, v„(z) = z". Since 
2 Un ^ convergent and a„ does not depend on z, the first condition is 
satisfied. The third condition is also satisfied since Vo(2) = 1- 
When lz| < 1, we have 

z = ii-^i 1 i^r = 

Now the region defined by the inequalities |1— *1 < cos 8, larg(l z)| < 8, 
is a sector of the circle with centre at z = 1 and radius cos 8. If 

0 < 8 < \ 7 T, each point of the sector, save 2 = 1 , lies within the circle 
of convergence \>f the given power series. In this sector we have 

1 — z = where 0 < p < cos 8 and — 8 < ^ < S. Hence 

| 2 |* SB I — 2pco3^-|-p* < 1 — 2pcos8-|-p* 

< 1 — 2pcos8-fpcos8 < 1— pcos8-|-ip*cos*S, 
and so |z| < 1 — JpeosS. 

It follows, therefore, that at each point of the sector, save 2=1, 


S l«n(z) < ^pcOsS 


= 2sec8. 
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This inequality is also satisfied at z = 1, since each term of the series 
2 vanishes there. The second condition of the test is 

thus also satisfied, and the proof of the first part of the problem is 
completed. 

By §5.12, the sum of the series is continuous in the sector 

under consideration. Hence 

as 2 -► 1 along any path in the sector. This conclusion also holds when 
2 -► 1 along any path within | 2 :| = 1 which does not touch the circle of 
convergence; for, by choosing 8 sufficiently near to we can ensure 
that such a path lies in the given sector. 

Example 2» Give an example to show that if the power scries 
2 ^ finite non-zero radius of convergence, and if the sum of the 

series tends to a finite limit as z on the circle of convergence along 
a path which does not touch that circle, it is not necessarily the case 

that 2 converges.! 

Example 3» Riemann s Zeta-function is defined by the equation 

eo 

when Rlz > 1. Show that the analytical continuation of 

this function into the region where Rlz > 0 is given by 

{l-2*-«)$(z) = l-*-2-* + 3-*-4-* + .... 

Hence show that the only singularity of ^(z) in the right-hand half of 
the z-plane is a simple pole of residue 1 at the point z = 1. 

We have seen (§5.21, Ex. 2) that the series defining ^(z) converges 
uniformly and absolutely in any bounded closed region to the right of 
the line Rlz = 1. Hence, by § 6.13, {(z) is an analytic function, regular 
when Rlz > 1. Now, when Rlz > 1, 

(l-2^-*)C(z) = ln-*(l-2*-*) = f n-*-2?{2n)-* 

1 1 l 

= l-'-2-* + 3-*-..., 

the reordering of the terms of the series being valid by absolute con- 
vergence. We now show that the latter series converges uniformly in 
any bounded closed region D in which Rlz ss 8, provided that S is 
positive. We use the first test of § 5.22, with 

an{2) = (-!)", Vn(2) = (n+l)-*. 

The partial sums of 2 alternately 1 and 0, so that condition 

(i) is satisfied. Condition (iii) is also sati-sfiod, for 

l«»(z)| = (n+l)-«i* ^ (n+I)-\ 
and BO v„(z) certainly tends to zero uniformly in D. 

t For an account of the conditions under which Iho converse of Aboi's 
thoorom is true, seo, for example, Landau, DartUUung and Bcgrundung einiger 
newrer Ergetmisse der Funklionentheorie (Berlin, 1021)), 52-67. 
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To show that condition (ii) also holds, we use the formula 

»+2 

= {n+l)-*-(n + 2)-* = 2 j dt. 

n + 1 

This gives n+2 n+2 

< \z\ f lz| j |2|.(n +!)-»-». 

n+ I n+ 1 

Since z is bounded in D, it follows by Weieretrass's 3f-tcst that 
2 |t'n(2)— v*+i(2)| converges uniformly. 

We have thus shown that the series 

7 j(zl= l-<-2"* + 3-*-4-*+... 

converges uniformly in any bounded closed region in which RI2 > 0. 
Hence r}(z) is an analytic function, regular when Rlz > 0. But when 

Rlz > 1, we have ^ (I-2i-«)$(z). 

Accordingly this equation provides the analytical continuation of {(2) 
into the region 0 < Rlz < 1. 

Now the function 1 — 2‘-* has simple zeros at the points given by 

(1— 2)Iog2 = 2 pm, 

where p is any integer or zero. The equation 5(*) — ’?(*)/( ^ *) shows 

that a point of this set is a simple pole of C(z), provided that 17(2) doM 
not vanish there, and also shows that {(z) has no other singularities in 
the right-hand half of the z-plane. 

The point z = I is a simple pole of ((z), since 77(1) = log 2. The 
residue there is (*_ 1)^(2) ,7(1) _ 

l-2>- “log2 

But no other zero of l-2»-* is a pole of ^(z). To show this, we use the 
equation ^ 1 _ 3»-*)C(z), 

where 77,(2) = l-» + 2-*-2.3-* + 4-« + 6--2.6-* + ..., 

which the reader will easily prove. The function 77,(2) is evidently on 
analytic function, regular when Rlz > 0. Hence the poles of ((z) in tlio 
right-hand half of the z-plane are the points of the set 

(1— 2)log3 = 2 qm, 

where g is any integer or zero, at which 77,(2) does not vanish. 

If ((z) po>«cssed a polo other than z = 1 in the right-hand half of the 
z-plane, there would bo integers p and q such that log 3/log 2 - p/q, 
which is impossible. Hence ((z) has only one pole in Rlz > 0. 


5.3. Infinite products 
The symbol 

which involves the multiplication of an infinite number of com- 
plex numbers, has, in itself, no meaning. In order to assign 
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a meaning to the value of such an infinite product, we form the 
sequence of partial products pi, p^, Pa,..., where 

f»i 

If Pn tends to a finite non-zero limit p as n tends to i nfini ty^ 
we say that the infinite product is convergent, and we write 

f • I 

If, however, p^ tends to zero or does not tend to any finite 
limit, we say that the infinite product is divergent. 

In order that the infinite product may converge it is neces- 
sary that no factor should vanish; for if 1 = 0, then p^ — 0 

when n ^ m. We shall suppose this condition is always satis- 
fied. It is also necessaryt that a„ 0 as n oo, since 

Pn Pn-\.‘^^nPn-V 

We shall now show that the neceaaary and sufficient condition 
for the convergence of the infinite product JJ {l-|-a„) is the con- 
vergence of the series ^here each logarithm has its 

principal value. 

Let us write «« = 2 log(l+aJ. 

We then have p„ = exp(5„). But since the exponential function 
is continuous, -*■ a implies that p„ -> e*. This proves the 
sufficiency of the condition. 

Now ^n-logp„+2?„m, 

where is an integer. Since the principal value of the logarithm 
of a product is not necessarily the sum of the principal values 
of the logarithms of its factors, is not necessarily zero. We 
show that is, however, constant for all sufficiently large values 

of n; from this the necessity of the given condition will follow 
immediately. 

Let us wnte and for the principal values of the argu- 
ments of l-fo„ and p„ respectively. If the infinite product is 
convergent, -> 0 and ^ say, as n -»• oo. The integer 
is then given by 

t The example of the infinito product n (1+ V”)* which = (n+ 1), 
MOWS that this condition is not sufficient. 
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= an+i-(^n+i-W 0 

as n-* 00 . But since is an integer, this implies that 
for all sufficiently large values of n. 

Therefore, if tends to the finite non-zero limit as n - 

it follows that s„^logp + 2qni, 


= ? 


00 , 


and so the condition is also necessary. 


5.31. Absolutely convergent infinite products 

The infinite product (1-f a„) is said to be absolutely con- 
vergent if the series ^log(l+o„) is absolutely convergent. 
Evidently an absolutely convergent infinite product is con- 
vergent and its value is not altered when its factors are de- 
ranged. The necessary and sufficient condition for the absolute 
convergence of the infinite product (l-f-a„) is the absolute con- 
vergence of the series J a„. 

For since ->• 0 as n -*■ oo, we can find an integer N such 
that |anl < ^ when n ^ N. Hence we have, when n"^ N, 


j log(l+a„) 


• 

1 

4 

1 

On 


2 3 ■ 4 


and so J|a„| |log(l 

This shows that the series 2 iog(l-fa„) converges absolutely if 
and only if the series ^ |a„| is convergent, and the required 
result follows at once. 


5.32. Uniformly convergent infinite products 

Let Ui{z). u^iz), be a sequence of one-valued functions, 

defined in a bounded closed region D, such that the infinite 
product XT {i converges at each point of D. If the 

sequence of partial products 

/«(2) =fT{I+“r(2)} 

r-1 

converges uniformly in X>, we say that the infinite product con- 
verges uniformly in D. 

The simplest test for the uniform convergence of an infinite 
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product is the itf-test, which states that the infinite product 
n{^+^n(2)} converges uniformly and absolutely in the bounded 
closed region D if each function u„( 2 ) satisfies there an inequality 
lu„{ 2 )| ^ where is independent of z and ^ 

vergent. 

The absolute convergence of this product is a consequence 
of §5.31. 

n 

Let us write = JJ (1 Then since ^ 3/, is convergent, 

1 

tends to a finite limit as n -► oo. 

Now when n > m, we have 


i/n(2)-/m{^)l = \fjz)\. n{l+M2)}-l 


m+ I 


But if we multiply out 17 ( ^ 1 » obtain an expression 

of the form 


2«r(2)+ 2«r(2K(2)+ 2 t^r(2)“.(2K(2) + ■■ ■ + 
whose absolute value does not exceed 

= fla+K)-i- 

m+ 1 

Hence we have 

r*=l 'm+1 ' 

But since P„ tends to a limit, we can assign arbitrarily a 
positive number e, and then choose m so that 0 < P, -P,, < e 
when 71 > 771. This gives 

IA(2)-/.(2)I < ^ 

when 71 > 771 and z is any point of D. Since tti depends only on 
«, the sequence of functions fiiz), f^iz), fsiz),... converges uni- 
formly. The test is thus established. 

Finally, it follows immediately from § 5.13 that if the infinite 
product nil + u„( 2 )} converges uniformly to f{z) in every closed 
region within a closed contour C, aTid if each factor of the product 
w 071 analytic function, regular unthin C, then f{z) is also regular 
vnthin C. 
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Example. Discuss the convergence of the infinite products 

(ii, (,_^)(,+|)(i_|)(i+|).... 


in any boundwl closed region D which contains none of the points 

± 1 ' ± 2 ,... . 

There exists a constant B such that \z\ < R when z lies in D. Since 
| 2 */n*[ < /?*/”* arid ^ B*ln* is convergent, the product (i) converges 
uniformly and absolutely in D, by the Jlf-test. If F{z) is the value of 
the product, it is an analytic function, f regular in D. 

On the other hand, the product (ii) does not converge absolutely in 
D, since the series + l + i + + i + is divergent. Let us write 

F’„{z),/„(z) for the nth partial products of (i) and (ii) respectively. Then 
we have , ^ \ 

and so the sequences /j( 2 ), /j(2). /#(2).--- and /^(z), / 4 («). /#(2)p--* 
converge uniformly to F(z). Hence the infinite product (ii) converges 
uniformly in D to F{z). 

To discuss the third product we write 




CO 


where 




r-2 


Then 


f *»2 


when n > R. Similarly we have 




where lVft(z)| < e(i2/n)* when z is any point of D and n > R- The 
Af-test shows that the product (iii) converges uniformly and absolutely 
in £>. 

Finally, since the partial product of (iii) of order 2n is equal to FJ,z)t 
the third product also converges to F(z). 


5.4. Functions depending on a parameter 

Let f{z,<x) be a one-valued function of the two complex 
variables z and a, defined when z lies in a bounded closed 

t It is well known that F{z) ss sin vzl{,wx). See § 6.83, Ex. 



raiFORM CONVERGENCE 107 

region D and a lies in the circle |a— oqI < p. If f{z,<x) tends 
to a finite limit as a a© when z is any point of D, the 
limiting fimction ^^( 2 ) has a definite finite value at each point 
ofjD. 


Let us suppose that this is the case. Then, given any positive 
number «, we can find a positive number depending on 

< and on 2 , such that \f{z,a) — F{z)\ < e when |a— aol < 

We choose 8 as large as possible.! Then 8(«. 2 ) is a one-valued 
positive function of 2 defined everywhere in D. If there exists 
a positive number A(€), independent of 2 , such that 8{e, 2 ) ^ A(€) 
at each point 2 of £>, we say that/( 2 , a) tends uniformly in D to 
the limiting function F{z) as a a^. 

By the appropriate modification of the analysis of § 5.12, we 
can show that if /( 2 , a) is a conlinuous function of z in the bounded 
closed region D for each value of a in |a— a^l < p, and if 
f{z, a) -> F{z) uniformly as a ocq, then F{z) is continuous in D. 
Moreover, if L is any contour lying in D, 



j m dz. 

L 


Again, by an argument similar to that of § 5.13, we find that 
ify for every value of a in |a— a©! < p. ^he function f{z, a) is an 
analytic function of z, regular within a closed contour C, and if 
f{z, a) -*■ F{z) uniformly in every closed region D unthin C, then 
F{z) is regular within C and 


uniformly in D. 


dz 


F'{z) 


5.5. Analytic functions defined by definite integrals 

Let F{z,t) be a one-valued function of the complex variable 
* = ^•\-iy and the real variable t defined when 2 lies within 
a closed contour C and a < t ^ 6. Let us write 

F{z,t) = 4>i^,y,t)-\-i^{x,y,t), 

where ^ and tfi are real functions of the three real variables 

t The oxifltence of a largest 5 is readily proved by naeaiia of Dedokind's 
Mction of the roal numbers* 
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X, y, t. If <j> and ^ are continuous functions of position in the 
corresponding region of the three-dimensional space in which 
{x,yj) are rectangular cartesian coordinates, we say that F{z,t) 
is a continuous function of both variables z and t. 

We shall now show that if F{z,t) is a continiiotis function of 
both variables when z lies within a closed contour C and a ^ t ^ b, 
and if, for each such value of t, F{z,t) is an analytic function, 
regular within C, the function 

b 

f(z) = j F[z.t) dt 

a 

is also regular unthin C and its derivatives of all orders may be 
found by differentiating under the sign of integration. 

To prove this, we divide the range of integration into n equal 
parts by points 

a = ^0 < <1 < <2 < • < = ^ 

and consider the behaviour of 

r-1 

as n 00, Since F{zJ) is a continuous function of ^ 

b 

fjz) j F{z, t) dt = f(z) 

a 

as n -»• 00, for each value of z under consideration. 

We now show that /„(2) tends to its limiting function f{z) 
uniformly in every closed region D within C. Since F{z,t) is 
a continuous function of both variables when z lies in D and 
a < < 6, it is uniformly continuous there. Hence, given any 
positive number «, we can find an integer m, depending only 
on e, such that the inequality 

\F{zJ)~F{z,n\ < € 

holds when z is any point of D provided that \V^t\ ^ {b—a)fm. 
But, since 

fM-m = i 


j {F(z.Q-F(z,t)}dt. 
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we have 

« c 

!/n(z)-/(2)l ^ I |/’(2,M-F(2,01rf«<(6-a)e 

provided that n m, and so the sequence is uniformly con- 
vergent. 

By the theorem of § 5.13, it follows that f{z) is an analytic 
function, regular within C, and also that fn(z) -^f'(z) uniformly 
in D. But since 


= 2 


_ dF{z,t^) 




r-1 


this implies that 


m - f 


dF{z,t) 


The derivatives of higher orders may be discussed in the same 
manner. This completes the proof of the theorem. 

Example. Show that the equation 


'in 

r _ 27r 

J 1-f-zsint 


holds everywhere in the z-plane, supp>osed cut along the real axis from 
“ CO to — 1 and from + 1 to + oo, provided that the branch of 1 — 2 *) 
which reduces to + 1 at the origin is taken. 

The integrand is a continuous function of both variables, save when 
2 s — cosec Now as t varies from 0 to tt. this point moves along the 
real axis from — co to —1 and then back to — oo; as t increases from tt 
to 27r, it moves along the real axis from + oo to +1 and then back to 
+ 00 . Thus the integrand is a continuous function of both variables 
when i is real and z lies in the cut 2 -planc; moreover, for each such value 
of t, it is an analytic function who.se only singularity is a pole lying on 
one or other of the cuts. Hence, by § 5.5, the value of the integral is 
an analytic function, regular in the cut plane. 

We can, however, show by elementary methods that, when — 1 < 2 < 1, 

the value of the integral is the positive square root being 

taken. But the branch of 27r/V(l-2») which is positive when - 1 < 2 < 1 
is an analytic function, regular in the cut plane. 

We have thus shown that the expressions on each side of the equation 


ATT 

f ^ _ 2ff 

J 1 + 2 sin t ~ 1 — 2 * 


Bre regular in the same cut plane and are equal when — 1 < z < 1. By 
analytical continuation^ this equation holds everywhere in the cut plane. 
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5.51. Functions defined by infinite integrals! 

Let the function F{z, t) satisfy the following conditions: 

(i) it is a continuous function of both variables when z lies 

within the closed contour C and a ^ t ^ T, for every 
finite value of T; 

(ii) for each such value of t, it is an analytic function of z, 

regular within C; 

(iii) the integral 

f{z) = J F{z, t) dt 

a 

is convergent when z lies within C and uniformly con- 
vergent when z lies in any closed region D within C. 
Then f{z) is an analytic function of z, regular within C, whose 
derivatives of all orders may be found by differentiating under the 
sign of integration. 

The third condition means that, as the real positive number 
T tends to infinity, y 

J F(z, t) dt 

a 

tends to f{z) when z is any point within C and that the con- 
vergence is uniform when z lies in D. 

Let us consider, then, the behaviour of 

ft 

/„(z) = j F(z, t) dt 

a 

as the integer n tends to infinity. By § 5.5, /„(z) is regular within 
C and satisfies all the conditions of the theorem of § 6. 1 3. Hence 
f{z) is regular within C, and fn{z) converges uniformly to f'(z) 
in D. But n n 

/M=^^jF(z.t)dt = f?^dt. 

a a 

and so /'( 2 ) = J dt. 

a 

This completes the proof of the theorem. 

t It is assumed that tho reader is acquainted with the theory of the con* 
vergonce of infinite integrals, as given, for example, by Hardy, Pure 
matics (1946), Chap. VIZI. 
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5.52. Tests for the uniform convergence of integrals 

The simplest test is the analogue of Weierstrass’s ilf-test. Let 
F{z,i) be a continuous function of t when z lies in a bounded 
closed region D and t ^ a, satisfying at each point of D the 
inegualiiy |F(z,<)| ^ M{t), where M{t) is a positive function, 

independent of z. Then, if {Mlt)di converaes. the iniearal 




J F{z,t) dt is uniformly and absolutely convergent in D. 

a 

T 

Since F(z,t) is a continuous function of t, J F{z,t)dt exists 
for every value of T ( > a) and for each point z in D. By 
hypothesis, J M{i) dt converges; given € (> 0) we can choose T, 
independent of z, so that J M{t) dt < c. But if T > T, we have 

T- T 

j F(z.l)dt ^ j |f(2,()| A ^ J < £. 




Hence j F{z,t)dt converges absolutely and uniformly in D. 

a 

The following tests for integrals which do not converge 

absolutely are frequently of service. Let u(z,t) and dv{z, 1)1^1 be 

continuous functions of t when z lies in a hounded closed region 

00 

D and t a. Then the integral j u{z, t)v(z, t) dt is uniformly con- 

a 

vergent in D if either of the following sets of conditions is satisfied: 

T 


I. (i) 


J u(z,t)dt 


^ K, where K is independent of z and T, 




(ii) J 


\&V^,t) 

dt 


dt is uniformly convergent in D, and 


(Hi) v{z,0->-0 cw ( 00 uniformly with respect to z. 

00 

H. (i) J u(z,t) dt is uniformly convergent in D, 




(ii) I 


l ^(g,0 

dt 


a 


dt converges and is a hounded function of z, 


(Hi) tj(z,a) is a bounded function of z in D 
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The proofs of both tests depend on the following lemma. 

//, in a bounded closed region D, U{zJ)vizJ) tends unijoi'mly 
to a finite limit as t tends to infinity, then if one of the integrals 


CD 


I 


dU(z,t) 

et 


CD 


v{z,t) dt, 


Jco, 


0 


dv{z, t) 

et 


dt 


a 


converges uniformly in D, so also does the other. 

This follows at once from the formula for integration by parts 


r 

J 


a 


dU{zA) 


dt 


v(z.l)dl+ I U(z,t)?^dl 


a 


= U{z,T)viz,T)~U(z,a)v{z,a) 

by making T tend to infinity. 

For brevity, we consider only conditions II. If we write 


CD 


17 ( 2,0 = J U{z,e)d 8 , 


then, by II (i), U{z,t) tends to zero uniformly in D as ( oo. 
Also v(z,t) is bounded in D, since 


\v(zj)\ = 


I 

J* 


dv{z,8) 

dd 


d6 


a 


< \v{z 


I 

,a)l+J 


\dv{z,e) 
dd 


de 


a 


art 


< \v{z 


.a)l+ [ 


\dv{z,d) 


dd 


d9 < K, 


where K is a finite constant by II (ii) and (iii). Since 

\U{z,t)v{z,t)\ < K\U{z,t)\, 

r{z.t)v{zj) tends to zero uniformly in D as ( ^ oo. The lemma 
then shows that 




t) v[z, t) dt = 


-/ 


'dVjzA) 

dt 


viz, t) dt 


a 


a 


converges uniformly in D if the same is true of 


on 
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Since U{i,t) tends to zero uniformly, given any positive 
number €, we can find a number T independent of 2 such tiiat 
W{ 2 .t)\ < (fK for all < ^ r and all 2 in D. Hence if T' > T, 


T 


Jf/(2. 


0 


^(2.0 

di 


dt 


T' 


< 


ij 


au(z,o 


<X 3 


dt 


'“<K 


/ 


| g^’(2.0 

dt 


dt 


for all 2 in D. Therefore 


«0 


j 


dt 


converges uniformly in /), as required. 

Example 1. Show that 




when RI2 > 0 , provided that the branch of Vz which is positive on tho 
real axis is taken. 

Let ^ any bounded closed region which contains part of the real 
axis an lies entirely to the right of the imaginary axis, so that the 
inequality R 1 2 5, 8, where 8 > 0 . is satisfied at each'point 2 of D. Now. 

lf2 = I + ,v. ^ 

and J «-«* dt is convergent. Hence, by the M-test. the given integral 

converges uniformly and absolutely in D, and its value i.s an analytic 
limction of 2, regular in D. 

When 2 18 real and positive, we can evaluate the integral by the 
substitution 2t* = which gives 

A 




0 0 

he square root being positive. Hence the expressions on each side of 

the equation 


CD 




functions of 2, regular in D, which are equal on the positive 
root ^ k" * ^xis. provided that we take that branch of the square 
analvr “ positive when 2 > 0 . It follows, by the principle of 
y »cal contmuation, that the equation still subsists everywhere 


OiD. 
6631451 
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1 1 4 TINIFORM CONVERGENCE 

Example 2. Show that the result of Ex. 1 holds when Rlz > 0, 

provided that 2 ^ 0 . Deduce the value of J cosi* dt. 

CO 

We prove, first of all, that, if a > 0, J c-*** dt converges uniformly 

a 

when r < | 2 | < R, largz] < no matter how small the positive 
number r may be. The Jtf-test is obviously inapplicable here, since 
= 1 when RU = 0. 

Now if 8 is any positive n\imber less than r, we have seen that the 
integral converges uniformly when Rlz ^8, | 2 | < i?. Accordingly it 
suffices to demonstrate its uniform convergence in the two rectangles 
defined by 0 < Rlz < 8, p < |Imz| < R, where p == > <>• 

This we do by writing the integral in the form 

CO 

I dt, 

Q 

where z = x+iy, and then applying the second test of § 5.62, with 

u(z,t) = U-*^, v{z,t) = e~=^yt. 


Now, when 0 < x < 8, p < |y| < J?, we have 


T 

j m(z,0 dt 


2ty 



' a 

so that condition I(i) is satisfied. Again I(ii) also holds; for dvldt is of 
constant sign and 


z-zT' e-“' e-- 

J -ar'‘* = 'T 

a 

as T 00 , uniformly with respect to z. Finally, since |t>(z,0l < 

00 

condition I (iii) is satisfied, and so J e-*** dt converges uniformly. 

O 

w 

We have thus shown that f dt converges uniformly t when 

0 

r < Izl < R and largz] < and so represents a regular analytic 

function. But in the part of this region for which Rlz > 8, the value 
of the integral is y{nfz). Hence, by analytical continuation, this is the 

value of the integral when R1 z > 0, provided that z ^ 0. 

Putting z = e^, we have 

00 

J exp(— 

0 


t Actually we proved this result with a as lower limit. This, obvio^l^ 
does not affect the result but considerably simplifies its proof. It should be 
observed that the integral diverges when z = 0 emd also when R1 z < 0. 



In particul&r, 
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CD 

j e-^dt= JVTre--^/*, 


a> 


ay 


J cos t* dt = j sin (* dt = 
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MISCELLANEOUS EXAMPLES 

«D 

1. Show that the scries 2 2 C“'“ converges absolutely but not uni- 
formly in the sector |s| < R, |argz| < 8. where 0 < 8 < ^tt. Is the 
convergence uniform when r < [z] < R, largzj <8? 

2. Prove that the sum of the scriesf 

n*“ — 00 

is an analytic function whose only singularities are simple poles at the 
points 2 = 0, i 1, ±2,... . 

00 

3. Show that, if is convergent, the series converges 

when Rlz > 0, but is not necessarily convergent when Rlz = 0. Prove 
also that the convergence is uniform in any bounde<l closed region 
for which Rl z > 8 where 8 > 0. 

4. The scries I a„(z*- l*)(2*-2*)...(2*-n>) is known to converge for 
a non-integral value of z. Show that it converges uniformly in any 
bounded closed region. 

5. Discuss the convergence of the following infinite products: 





Show also that, when \z\ < 1, the value of the product (iv) is l/(l- 2 ). 

® CD 

6. If J <p{t) dt converges, show that J dt is uniformly conver- 

gent when IzK f?. |arg 2 | - 8, if 0 < 8 < Jtt. 

t The accent indicates that the term corresponding to n = 0 is omitted. 
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ao 

7. Show that J is uniformly and absolutely convergent m 

— CO 

any bounded closed region and that its value is Vttc**. Deduce that 

00 

J e~*’ cos 2ty dt = Vtt e"*'*. 

— ® 


8. The function F{z,t) satisfies the conditions off 5.5 save that it does 
not tend to a finite limit as i -► o, but 

6 r 

f F{z,t)dt = lim j F{z,t)dt (S > 0) 

J S— m. 


a + 5 


exists. Show that if this limit is approached uniformly when z lies in 

any bounded closed region within C, the function 

b 

/(z) = I F{z,t)dt 


is an analytic function, regular within C, whose derivatives may be 
calculated by differentiation under the sign of integration* 

x*-‘cos(<£r, 

0 0 
represent analytic functions of z which are regular when 0 < RU < 1 
and — 1 < Rlz < 1 respectively. 

10. Prove that the equation 


9. Show thatt 


/ 


T(z) = J 


e-‘ <«-* dt 


defines an analytic function of z, regular when Rlz > 0. which satisfies 
the difference equation r( 2 +l) — 


I ® 

t Consider J and J separately. 
0 1 


CHAPTER VI 

THE CALCULUS OF RESIDUES 

6.1. Cauchy’s theorem of residues 

Lei f{z) be continxums within and on a closed contour C and 
regular, save for a finite number of poles, within C, Then 

J f{z) dz = 27rix{sum of residues of f(z) at its poles tviOiin C). 
c 



Fio. 2 


If we denote by Zj,..., z,, the poles of f{z) within C, we can 
evidently draw a set of circles C^, of radius « and centre 
which do not intersect and all lie within C, provided that c is 
sufficiently small. Then /(z) is regular in the domain bounded 
externally by C and internally by the circles C^. We can, there- 
fore, deform C continuously without crossing a singularity of 
f{z) until it consists of the circles joined together by a poly- 
gon P, as shown in the figure. We then have 



the integral round the polygon P vanishing since /(z) is regular 
within and on P. 


Let Zf be a pole of order m, say, so that 
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where <f>{z) is regular within and on Cy. Then 



Now on Cry z = 2,.4-ee^* where d varies from 0 to 2 n. 
this substitution we find that 


Making 


m 

2) rfz = y f dB ^ 27riai 

.-1 J 

= 27 ri X (residue of/(z) at 2^). 
From this it follows that 




n 

= 27 rtX y (residue of/(2) at 2,). 

r-l 

This completes the proof of Cauchy’s theorem of residues. 


6.2. The number of zeros of an analytic function 

An important deduction from Cauchy’s theorem of residues 
is a formula for the number of zeros of an analytic function 
within a given closed contour. Let /(z) be regular within and 
on a closed contour C, save for poles 62,..., none of which 
lie on C. Moreover, let /(z) not vanish on C but have zeros 
Uj, Og,..., a„ within C. Then, by the theorem of residues, 


-f 

TTt J 


f(z) 


27 rtJ f{z) 
c 


dz 


is equal to the sum of the residues of f'{z)lf{z) at its singularities 
within C. 

Now the only possible singularities of this function are the 
poles and zeros of/(z). If a is a zero of order r, we have 

f{z) = (z— a)’’^(2) 

where ^(z) is regular and non-zero in a certain neighboiuhood 


of o. This gives 




r 


/(z) 2— a ' ^(z) 

But since <l>'{z)l<f>{z) is regular in the neighbourliood of a, the 
function /'(z)//(z) has a simple pole of residue r at z — a. Simi- 
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larly, if 2 = 6 is a pole of order 8 of the function f{z), then 
/'(z)//(z) has a simple pole of residue — s at z = 6. 

If, therefore, the order of the zero at z = flp is and the 
order of the pole at z = 6p is we have shown that 




n 


This result takes a particularly simple form if we agree to regard 
each zero of order r as equivalent to r simple zeros and each 
pole of order s as equivalent to s simple poles; for, with this 
convention, 

is equal to the excess of the number of zeros of f{z) within C 
over the number of poles there. 

If we actually carry out the integration, we find that this 
excess is equal to 


i- r d. 

2« J f{z) 


^[log/W]c = ^[>ogl/(*)l+*arg/(2)]c = ^[®'’g/(*)]c’ 


since log|/( 2 )| returns to its original value when we go once 
round C. Hence the excess of the number of zeros over the number 
of poles of f{z) within C is (l/2tr) times the increase in arg/( 2 ) as 
z goes once round C. This result is sometimes called the principle 
of the argument. 

Example 1. If g{z) is regular within and on C and /(z) satisfies the 
conditions of § 6.2, show that 

J, 

c 

Example 2. If /(z) is regular within and on C and does not vanish 
on C, show that the sum of the affixes of the zeros of /(z) within C is 

27nJ 7(«) 
c 

the affix of a multiple zero being repeated according to its order. 


6.21. Rouch6's theorem 


Rouch^t has proved that, if f{z) and g{z) are two functions 
regular u'ithin and on a closed contour C, on which f{z) does not 

t Journal de I'tcclt Pol. 39 (1862), 217. 
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vanish and also \g[z)\ < |/(z)|, then f{z) and f(z)-\~g(z) have the 
same number of zeros within C. 

We may assume that f{z) and g{z) have no zeros in common. 
For let f{z) and f{z)-\-g{z) have respectively m and n zeros 
within C, multiple zeros being counted according to their order. 
Tlien the function 

F(z) = {f(z)+g(z)}IS(^) 

has n zeros and in poles within C, and is regular and never 
zero on C. By the principle of the argument, 2iT{n—m) is 
equal to the increase in the argument of F{z) as z goes round C. 
But, when z is on (7, we have 


Rl{i5'(2)}= 1-l-Rl 




g(2) 

/( 2 ) 


> 0 . 


Hence as z goes round C. F{z) describes a closed path entirely 
to the right of the imaginary axis, so that its argument returns 
to its original value; and this proves Rouch^’s theorem. 

In particular, if we take 


f{z) = ao 2 «, g{z) = ai 2 "-»+ 02 z”*- 2 +...+a„. 


we have 

m' 

1 


1 

1 

f{z)\ 

lOoZll 

* 2 


which can be made as small as we please by taking \z\ suffi- 
ciently large. Hence there exists a circle \z\ — R on which /(z) 
does not vanish and also |^(2)1 < \f{z)\. But f{z) has one zero of 
order m within this circle; therefore, by Rouch^’s theorem, the 
polynomial OoZ’"-|- a^z”*~^-\-...-\-a„ has precisely m zeros within 
the circle |z| = i? for all sufficiently large values of R. If these 
zeros are Zj, z^,..., z„, multiple zeros being repeated according 
to their order, the function 


(z-2d{2-Zj)...(z-ZJ 

is an integral function which tends to as jzj -»• oo, and so has 
the value for all values of z, by Liouville’s theorem. Hence 

aoZ*”+OiZ’«-i-f + = ao(z— Zi)(z— Z2)...(z— z^). 

^ We have thus proved the fundamental theorem of the algebra 


f 
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of complex numbers, that a polynomuil of degree tn has m zeros 
and can be expressed as a product of m linear factors . 

Example 1 . Prove that a rational function takes any given value 
P times where p is the number of its poles, including the point at infinity, 
a pole of order s being counted s times. 

Example 2. Each function of the sequence Uz). /^[z), Uz),... is 
regular in the closed domain D bounded by a closed contour C. The 
sequence converges uniformly to f{z) in D. Show that, if /(z) does not 
vanish on C. then/(z) and the functions /„(z), for all sufficiently large 
values of n, all have the same number of zeros within C. 

Prove also that a zero of/(z) is either a zero of /„(z) for all sufficiently 
large values of n or else is a limiting point of the set of zeros of the 
functions of the sequence. (Hunv rrz.t) 

6.22. Inverse functions 

Let f{z) be an analytic function, regular in a neighbourhood of 
the point 2q, at which it takes the value w^. The necessary and 
sufficient condition that the eguatton f(z) = w should have a unique 

solution z = ^(u;), regular in a neighbourhood of u’o, is that /'(Zq) 
should not vanish. 

The condition is obviously necessary. For if F(u») were regular 
in a neighbourhood of Wq, F'(wq) would be finite; since, however, 
F'{Wq) = i//'(2(,),/'(2o) cannot be zero. 

The proof of the sufficiency of the condition is much more 
difficult; the one given below is due to Landau. J We shall sup- 
pose that 2 q and Wq are both zero; for, if they were not, we could 
make the transformation 2' = z—Zq, w' ~ w—Wq. By hypo- 
thesis, fiz) is regular when jz] ^ if, and so can be expressed 
there as a convergent Taylor series 

fiz) = ai2+a222-f..., 
where |/'(0)| = laj = a > 0. 

Now if 2i and are any two points of the region [2I ^ Aif 
where A < 1, we have 

“1+ |“j2r‘+2r-"22+.-H-2;-')| 

2 

t Maih. Annalen. 33 (1889), 248-86. 

X Berlin Sitzung$berkhU (1904), UlS-iZ; (1926), 461-14. Math. ZeiUchriit, 
30 (1929), 618-17. 
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Hence if A is so small that 


2 n[a„|A”-*i?"-^ < 

2 

the equation w = /(z) can have at most one root in Izj ^ XR. 
Moreover, if such a root exists, it is not a multiple root; for 

i/'(2)| = aj-f 2 na„ 2'*’*l ^ a— J 7i|a„|A"‘->i2'*-i > 0. 

2 I 2 

But, by hypothesis, /(z) is regular in |z| < i?and so satisfies 
there an inequality \f[z)\ ^ M, where JIf is a finite constant. 
Hence, by Cauchy’s inequalities, we have 

a^M/R, KKJtf/i?-. 

and therefore 



J/A(2-A) ^ 2MX 
ii:'(l-A)2 R{l-X)^' 


If we now take A = \RafM, so that A ^ we easily find that 


2 

Hence the equation w = /(z) has at most one simple root in the 
region \z\ ^ ^R^ajM. 

This, of course, implies that /(z) has but one zero when 
\z\ ^ \R^ajM, namely the known simple zero at the origin. We 
deduce from this, by the aid of Rouche’s theorem, that f(z)—to 
has precisely one simple zero in the same region, provided that 
w is not too large. 

Now when \z\ = iR^ajM, we have 


|/(z)| ^ Iflizl- 2 |a„ 2 "| 

2 

> a\z\—M 2 \zlR\^ 

2 



_ R:^aU M ] 

by making use of the fact that Ra ^ M. We now see, by using 
Rouch4’s theorem, that/(z ) — w has just as many zeros as/{z) 
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in the region \z\ < \R~alM, provided that \w\ < In 

other words, it has precisely one simple zero there; let us denote 
this zero by ^(te). 

Finally, by § 6.2, Ex. 2, we can obtain an explicit formula 
for F{w), namely 


J’(») = 2 ^ f dz. 

27rt J J{z) — w 


where C denotes the circle \z\ = ^R^a/'M. On the contour 


2 = ^R^ae'^IM, 

where t varies from 0 to 27r, and so the integrand is a continuous 
function of t and w. Hence, by § 5.5, F{w) is an analytic func- 
tion of u>, regular when |u»i < ^R^a^jM. This completes the 
proof of the sufficiency of the condition. 

It sho’old be observed t’‘i*t we have not proved that \Rra-jM 
is the radius of convergence of the Taylor series for F{w) in 
powers of w. All we know is that the radius of convergence is 
not less than 

Example. The function /(z) is regular in a neighbourhood of the 
point Zq, at which it takes the value Wq. Show that, if the first p—1 
derivatives of /(z) vanish at Zp, the equation /(z) = w has a solution 


1 

where the aeries of powers of {w—w^yl^ converges in a neighbourhood 
of Wp. Deduce that z is a p- valued function of u», having a branch-point 

atujp. 


6.23. Lagrange’s formula for the reversion of series 
We have just seen that, if 

f[z) ~ WJo+«l(2-2o)+a2(2:— 2o)*+... (^1 ^ 0) 

is regular near Zq, there is a unique function 

F{w) ^ uJ(,)+ 62 {uj— W o)^+..., 

regular near Wq, such that z = F{w) is the solution of the equa- 
tion w = f{z). It is possible to obtain the coefficients by 

substituting in the equation w—Wq = power 

1 

series for z—Zq, and equating coefficients. A more elegant 
method can, however, be obtained by means of Cauchy’s 
theorem, as we shall now show. 
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In the notation of § 6.22, we have 


i r ^ 

27rt J f{z)—w • 
c 

where C is the circle \z— 2 q\ = ^R^ajM. From this it follows, 
by integration by parts, that 

c c 

- _L f 

2Tn J f{z)~w' 
c 


and so 


F 


«-1-iJhZ(«2:J']75P 

/4 fl • 1 


W. 


We have, however, shown that 

\fiz)-w^\ > 

when z lies on the contour C. Hence if 


k— w'ol < 

where 0 < A < 1 , the infinite series under the sign of integra- 
tion in the formula for F'{w) converges uniformly with respect 
to z and so can be integrated term by term. This gives 

F'(uj) = 2 nbJw—w^Y-^, 

n»l 


where 



_1 r dz 

27riJ {/(2)— u^o}"' 
c 


Since J{z)—Wq has a simple zero at Zq and vanishes nowhere 
else within or on C, the coefficient is evidently the residue 
of {f{z)—w^-^ at the point Zq. A simple method of finding 
is to proceed as follows. If we write 


^{z) is regular within and on C, and therefore 

2,riJ {z-z^r 
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If we substitute this value of in the series for F'{w), we 
find that if f{z) is regular in a neighbourhood of and iffiz^) = Wq, 
fi^o) # 0. the equation 

f[z) = w 

has a unique solution, regular in a neighbourhood of Wq, of the form 


where 


z 



f{z)-WQ = (z-2o)/^(2). 


This is Lagrange’s formulaf for the reversion of a power 
series. It is a particular case of the following more general 
expansion 


<C 


0(2) = 0(2o)+ 2 


n»l 


1 

o 

■ d”-' 

n! 



> 


which is also due to Lagrange. The proof of this is left to the 
reader. 


6.3. The evaluation of definite integrals 

The rest of this chapter is devoted to one of the first applica- 
tions which Cauchy made of his residue theorem— the evalua- 
tion of definite integrals. The method to be adopted in any 
particular case should be clear after a consideration of the 
typical examples discussed below. 

It should, however, be observed that a definite integral which 
wn e evaluated by Cauchy^s method of residues can always 
be evaluated by other means, though generally not so simply. 
Un the other hand, quite simple definite integrals exist which 
cannot be evaluated by Cauchy’s method. 

We discuss here three main types of definite integral, namely 
J /{cos e, sin 6) de, r fix) dx, f x-^fix) dx. 

® i 

We also show how the values of certain integrals, usually deter- 

mmed by a complex change of variable, can be easily found by 
means of Cauchy’s theorem. 


t Mimoirts de VAcad. Roy. dee Set. {Berlin) 24 (1768), 261. 
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2n 


6.4. The evaluation of J f{cos6, sind) dd 

0 

lf/(cos d, sin 6) is a. rational function of the two variables cos 6 
and sin 0 which is finite on the range of integration, we make 
the transformation z = The integral becomes 

J 9{z) dz, 

c 

where g{z) is a rational function of z, finite on the circle C 
whose equation is \z\ = 1. The labour of evaluating the residues 
of g{z) may often be considerably lightened by preliminary 
manipulation of the integral, before introducing the complex 
variable z. 


Example 1 . Evaluate 


r add> 

J a»+sin»^’ 


where a is positive. 


If we denote the required value of the integral by I, we know that 

2n 

a d<f> 






since the integrand is i>eriodic, of period tt. \Vc may now evaluate the 
integral by the method of contour integration by making the substitu* 
tion 2 = e*‘. This, however, leads to an integrand containing a poly- 
nomial of degree 4 in the denominator, so that the work would be rather 
laborious. 

A simpler method is to write 

2n 

2ad4^ C add 


n 


1 = 


f °d4> __ C 
J a* + sin*^ J 


= fT 


1 -f- 2a* — cos 2^ J l + 2a*— cos^’ 

0 0 0 
and then to put z = e^. In this way we find that 

2at 




2z(H-2o*)+l 


dz. 


where C denotes the circle (zj = 1. 

The integrand has simple poles at the points \ and 

(l-|-2a*) — 2aY'(l+a*). If we take- the positive square root, the former 
point lies outside C, the latter within C; moreover, the residue at the 
pole within C is 


1 


2»V{l+a*)* 

From this it follows, by Cauchy’s theorem of residues, that 

I = ir/V(l+a*). 
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tn 

Example 2« Evaluate J e^^cos(n0— sin0) where n is a positive 

integer. 

Consider 

— J €^^{cos{n$— Bind) ^isin{nd— sin d))dd 

0 

In 

0 


-:j 




The origin is a pole of order n+ 1 of the function e* 2 -"-', and the residue 
there is 1/n!. Since the integrand has no other singularity, I = 27r/n!. 
Equating real and imaginary parts, we have 

2n 

rc«*®cos(n^— sm0)d0 = 

J a! 


0 
Zn 


j e«“"sin(ntf— sinfl)dfl = 0. 


6,5. The evaluation of j f{x) dx 

— 00 

If the funation/( 2 ) is regular in the half-plane Imz ^ 0 save 

possibly for certain poles which do not lie on the real axis, we 
can evaluate 

J f{^) dx 

— CO 

by considering the integral of/( 2 ) round a closed contour, con- 
sisting of the real axis from -i? to i? and a semicircle in the 
upper half of the 2 -plane on this segment as diameter, provided 
that the integral round the semicircle tends to a limit as R -> co. 

The simplest case occurs when the integrand is 0(|2|-*) 
for large values of |z|. Since the length of the semicircular 
part of the contour is ttR, the integral along it is when 

R IS large, and this will certainly tend to zero as i? -> oo, pro- 
vided that Ar > 1. When, however, the integrand is not of the 
or er of \z\ where > 1, a more delicate type of argument 

18 needed to determine the limit of the integral round the semi- 
circle. 
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It will be observed that this method gives 

R 

lim f /(;r) dx. 


-R 

CD 


If 


J /(^) 


dx 


— 00 


exists in the ordinary sense, f it is necessarily equal to this limit. 
It may, however, happen that the limit exists, even though the 
integral does not. In this case we call the limit the Cauchy 

CD 

principal value of J f{x) dx, and write 


— CD 


R 


CD 


lira f f{x) dx = P ! f(x) dx. 
/?— ® J J 


Finally, it should be noticed that there is no special merit in 
a semicircle. All we need is a curve joining the points 
which tends to the point at infinity avS B -*’CO. For some pur- 
poses, the rectangle with vertices ±,R, i® 

venient. 

Example 1. Evaluate 


00 


We consider 


J 


— CD 


I = 


x*-z+2 


10z*-|-9 


dx. 


r z*-z+2 

J 2 *-i-l 0 r» + 9 


dz. 


A 

where F is the contour consisting of the real axis from — /? to if ^d 
the semicircle in the upper half-plane on this segment as diameter. e 

integrand has simple poles at the points iii i3» ; when if > 3, the poles 

i and 3i. which have residues -(H-»)/16 and (3-7t)/48 respectively, 
lie within F. Hence, by Cauchy’s theorem of residues, 

/ = 5w/12. 

t The integral exists in the ordinary sense when 

* 0 

j/(x)dx. i Az)dz 


~ CD 


converge separately ; that is, when 

s 

J f{x)dx 
-R 

tends to a limit as B and S tend to infinity independently. 
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Now, when \z\ is large, the integrand is 0( |z|->); we should, therefore, 
expect that the integral round the semicircle would be 0(1 /R) when R 
is large, and so would tend to zero as i? -► oo. To put this argument in 
a rigorous form, we write t = i?e^ when z lies on the semicircle, to obtain 

R 

f x*-x+2 , 

~ J x*+10x*-\-9^ 

-R 


where 


n 

=j 


Rh^-RU^-\-2Re^ . 


Remembering the important inequalityf 


1 


0—6 


a\-\b\\' 


we find that the modulus of the integrand does not exceed 

R^+R*+2R 


when R > 3. Hence 


\J\< 


(R*-l)(i?»-9) 
7r(i?»+R* + 2R) 




so that J 0 as R 00 . 

We have thus proved that 

R 


lim 

J?-*® 




^* + 2 , Stt 

+ 10x* + 9**^~T2* 


-R 


But, since the integrand behaves like 1/x* for large values of x. 


00 


J 


— 00 


x*~x+2 

a:*+10i*+9 


dx 


exists in the ordinary sense and has, therefore, the value 677 / 12 . 


00 


Example 2. Evaluate 


r cosr , 

J x >+ a *^^ 


where o > 0. 


— ® 


Let us consider 1 = 

r 

taken round the contour of Ex. 1. When R > a, there is only one pole 
of the integrand within F, namely a simple pole at ai of residue 

e~^J(2ai); hence _ 

I — TTt-^la. 



f See s 1.32. 

K 
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Now, when z = x+ty and y > 0, we have 

|c«| = = C-* < 1, 

so that e“ is bounded in the upper half-plane. We should, therefore, 
expect that the integral round the curved part of F would be 0(1 /if), 
when if is large, and so would tend to zero as if -♦ oo. To prove this, 
we write z = when z lies on the semicircle to obtain 

^ = / Sirs-' 

-R 


where 




fUtcosS— Aaln^ 

if>c*«+o* 



From this it follows that 


\J\< 


n 

J 


g-«8lnff < 


Trif 


if»-a* 


so that <7 — > 0 as if -> 00 . 

We have thus proved that the integral 

CO 


J 


— • CD 




o* 


which obviously exists in the ordinary sense, has the value 7Te~^la. If 
we now equate real and imaginary parts, we find that 


00 


oo 


r COSZ 

J + 


dx ^ 


f^dx=0, 

a j x*-f-a* 


— 00 


— CD 


CO 


Example 3. Evaluate 


r xsinx 

J x*-|-o* 


dx, when a is positive. 


We shall find the value of this definite integral by considering the 
contour integral - 

^ J z*+a**‘ 


Here F denotes a closed contour consisting of the segment of the real 
axis from — if to ^ and a curve a in the upper half-plane which joins 
the ends of this segment and tends to the point at infinity as if oo. 
Evidently, for sufficiently large values of, if, there is no singularity of 
the integrand on F and one singularity, namely the simple pole at. 


k 
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within r. By Cauchy’s theorem of residues, it follows that 

I = 7rie~* 

for all sufficiently large values of R. 

We can also express I in the form 

n 

dx +J, 
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where 


r 

- J 


To determine the value of the given definite integral, it is necessary to 
consider the behaviour of J as i? is increased indefinitely. 

Now when Iraz > 0 and | 2 | is large, the integrand is 0{|2|“*). It 
follows that, if a is a semicircle, J is bounded as i? — > oo. To see whether 
J actually tends to a limit, a more delicate type of argument is needed. 

One method of doing this is to keep the semicircular contour a and 
apply Jordan’s inequality; this is explained in § 6.52, below. A more 
elementary method is to use a rectangular contour I' with vertices 
i i?, + In this case a consists of three sides of this rectangle, 

and we easily find that 

R R 

[(R + iy)eiR~v [ {x+iR)ei^f< 


-R 


n 


-I 


(~R+iy)e-'^v 


— Ji — Jf—Jy 

say. We then have 




K 

i 


R 


V(i2* + y*)e->' , i?V2 


V2 r 

-a»J 


e 


-V 


dy 


Ry/2 

R*-a 




so that 0 as i? -»• CO; similarly J, 0. Again 

R 




J 


R 




+ /?»-a 


dx < 


-R 

J?>V8 


f 


dx 


R 


.*R 


and so «/j — *• 0 as i? — >• oo. Adding these results, we find that J tends 
to zero as is increased indefinitely. 
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Another simple method of obtaining the limit of i7 is to keep the 
semicircular contour a and integrate by parts.f This gives 

f ze“ r C (a* — z*)te“ 

J ^ - - U*+a2j_^+ J 

Q a 

and the two terms on the right-hand side of this equation clearly tend 
to zero as i? — »• CO. 

We have thus shown that 

R 


J ze" 

-T - — 1 dx = 7rze“®. 
z*-fa» 


-R 


This, however, implies that 


CD 


J 


— 00 


ze 


ts 


z*+a* 


dx =» me 


the existence of this infinite integral in the ordinary sense being an easy 
consequence of Dirichlet’s test.J Equating real and imaginary parts, 
we obtain _ 


r ZC08Z , . fzsmz . 

J z*'fa* j z*+a* 


ne' 




— CP 


From this it follows that 


CO 


J 


X8inx 






when a is positive* 

Example 4« Prove that 


CO 


J 


z* dx 


n 


(z*+a*)* 8a*’ 


— OD 


provided that R1 a is positive. What is the value of this integral when 
R1 a is negative ? 

Example 5. Show that 


<o 


dx 


ir(2<i+b) 

(z*+a>)*(z«+^) 2a*6(o+6)» 
when the real parts of a and 6 are positive. 


/ 


— CD 


t I owe this remark to Dr. W. L. Ferrar. 

i See Bromwich, JnfiniU Series (1926). 477. This test is essentially 
second test of § 5.52, above, imder conditions I with the references to uniformity 
omitted. 
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Example 6. J{z) is an analytic function whose only singularities in 
the upper half-plane are poles, finite in number, and which lias no 
singularity on the real axis. Show that, if tends to zero as 

i? — ► 00 , uniformly with respect to 6 when 0 < 0 < n, then the principal 

CD 

value of J f{x) dx is equal to 2m times the sum of the re.sidues of/{ 2 ) 
— ® 

at its poles in the upper half-plane. 


6.51. Cauchy’s definition of an improper integral 

The ordinary definition of the integral of a function /(x) of 
the real variable x over a finite interval a x ^ 6 presupposes 
that/(x) has a definite finite value at each point of the interval. 
We shall now explain how Cauchy extended this definition to 
cover cases when/{x) is infinite at a finite number of points of 
the interval. 

It suffices to consider the case when there is only one point c 
at which /(x) becomes infinite. If c is not an end-point of the 
interval, we take two small positive numbers < and -q and con- 
sider the expression 


f— € 


j fix) dx j fix) dx. 

a 

If this expression exists and tends to a unique limit as e and r) 
tend to zero independently, we say that the improper integral 
of fix) over the inter\'al exists, its value being defined by 

6 c-c b 

f fix) dx = lim f fix) dx -h lim f fix) dx. 

If, however, the expression does not tend to a limit as € and 
1 ? tend to zero independently, it may still happen that 

Um^ I J fix) dx + I fix) dxj 


C + C 


exists. When this is the case, we call this limit the Cavxhy 
principal value of the improper integral and denote it by 

P J fix) dx. 

a 

Finally, if fix) becomes infinite at an end-point, a say, of 
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the range of integration, we say that f(x) is integrable over 
a ^ X ^ b 


lim 
c-* + 0 


/ /(^) 


dx 


a + € 


exists. 

When we attempt to determine the value or principal value 
of an improper integral by means of Cauchy’s theorem of resi- 
dues, we have the difficulty that the integrand has a singularity 
c on the contour of integration. We avoid this difficulty by 
modifying the contour in the foFlowing way; we delete from the 
area within the contour the portion which also lies vithin a 
small circle \z — c\ = e and then integrate round the boundary 
of the remaining region. This process is called indenting the 
contour. 

The integral round the indented contour is calculated by the 
theorem of residues and then the radius of each indentation is 
made to tend to zero. This process gives the Cauchy principal 
value of the improper integral, and the question of the existence 
of the improper integral in the ordinary’ sense requires further 
investigation. The details of this method will become obvious 
from a consideration of the following examples. 

Example 1 . Prove that, if o > 0, 


CD 


We consider 


J cosz , 

• CO 


TTsma 

a 


where the closed contour F consists of the real axis from —R to R and 
a semicircle in the upper half of the z-plane on this segment as diameter. 
Since the integrand has poles at z = ^a, which lie on this contour, we 
modify T by making an indentation of radius e at a and another of 
radius t; at —a. The integrand is now regular within and on F, and so 
I is zero. 

Evaluating the various parts of the integral I, we obtain 

— n a — € R 

e-n9\a0 r 

+ -/i + •/*+ J 

^ —R —0 + 1) a + < 

where and denote the integrals round the indentations at a and 
— a respectively. 


0 = / 






dx. 
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The modulus of the first term on the right-hand side of tins equation 
is less than nRl{R* — a^) and so this term tends to zero as R -> cc. To 
evaluate J^, we obser\’e that, on the indentation at a. z = o -f et'®' wliere 
6 decreases from tt to 0. Hence 


f ^ aa 




n 


idd 


2a+€e 


$% 


0 

vie 




2a 


as € tends to zero.t Similarly, J, tends to — ^irie as tj tends to zero. 
Making R -* cc, t -* 0, ij -* 0, we find that 




,->d\ — . 


) = 


nsina 


— CO 


where, so far. the integral is a principal value with respect to the infinite 
limits and also with respect to the singularities at i®- since tho 
int«‘grand behaves like l/.r* for largo real values of t. the integral is an 
ordinary infinite integral as regards the limits. If, however, we write 
z = a-f^p we find that the integrand behaves like a constant multiple 
of 1 when ^ is small. Thus the integral exists only as a Cauchy principal 
value with respect to the pole a; a similar remark applies to —a. 

Finally, equating real and imaginary parts, wo obtain 


CO 




f COS X . 


7T . 

= -sma, 
a 


f sinx 

J o»-x* 


dx = 0. 


— 00 


— eo 


Example 2. The function/(z) has a simple pole of residue rat a point 
c on a simple closed contour F. If F be indented at c, show that the 
integral of /(z) round the indentation tends to — ra» as the radius of 
the indentation tends to zero, a being the internal angle bt'twi^n the 
two parts of F meeting at c. 

Example 3. By integrating e“/z round the rectangle with vertices 
± ± -h Ri indented at the origin, prove that 


CO 


J 


— ® 


sinx 


dx 


n. 


Example 4. Obtain the result of Ex. 3 by using an indented semi- 
circular contour. 

t Evidently haa, as limit, —ni limes the residue of tho integrand at a. 
Soo Ex. 2, below. 
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6.52. Jordan’s inequality 

Since cos 6 decreases steadily as 6 increases from 0 to Jtt, 
the mean ordinate of the graph of y = cos a: over the range 
0 ^ X ^ 0 also decreases steadily. But this mean ordinate is 


8 


1 

e 



coax dx = 


sin 9 

~r' 


We have therefore proved that, when 0^0^ Jtt, 



that is, that 



This is known as Jordan's inequality. 

The importance of Jordan’s inequality lies in the fact that 
it enables us to evaluate integrals of the type exemplified by 
§6.5, Ex. 3, without having to use a rectangular contour or 
integration by parts. 


Example 1. Evaluate 



xsinx 

a:*+o* 



where o > 0. 


We have already proved that 

R n 

j 

-B O 

Now the absolute value of the second integral on the left-hand side does 
not exceed 


xe' 








*B(Xm9-Bi1d» 




d9 = Trie- 


iw 




0 

hr 


2E» r 

if*— o* J 


by Jordan’s inequality. 


ij>_o*' ^ ^ if*-a*’ 


t Court (TAnalyae, 2 ( 1894 ), 286 . 
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which tends to zero as ^ co. We have thus proved that 

R 


hm r dx = TTie-^, 

J r^+o* 

~R 


from which the value of the given integral follows at once* 

CD 

sinz 


Example 2. Evaluate 


I 


— 00 


dx, by the aid of Jordan’s inequality. 


Example 3. Prove Jordan's lemma, that, if a denotes the semicircle 
2 1 = i? in the upper half-plane and if m > 0, then 


lim r e’"“/{ 2 ) d 2 = 0, 
R— ►» J 


provided that, oa R-* oo,f(Re^) 0 uniformly with respect to 6 when 
0 < 5 < TT. 

00 

6.6. Evaluation of integrals of the form j x°-^f{x) dx, 
where a is a real constant o 

Let f{x) be a rational function which has either no poles or 
else only simple poles on the positive part of the real axis. Then 

CD 

if x^f{x) -► 0 as a: 0 and also as i oo, | dx converges 

0 

at the upper and lower limits of integration and possesses a 
Cauchy principal value with respect to each singularity on the 
range of integration. 

There are three main methods of evaluating such integrals. 
First method. If we make the substitution < = e*, we find that 


A 


CD 


J = j e“/(e*) dx. 


— oo 


The latter integral may be evaluated by considering 

J e“/(e') dz, 

r 

where P consists of the segment of the real axisf from — i? to 

F, and the semicircle in the upper half-plane on this segment as 
diameter. 

But if a is a pole of f{z), the function f{e‘) has a pole at each 

t Indented if necessary* 
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point z ~ loga+ 27 i 7 rt, where n is any integer. The contour 
integral is thus expressed as a sura of an infinite series of resi- 
dues, which often diverges. f 

This difficulty is overcome by observing that, since is 
a rational function of e*, 




that is, the values of the integrand on the real axis differ from 
those on the line Imz = Itt only in the factor 
We consider, therefore, 



where V is the rectangle with vertices R. R-{-27Ti, —S-\-27Ti, —S, 
and then make the positive numbers R, S tend to infinity. 


Second method. The function — 2) has, in general, a 

branch-point at the origin. If z'**' is taken to be real and 
positive on the positive part of the real axis, the branch of 

so defined is regular, save for poles, in the whole 
2-plane cut along the negative part of the real axis. 

If, then, r consists of the real axis from —R to R indented 
at tlie origin (and elsewhere, if necessary) and the semicircle in 
the upper half-plane on this segment as diameter, we can 


evaluate 


J 2) dz 

r 


by Cauchy’s theorem of residues. But the contribution of the 
real axis to this contour integral is 



R 

J x°~^J{—x) dx 

€ 



since argz has increased to tt when 2 reaches the negative part 
of the real axis in going round F. The value of the given integral 
is then obtained by equating imaginary parts. 


t It may, however, be summable by one of the conventional methods of 
summation of divergent series. 
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Third method. If F denotes the contourf formed by the circles 

\z\ — R, \z\ — €, joined together along the upper and lower 

sides of the cut along the negative part of the real axis, we may 

evaluate ^ 

- jz-^f{-z)dz, 

r 


where 2“*^ has its principal value, by Cauchy’s theorem of 
residues, since the integrand is regular, save for poles, within 
and on F. The contributions 0/ the two sides of the cut are 

R It 

goiriyi-iyjj.j dr + J dr = — 2isinn7r J r"-^f(r) dr, 

€ € 
since argz is equal to ±_ 7 ri on the cut. The value of the required 
integral now follows at once. It should be observed that the 
contour in the third method may be derived from that of the 
first by the substitution = — C- 
These three methods are illustrated in the following examples. 



Example 1. Evaluate J* where 0 < a < 1. 

0 

First method. If we put t — e^, we have 





dx. 


We consider therefore 



where P is the rectangle with vertices at i?, It+2iri, —S + 2v{, —S 
where R and 5 aro positive. The integrand has but one singularity 
within r, a simple pole At z — ni; the residue is 


lim 

t— ►wi 

and so / = _ 

But we may write 

R 

1 =» (l-e«*h 






^ i i - = I 


_c«". 


/ 


-s 


e"' 


dx + 


in 


I.' 


2 n 


+ iav 




-idy 


-J 


g-aS + iay 

I 


i dy. 


0 


t Cf. Fig. 4 on p. 141. 
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Now 


gaR+iv . 2irc«« 


which tends to zero as i? ^ oo, since o < 1 ; moreover 


2n 

J g-aS + iv . 2 »re”«^ 


which tends to zero as 5 oo, since a > 0. Hence we have 




CD 

f 


— A 


so that 


CD CD 

f A‘'- = 

J l+r J **+1 


smorr 


— . CD 


It should be observed that, by the principle of analytical continue* 
tion, this equation also holds when 0 < Rio < 1 , since the expressions on 
each side of the equation are analytic functions of a, regular in this strip. 
Second method. We consider the value of the contour integral 




where has its principal value and F is the contour of Fig. 3, the 
radii of the indentations at 0 and I being « and rj respectively. Since 
the integrand is regular within and on F, I is zero. 

This contour integral can be written in the form 




dx -{-J -\- 


r 

J 


dx + 


i+ij 


I" 




dS + 


gawirO- 

1-t-r 


1-1 r 






dB, 


where J denotes the integral round the indentation at z = 1. Now 




-Rt^ 




which tends to zero as iJ -*• oo, since a < 1. Again, since o > 0, we have 


JO . we- 
< 1— e 
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as € 0. Also, by applying the result of § 6.51, Ex. 2, we find that the 

limit of J as 7^ 0 is Trt. 

Hence, if we make Ji co, e -> 0, tj -► 0, we obtain 


CD ^ 



Fig. 3 



Fio. 4 


the first integral being a Cauchy principal value with respect to the 
singularity x = 1. Equating real and imaginary parts in this formula, 
we find that « 


sinoTT 

as before, and also that 



l+x 
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It should be observed that the second method gives us the values of 
two definite integrals at once. 

Third method. If T is the contour of Fig, 4, we have 



V 


when z®"* has its principal value. Evaluating this contour integral, we 
obtain 


n 


R 


- f s 




dd + 


J "r-rr 


dr + 


r C ja-\g-ani 

‘tl- dd + — - a>, 

J i_ec«‘ ^ J 1+r 


rr 


R 


7T 




in which the second and fourth terms arise from integrating along the 
upper and lower sides of the cut. If we now make R —*■ cc and « —* 0, 
we evidently arrive at the same result as before. 


6.7. Complex transformations of definite integrals 

When a given definite integral has been evaluated, it is often 
possible to deduce formally the values of certain related integrals 
by means of a complex change of variable. Cauchy's theorem 
of residues provides a simple means of proving the validity of 
this formal process. We shall illustrate this by considering two 
transformations of the well-known integral 




J 


dx = •^TT. 


— CO 


In the first place, let us consider 

/ = J c"** dz, 

T 

r being the rectangle whose vertices are where 

6 is real. Since the integrand is regular within and on F, / is 
zero. Hence we have 

R ^ ? 

r e-^' dx + f dy = J dx + j dy. 


-R 

But since 


-R 


IM 


J e’<R±iuyidy < J e-^^y*dy < 
0 0 
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which tends to zero &s R oo, this eejuation giv’es 

T 

J g-**+*>’(cos26a:— isin26z) dz ~ j dx = 
-* -® 

Thus, equating real and imaginary parts, we obtain 
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QO 


J e~^co32bx dz — Vttc-*’, 


— ® 

CO 


j" €“^sin 2bz dx = 0. 


— ® 


Secondly, let us take the same integrand in the case when 
r is the sector of the circle | 2 | — if, bounded by radii arg 2 = 0 

and argz — a, where — ^ a Jtt. As before, 1 vanishes, 

and 60 


n a 

J e-*‘ dx j g-i?’CO820-liP8lQ29 ^0 


R 


Now 


— j g-r*coa2Qt-<H8lD2oi gtti 
0 

f lal 




7 f '4 \n 

if j = Jif J d<l> 


0 


TT 


< — , by Jordan’s inequality. 


Hence, making if oo, we deduce that 


CO 




I e-r*ooa2a-.fBin2. ^ g-a. J g-x» ^ U'O'Vtt, 


And so 


<o 


j e"^^*“cos(r2Bin 2cx) dr = J^Treosa, 




j e-^*®°“2asin{r2sin 2ci() dr = ^VTrsina, 


provided that — ^ a ^ Jtt. 
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6.8. Cauchy’s expansion of a function as a series of 
rational functions 

One of Cauchy’s most important applications of his theorem 
of residues is concerned with the expansion, under suitable con- 
ditions, of an analytic function as a series of partial fractions. 
Let us suppose that 

(i) the function f{z) is regular, save for poles, in any finite 

region of the z-plane; 

(ii) there exists an increasing sequence of positive numbers 

such that cx) as 71 00 , and such that the circle C^, 

whose equation is \z\ = R„, passes through no pole of f(z), 
for any value of n; 

(iii) the upper bound of \fiz)\ on is itself bounded asn^co; 

(iv) \f{Rn^^)\ ® ^ n->oo, uniformly with respect to 6 in 

0 ^ 6 ^ 2n, or, more generally, in every portion of this 
interval which does not include one of a finite number of 
exceptional values of 6. 

Then, if I is not a pole off{z), we have 

fiC) = lim5„(0. 

TI^Cp 

where 5„(0 is the sum of the residues of f{z)l{i—z) at the poles 

of /(z) within C„. . , * *- 

That this theorem does p.ovide the required representation 

of /(O in partial fractions is easily seen. For if a is a pole of 
f{z) with principal part 2 b^iz—a)-', the contribution of at to 

the sum 5„(C) is § “)'^- 

Let us now suppose that C is any point of a bounded closed 

region D which lies in \z\ ^ R and contains no poles of f{z). 
Then since i2„->oo with n, we can choose an integer iV such 
that R^^> R-> the point C Ues, therefore, within all the circles 

C for which n > iV'. Since the singularities of /(2)/(C-2) are 4 

and the poles of /(z), we have, by the theorem of residues. 

1 f M rfz = SM)-fa). 

27rt J 2 

Cm 

t Exercices de Math. {Paris, 1827) ; reprinted in (E uvres de Cauchy (II« s^no). 

7, 324-44. 
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provided that n N. It remains to show that the integral on 
the left-hand side of this equation tends to zero as n ->• oo. 

For simplicity, we shall suppose that there is only one excep- 
tional value of $, ot say; the method of proof is, however, 
applicable in the general case. By hypothesis (iii), there exists 
a positive number M, independent of n, such that \f{z)\ < M 
when 2 lies on moreover, by (iv), if 8 is any positive number, 
the upper bound of when a+5 ^ 27r-fa— 8 

tends to zero as n ->• oo. It follows that, when n ^ N, 





{2MS+2ne^). 


and so 



But as 8 is quite arbitrary, this implies that 


lim r M = 0. 

n-® J l-Z 

It should be observed that we have shown incidentally that 
converges uniformly to/({) when { lies in the region D. 
By this theorem the function /(O is expressed as a series of 
the form * 

1 {Sn.iiO-SM}, 

1 

which converges uniformly in any bounded closed region which 
contains no poles of/(z). But is the sum of the 

residues of fiz)l(i—z) at the poles of/( 2 ) between and C„+i. 
We have, therefore, expressed /($) as a series of partial fractions 
which converges uniformly, provided that the terms are suitably 
bracketed. 


AS314&1 


L 
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6.81. The expansion of cosecz as a series of partial frac> 

tions 

As an application of the theorem of the previous section, we 
consider the expansion of cosecz as a series of partial fractions. 
This function has simple poles at the points 0, ^rr, so 

that the circle C„. whose equation is \z\ = (n + i)7T, does not 
pass through a pole of cosecz for any value of the integer n. 
In order to apply the theorem, we must consider the behaviour 
of cosecz on this circle. 

Let us draw, with each pole as centre, a circle of radius e, 
where e is less than Itt. We shall show that cosecz is boundedf 
in the region T exterior to all these circles. 

In the first place, if z = x+iy, we have 


cosec zi 


9 

g-ix+w 



= cosech \y\ 


so that the inequality [cosecz! ^ cosecha holds in the part of 
T outside the strip [Imzl < a. On the other hand, [cosecz! is 
obviously hounded in the portion of T within the rectangle with 
vertices + and therefore, by periodicity, is bounded in 
the part of T for which |Imz| ^ a. Combining these two 
results, we find that an inequality [cosecz' < M holds every- 
where in T. the constant M Leing obviously dependent on «. 
As the points on the circle C„ are all at a distance not less 
than W — e from the circles defining T, this inecpiality also 
holds everywhere on C„, independently of the value of n. 

Again, wlien z = («-f we have 


jeosecz; ^ cosech ,(n-j~I)’»'sin0| ^ cosech[(n + llwsin S}. 

provifled that S tt — S or Tr-t-S ^ ^ Stt — S, where S is 

any small positive number. It follows that, as n -*« x. [coscczl 
tends to zero uniformly with respect to $ in the two given 
angles. 

All the conditions of the theorem of § 6.8 are thus satisfied. 


t The method of proof is taken from the footnote on p. 32 of Lindelof 8 
Corel tract* Lc Calcul drs Hesidus (Paris* 1905)* 

A similar result can be proved in the same manner for each of the functions 
sec 5. fail c, cot z. — 1) (0 a * ' 1 ), in the regions obtoinewj by excluding 

their poles by small circles* 
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Hence, if C is not a pole of cosec 2 , 

n 

cosec^ = lina J (residue of cosec 2 /{{— 2 ) at 2 = mn) 


-n 



(-ir 

^—m-TT 


^ 1 

By Weierstrass’s Af-test, this series converges uniformly and 
absolutely when ^ lies in any bounded part of T, and so may 
be integrated term by term. This gives 

logtan^^ = log^ +logK+ Z (— 

m • I 



or 


tanH = 




/{(2m -IM 


Since tan -*'1 as $ 0, the constant of integration A is 

unity. Hence, if we \vrite ^ = 22, we have 



which represents tan 2 as a quotient of two infinite products, 
each of which is an integral function. t 


6.82. An extension of the theorem of § 6.8 

Cauchy also showed how the theorem of § fi.fi may be used 
when the function f(z) satisfies conditions (i). (ii), and (iii) hut 
not condition (iv). In this case the function 


F(2) 



2 


is considered; it obviously satisfies conditions (i) and (ii). But 
on C„, 2 = R„e^‘, and so 


\F{z)\ = 




R 


II 


M 

R. 


hence, as n -►oc, F{R„e^') tends to zero uniformly witli respect 
to 0 in 0 < ^ ^ '1-n. The function /'( 2 ) satisfies, therefore, all 


I Cf* tho roAultH of Exx. 35, 36 at the omi of this chopter* 
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the conditions of § 6.8, and we conclude that 

— lim /sura of residues of . at poles within C^. 


n— ►« 




A particularly important case of this arises when /(«) is 
regular at the origin and has only simple poles. If we suppose 
that the poles Oj, Oj* O3. ”. of residues b^, 63,... respectively, 
are arranged in order of increasing distance from the origin, so 
that 0 < [flil < Iflgl < I03I < ...» we easily find that the residue 
at of f{t)l(zt—t^) is 

f>r .bJ ^ 1 M 

a,{z-a,) z\z-a^ af 

whilst the residue at the origin is /(0)/2. The partial fraction 
formula for }{z)jz now becomes 


f{z) ^ m . y K 

z z a,{z—a^) 


and so, finally ,t 

/w=/(o)+2^{^+i). 

f- 1 ' ' " 

More generally, if the condition (iii) of § 6.8 is replaced by the 
boundedness, as n 00, of the upper bound on C„ of \z-^f{z)\y 
where p is a positive integer, the function J{z)lz^*^ satisfies all 
the conditions of § G.8, and the representation of f{z) as an 
infinite series of partial fractions follows immediately. 


6.83. The representation of an integral function as an 

infinite product 

Let F{z) be an integral function which does not vanish at 
the origin but has simple zeros 21,22. 23,..., arranged in order of 
increasing modulus. As these zeros can have no limiting point 
of finite affix, |z„ | ^ 00 as n ^ 00. 

If we write F{z) = (z— z,)<l>(2), then <I)(2) is regular and non- 
zero in a certain neiglibourhood of z^. Hence we have 

F'{z) _ 1 O^z) 

F{z) z— 2,.'^0(z)’ 

t This series converges uniformly in any bounded closed region which con- 
tains none of the poles of/(2), provided that the terms are arranged in groups 
corresponding to poles of equal modulus. 
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and SO the only singularities of F'{z)jF(z) are simple poles of 
residue 1 at the points 2,. 

Let us now suppose that F'{z)IF{z) satisfies the conditions of 
§ 6.8. It follows that 


F'jz) ^ ^ I 

the series being uniformly convergent in any bounded closed 
region which contains none of the zeros of F{z), provided that 
the terms are suitably bracketed. If we now integrate term by 
term, we find that 


log F{z) = 


logi’(0)+ 


I, -(‘-a- 


Hence ^*(2) = J’(O) 

the infinite product being uniformly convergent in any bounded 
closed region which contains none of the zeros of .^(2). 

If, however, F'{z)IF{z) satisfies only conditions (i). (ii), (ui) of 
§ 6.8, it follows by § 6.82, that 


r{z)_r{ 0 ) . v/ 1 . 1 

^-( 2 ) F{0)^Z[z^zJz^ 

and so 


where .<4 is a constant of integration, whose value is easily seen 
to be logJ’(O). Finally, taking the exponentials of the expres- 
sions on each side of this equation, we deduce that 


F(z) = F(0)c*™«o) 



Example. Prove that sin tt* 



Let us consider the integral function 



' (2n+l)l 
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which is equal to (sin7r2)/(7r2) when 2^0 and to 1 when 2=0. It has 
simple zeros at 2 = ± 1, ±2. ±3,... . Moreover, its logarithmic derivative 

F'{z) * 1 

— — = n cot irz 

F(z) z 

satisfies all the conditions of § 6.8. Hence 


F'{z) 

F(z) 




Integrating, we obtain immediately 

1 

We cannot* however* writef 




since this infinite product diverges. 
Again, by § 6.82, we havej 




F 
F(z) 


j » 

each of these series being uniformly and absolutely convergent in any 
bounded closed region which contains none of the zeros of F{z). From 
this it follows at once that 


and 80 


s\n ttz 


-rTK-a"-)- 


A 


the latter product being absolutely convergent. 


REFERENCES 

E. Lindelof. Le Calcul des Eisidut (Borel tract-; Paris, 1905). 

G. N. Watson, Complex hUegration and CaMhy'a Theorem (Cambn ge, 
1914). 

t The accent indicates that the term corresponding to n = 0 is omitted. 
t F'(0)/F(0) = lim (iTCot»*-^} = 0. 
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MISCELLANEOUS EXAMPLES 

1. If the function /(z) is regular within and on the level curve 
l/(z)l = -W, show that is a double point of this curve if and only if 
it is a zero of /'(«). 

2. If C is a simple closed level curve of the function f{z) which is 
regular within and on C, show that/( 2 ) has at least one zero within C. 
Prove also that, if f{z) has m zeros within C, f'(z) has m— 1. (Mac- 
DONAUJ.t) 


3. Show that, if Jk > 1, the equation 

= 1 

has n roots in | 2 | < 1. 

4. The function /(z) is regular in |r[ < 1 where it has only one zero a, 
whose modulus is less than 1. Show that, if |6| < 1, the function 

has exactly one zero in \z\ < 1, provided that the constant c be suffi- 
ciently small. (Cambridge, 1932.) 


5. Express as a series of powers of w the solution of 


to = 


2(z-m) 

z*-l 


which reduces to fi when w = 0. Hence prove that 

0 


where 



1 

2»n! (in'* 


6. Show that the solution of the equation 

z = o-f u>e* 


which reduces to o when w = 0 is 


2 =: a+we“+^2e“+... + ^n"->e™»+..., 

^ « /IS 


the expansion being valid when 

|u>l < 

t Proe. London Math. Soc. (1), 29 (1898), 570. See also Watson, ibid. (2), 15 
(1916), 227-42. 
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7. Show that, if |o| < 1, 

2» 




de 


2Yr 


l+a* — 2 oco8^ 1—0*' 


and deduce the value of the integral when joj > 1. 
8. Show that, when Rio > 0, 


J taii{$+ai) dd = m. 


9. Show that, if m be real and — 1 < a < U 
2 # 

— rfcosCmsin ^)— 0 8in(fnsind+d)} “ Zircostna, 

l+a^—2asm6 

0 

2« 

^ ^{9in(T7i sin cos(m sin d$ = 2nsixiffui. 


2t 

I 


j 


1+0* — 2osin9 

0 ' (Edinburgh, 1931.) 

10. By using Cauchy’s formula for the derivative of sina or other- 
wise, prove that 

2w 

'J {cos & sin(oE + cos 9}cosh(8in 0) -f sin 0 coB(a+ cos ^ )9inh(9in 0)) d0 

^ ss 2 frco 80 (. 

(Edinbtirgh, 1930.) 


11. Prove that 


CD 


J 


^ CD 


cosxd:? 


(x*+o>)(x*-|-6*) 


ir /€-* e~^\ 

“o*-6*\6 a/ 


when the real parts of o and 6 are positive and o is not equal to b. Show 
also that 


CD 


J 


<^aD 


cosxdx 7r(l+o) 
(x»+o*)*” 2o>«* 


when the real part of o is positive. 

12. Show that the Cauchy principal value of 


CO 


! 




dx. 




(X—()(x—7j) 

where ij, and p are real, is Airi(e*^ — «*^)/(^'"’?)» value of A being 
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1, 0» or— 1 according as p is greater than, equal to, or less than 
zero. 

Deduce that 




J 


8 inm( 2 — f) sinn(x--r)) , sinmif—ri) 

-x-f) ■ (f-,) ' 


when n > m > 0, 
13. Prove that 


00 


J sinnx 


dx =3 


n. 


(Math. Trip.. 1919.) 


00 


14. Show that 


j c03px-COSy; ^^_^_^) 




when p and q are positive. 

16. Prove that the residue of the function e***/(z*— 2zcosa+l)*, 
(n > 0, 0 < a < ff), at the pole which lies in the upper half-plane is 
— where 

^ 4eiii*a 

Hence show that 


e“" “(n sin a+ 1 ) 


CD 


J 


z(x*-)-l)ainnxdx rrA8in(nco8a) 


(*• — 2x* cos 2a + 1 )• 


4cosa 


16. Prove that 


OD 

J «*<»*sin(8iax)^ = fjr(e— 1). 


(Edinburgh, 1930.) 


(Cauchy.) 


17. By integrating round the rectangle with vertices e±iR, ^S±iR, 
where e, R, and S are positive, prove that, when a > 0, 

C-^-coi 

«^cd4 

the path of integration being a straight line parallel to the imaginary 
axis. 

Show also that the integral is zero when a < 0. 

18. Show that, if Rla > 0, jlma] < tt, 

«+0Di 


J 


, 2 * 
: dZ = 


smirz 


1 +e-' 




the path of integration being the straight line Rlz = e, where 0 < c < 1 
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i9. By integrating e^**cosech7rz round the rectangle with vertices 
show that, if 0 < a < tt, 

cosh (XX 


J cos{ax*) 


cosh nx 


dx = I cos Jix, 


00 


J sin(Qa'*) 


coshotx 
cosh ttx 


dx = ^ sin Ja. 


(Math. Trip., 1932.) 


20. Show that, if — 1 < a < 1 and 0 < a < tt, 

go 

x*dx TTsinaa 


J 


i + 2x cos a + x^ sin an sin a 


21. Prove that, if 0 < a < 3,*6 > 0, c > 0, 

® J 

dz 


0 

® dr 

P Jx«-'sin(ijra-6x)^j^, = i^c--«cos(ifra-6c). 


(Cauchy.) 


22. Prove that, if 0 < a < j5 end 0 < o < 2, 

1-1^ 

<x 


r dt_ TT 

J y — aj < sinow 


a-i 


23. By making the transformation t = e**, show that 


J (log0‘Y^,= 


24. /(z) is a rational function with no j>oles on the real axis and is 
such that zf{z) tends to zero as z — > oo and also as z ^ 0. By integrating 
logz/( — z) round an appropriate contour, prove that 




J log^{/(^)+/(— +iri J/(x)clx 
0 0 

is equal to 2ni times the sum of the residues of logz/(— z) at its poles 
in the upper half-plane.f How is this result to be modified when there 
are simple poles on the real axis? 

t This result is of particular value when /(z) is an odd function, as it enables 




US to evaluate J f{x) dx, whereas the method of § 6.5 fails, 

0 
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25. Show that 







go 


s 


dx . 


26. Find the theorem corresponding to that of Ex, 24, obtained by 
integrating (logs)*/(— z) round the same contour. 

Hence evaluate the integral of Ex. 23. 


27. By integrating z/(l— ae~“) round the rectangle with vertices at 
±7r, ±7r-l-iJ?, prove that, if a > 1, . 



oxsinx 

I — 2aco9X+a* 


dx — 7rlog(l+o *)• 


What is the value of this integral when 0 < a < 1 ? 


(Cauchv.) 


28. Integrate logsin z round the rectangle with vertices at 0, tt, tt + iR, 
iR, indented at 0 and it, and so prove that 


W 

J logsinxdz = — 7rIog2. 

0 

29. By integrating e“/(e“***— 1) round a suitable contour, prove that 

<P 

dy = Jffcothfira — Jo. 

0 



30. Prove that, if — w < o < w, 

CO 


J 


sinhoz 

sinhirx 


dx = tan|<], 


^ CD 


31. The Gamma function is defined by 




when a > 0. Integrate z^“*€“* round a sector, indented at the origin, 
and so prove that, if a > 0 and — < a < fw. 


f *®“*e“*'*"“^*(x8ina)(ix = r{a) . (oa). 
J sm sin 


0 

Show that this formula still holds when a = ±^ifO<a< 
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32. Integrate the principal value of round the contour of Fig. 5, 
and 80 prove that, if 0 < a < 1 and c > 0, 

CO 

J e*''(c+*3/)®“^ dy'= 2e~*Bino7rr(o). 



Deduce that 
** 

j co8{tantf— (1— o)^8ec''^<W = e“*8ina?rr(a). 

0 (Cavoht.) 

33. By integrating the branch of z~*(c+o— which is real when 
0 < * < c+a, round the contour of Fig. 6, prove that, if c > 0, a > 0 
and p < 1 < p+9> then 

f (c+iyna-m ° 

— €D 0 

34. Provo that secz = 47r 2 ( — l)"(2n+l)/{(2n+X)V*— 4z*}- 

0 

36. Show that, if Ms not an integer or zero. 


sin7K*+*) = e”“***BinirA 
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30. Prove that tan* = 8* 2 l/{{2n+l)*7r*— 4z*}. 

0 

- « 

.... z 

C08Z 


Deduce that 


-n(‘-s4s-.)^ 


37. Show that, if 0 < a < 1 , 


<o 


38. Prove that 


n-l 


2* cos 2n7ro — inn sin 2n7ro 
**-}-4n*7r* 


I 


CD 


cosh 2 — cos * 




39. Prove that, if —n < a < tt. 


n— I 


( — 1 )“n cosech nrr 
(nn)*+iz* 


OD 


smca 

siDTrz 


cosca 
sin 777 


n- 1 

n ^ z*-n*' 

fl—1 


40. Prove that, if 6 is not an integer, 

CO 

smw* 8in7r68inir(*— 6) ^ 1 

2^ (*— 6— n 


TT 


){6 + n) 


!!• — ® 


41. A function /(*) is regular for all finite values of z and satisfies the 
inequality |/(*)co8ec7«| < Af on the circles (z| = n-f J, where n is an 
integer and M is independent of n. Show that 

1 

J^(z) is an integral function such that {/’(*)}*' can be expanded in a 
series of the above form for every positive integral value of fr. Show 

that, if |F(n)| < K when n = 0, i 1, ±2 K being independent of n, 

then F(z) is a constant. (Cambridge, 1933.) 

^2. /(z) is a periodic analytic function of period tt whose only singu- 
larities in the strip 0 < Rlz < tt are simple poles a^, 0 |,..., of residue 

C|,..„ c„ respectively. Show that, if /(x-f iy) —*■ I as y -*■ + oo and I' 
— CO, uniformly with respect to x, then 

r-j= 2i2cr 
1 

By applying this result to the function /( 2 )cot(z— Z q), where z^ is not 
a pole of/(z), prove that 

/(z) = + 2CrCOt{z-aJ. 

1 



CHAPTER VH 

INTEGRAL FUNCTIONS 


7.1. The factorization of integral functions 

The most important property of a polynomial is that it can be 

expressed uniquely as a product of linear factors of the form 




where ^ is a constant /> a positive integer or zero, and Zz...-, 
2 „ the points. >>i\u r tiian the origin, at which the polynomial 
vanishes. inuitipU i-.- bring repeated in the set according to 
their order < -uivn^.-lv , if the zeros are given, the polynomial 
is determineil apart irom an arbitrary constant multiplier. 

Now a polynomial is an integral function of a very simple 
type, its singiilantv at infinity being a pole. We naturally ask 
whether it is possible to exhibit in a similar manner the way in 
which any integral function depends on its zeros. It has been 
shown in § 6.83 that such a factorization is possible under 


certain circumstances. 

There are, however, two rather serious difficulties to be con- 
sidered The first is that if an integral function has an infinite 
number of zeros 2 „ 2^ 2.,-. say, it is not necessarily the case 

that the infinite product U converges, much less that 

the value of the product is independent of the order of its 
factors. For example, the function (sin 7r2)/(Tr2) has zeros ± . 
±2, ±3,...; but the infinite productf 



defined as the limit of 

n'('-i) 

as M and A' tend to infinity independently, diverges. This pro- 
duct can, however, be made to converge by grouping its factors 


t Here and in the sequel, the accent indicates that tho infinite term, given 
by n = 0, is to be omitted* 
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suitably, but, even so, the value of the product then depends 
on the mode of grouping. t 

It was shown by Weierstrass that the appropriate nietliod of 
expressing (sin 7r2)/(7r^) as a convergent infinite product whose 
value does not depend on the order of its factors is 

— ■n'K'-;)--!- 

— 9D ' 

Evidently it will not suffice, in the solution of our problem, to 
consider only simple factors of the form (1— z/z,,). 

A second difficulty is due to the fact that there exist integral 
functions w hich never vanish. ^ being a simple instance of this. 
It follows that a knowledge of the zeros of an integral function 
cannot determine the function save for an arbitrary constant 
multiplier; the multiplier is now an integral function with no 
zeros. 

Tht most general integral function with no zeros is of the form 
where g{z) is itself an integral function. For if /(:) is an 
integral function which never vanishes, the function 

nz) =f'{z)f{z) 

is also an integral function. Integrating the expre.«.sions on each 
side of this equation along any path from Zq to z, we find that 

log/(2) = log/(2o)+ J f'{z)'iz. 

But as the expression on the right-hand .side of this equation 
is an integral function, the re.sult stated is now established. 
Example 1. Provo that 


( 


^^11 + 't)(i +:)(| -i)(> +!)(> +i)(‘-y- = 


1 


Wo tiave 






=-n(‘+-:)n(>-;) 
1 1 


.i r 


t So© the examples at the end of this scc'tion. 
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/t _L * 

— 7TM 


n'i(»;H 


CD 

7rte«ioBi n'{( 1 + ^)e- 


— V> 


as n — *• 00. The required result now follows by Weierstrass s formula 
for sinTTZ. 

Example 2 . Prove that 

7.2. The construction of an integral function with given 


zeros 

If f{z) is an integral function with only a finite number of 
zeros, Zj, Zj,..., z„, say, the function 

f{^)!{^ — ^i)i^ 22)... (2 z„) 
is an integral function with no zeros; hence 

f{z) = (z-zi)(z-z2)...(z-z„)c^*^ 

where g{z) is an integral function. 

If, however, an integral function has an infinite number of 
zeros, the set of zeros cannot have a limiting point in any finite 
region of the plane, since such a limiting point would be a 
singularity of the function. The only limiting point of the set 

is, therefore, the point at infinity. 

We now prove Weierstrass’s theorem,t that if Zi, Z2»-"> 
be any sequence of numbers whose only limiting point is the point 
at infinity, it is possible to construct an integral function which 
vanishes at each of the points z„ and nowhere else. The construc- 
tion involves the use of Weierstrass’s primary factors 

E{z, 0 ) = l~z; E{z,p) = iP > ^)- 

Each primary factor is an integral function which has but one 
zero, a simple zero at z = 1 . 


Now when \z\ < 1 , we have 


I 

E{z,p) = expjlog(l — z)+2+2 + 



{ z^’+i 


2P+2 

P + 2 


t Abh. der Prewa. Akad. Wias. zu Berlin (Math. Klasse) (1876), 11 60: 
reprintod io Weierstraaa's Werke, 2, 77-124. 



INTEGRAL FUNCTIONS 


161 


and so 


log E{z,p) 


2P+1 2P+2 

p + 1 p ~\-2 


From this it follows that, when \z\ < 


\\og E{z,p)\ < 


p-\-\ 


We may suppose that the origin is not a zero of the integral 
function to be constructed; for if we require a function which 
vanishes at the origin, we need only multiply the function t?(2) 
determined below by an appropriate power of 2. I^t the given 
zeros 2i, Zg,... be arranged in order of non-decreasing modulus, 
multiple zeros being supposed to he repeated in the set according 
to their order. Then, since r„ = lz„l increases indefinitely with 
n, we can always find a sequence of positive integers p^, P2,- -, 
Pn,... such that the series 



converges for all positive values of r. In fact, it suffices to lake 
p,^ = n, since for any given value of r the inequality r/r„ < ^ 
holds for all sufficiently large values of n. 

We next assign arbitrarily a positive number R and then 
choose the integer N such that ^ 2 R < ry+i- Hence, when 
n > N and \z\ < R, we have 


and so 




^.v+i 




It follows, by Weierstrass’s il/*test, that the series 


converges absolutely and uniformly when \z\ ^ R. Tliis implies 

that the infinite product 





M 
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converges uniformly and absolutely in the circle | 2 | ^ i?, no 
matter how large R may be, and so represents an integral 
function G{z). 

With the same value of R, we choose another integer M such 
that < i? < rjz+i. Then all the functions of the sequence 



(rn = 3/-f- 1 » 3/ -f- 2,...), 


vanish at the points 2,v a.nd nowhere else in \z\ ^ R. 

Hence, by Hurwitz’s theorem (§ 6.21, Ex. 2). the only zeros of 
G{z) in \z\ < R are Zj, Zg,.... Zi,. But since R is arbitrary, this 
means that the only zeros of G{z) are the points of the sequence 
Zj, Zj,... . This completes the proof of the theorem. 

Since there are many possible sequences the function G{z) 
is not uniquely determined. But when such a sequence has 
been fixed, the most general integral function with the given 
zeros is G(z)e^<*\ where H{z) is an integral function. 


7.3, The principle of the maximum modulus 

X,e/ /(z) be an analytic function, continuous within and on a 
closed contour C and regular unthin C. Let 31 be ike upper bound 
of \f{z)\ <yn C. Then the inequality \f{z)\ < M holds everywhere 
within C. Moreover, |/(z)| = M at a point within C if and only 
if f{z) is a constant. The following proof of this result, which 
is known as the principle of the maximum modulus, is due to 
Landau. 

If n is any positive integer and a any point within C, we have 



by Cauchy’s integral formula, 
this equation gives 

i/(<^)r 


f 

c 

If a is at a distance 8 from 

^ M'^l 

^ 27r5 



where I is the length of C. Hence 

/ Z 

The expression on the left-hand side of this inequality is 
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independent of n, so that, making n tend to infinity, we 

|/(a)| < M, 

the first result of the theorem. 

Again n/’(a){/(a)}"-‘ = J 


and so 


«!/'(«)! 


Now if there exists a point o within C such that |/(a)[ = M, 
this inequality gives 


l/'(a)| < 


Ml . 


making n ->• oo we obtain /'(a) = 0 . Similarly we can sliow that if 
|/(a)| = M, all the derivatives of f{z) vanish at z = a. By 
Taylor’s theorem it follows that f{z) is constant in a neiglibour- 
hood of a and hence, by analytical continuation, is constant 
everywhere within and on C. This completes the proof of the 
theorem. 

It should be observed that the principle of the maximum 
modulus holds also when/(z) is continuous in the closed annulus 
and regular in the open annulus bounded by two non-inter- 
secting closed contours and For if a is any point of the 
open annulus, we have 

c, c, 

and the proof follows the same lines as before, M being now 
the upper bound of t/(2)l on Cj and C^- 


7.31. The maximum modulus of an integral function 

If/(2) is an integral function, its modulus is continuous on 
the circle Izj = r and so actually attains its upper bound Mir) 
on that circle. M{r) is a steadily increasing unbounded function. 
For, by the principle of the maximum modulus, we have 

l/(r,e®0l < Mir,) 

where < r,, and hence 

< Mir,), 
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save in the trivial case when/( 2 ) is a constant. Moreover, M{t) 
cannot be bounded; for if it were, S{z) would be a constant, by 
Liouville’s theorem. Thus M{r) increases indefinitely with r. 

We can, however, prove very much more than this; in fact, 
T) = log 3f (ef ) is a continuous function of f, whose graph is convex 
downwards. To prove this, we consider the behaviour of 2“/(z) 
in the annulus < \z\ < where a is a real constant to be 

fixed later. 

The function 2“/(z) is not, in general, one-valued. But if we 
cut the annulus along the negative part of the real axis, we 
obtain a domain in which the principal branch of this function 
is regular. The maximum modulus of this branch in the cut 
annulus is attained on the boundary of the domain. 

Now since a is real, all the branches of z<^f{z) have the same 
modulus. If we consider a branch of this function which is 
regular in the part of the annulus for which Jtt ^ arg 2 < ^tt, 
we see at once that the principal value cannot attain its maxi- 
mum modulus on the cut, and so must attain it on one of the 
boundary circles of the annulus. We have thus shown that, 

when rj < lz| ^ ^ 2 » 

|z«/( 2 )! < max{r?3f(r,), r%M{rf)}. 

Using an obvious notation, we deduce at once that 

r“J/(r) < max {rJJlf,, rfifj 


when ^ r < r^. 

We now choose a so that rf ^ thus 

log(J^2/-^i) 

“ ” log(r2/ri) 


We then have r“J/(r) < and so 

< l-j -^1 

or, finally, . 

The result contained in this inequaUty is known as Hadamard's 
three-circles theorem.'\ 


t Bulletin de la Soe. math, de France. 24 (1896). 186. The result obviously 
holds not only for integral functions, but also for any function which is regular 

in an annulus* 
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Since < Jf (r), we maj' write this inequality in the form 

3f(r)Uog<rJr.) 

~m: ) w 

from which it follows that M{r) as r-> rj+O. Similarly 
we may show that M(r)-*-M 2 as r-^r^ 0. Since, however, 
and rj are arbitrary, this implies that M{r) is a continuous 

function of r. 

Finally, if we write 7j(^) = logJ^/{c^), we find that, when 

so that the graph of t; = logJl/(ef) is convex downwards. We 
express this property by saying that log J/(r) is a convex func- 

tionf of log r. 

Example. M{,r) is the maximum modulus of the integral function/(z) 
and A is a constant between 0 and 1. Show that M(Xr)IM(r) 
decreases steadily as r increases, and that 

limAf(Ar)/Af(r) = 0, 

save when f{z) is a polynomial. What is the limit of the quotient in 
this case ? 

7.4. The order of an integral function 

An integral function is said to be of finite order if there exists 
a real number it, independent of r, such that its maximum 
modulus M{r) on the circle 1*1 = r satisfies the inequality 

log M (r) < r*-' 

for all sufficiently large values of r. If there exists no such 
number k, the function is said to be of infinite order. 

If f(z) is of finite order, the constant k occurring in the 

inequaUty log 3f(r)<r* 

must be positive. For if it were zero or negative, M{r) would 
be bounded and so /(z) would be a constant, by Liouville s 
theorem. Moreover, if the inequaUty holds for one value of k, 
it evidently holds for all greater values of k. 

t For an account of the properties of convex functions, see J. L. W. V. 
Jensen, Aeta Math. 30 (1908), 175, or Hardy, Littlewood, and P6lya, in- 
tqualitiM (Cambridge, 1934), 70-8, 91-0. 
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By means of a Dedekind section of the real numbers, we 
can determine a number p with the property that, for a given 
integral function f{z) of finite order, the inequality 

log 3/(r) < r* 

holds for ail sufficiently large values of r when k > p but not 
when k < p. This number p is called the order of f{z). The 
definition implies that, when k < p, the inequality 

log3/(r) > 

holds for a sequence of values of r which increase indefinitely. 

In other words, loglog3/(r) 

p =2 lim - -T- — • 

^ logr 


When f{z) is of infinite order, we have 


lim 

r^co 


loglog3/(r) ^ 
logr 


Many of the elementary functions of analysis are integral 
functions of finite order. For example, a polynomial is of or^r 
zero; e=, sinz, and cosz are of order 1; cosVz is of order i. On 
the other hand, is of infinite order. 

Example, /(z) is an integral function of finite order p. itf'(r) is the 
maximum modulus of/'(z) on \z\ = r. Prove that, if i? > r. 

Mir)-\m ^ mE) 

r Jt—r 

Deduce that /'(z) is also of order p. 


7.41. Integral functions of finite order with no zeros 

We shall now show that is an integral function of fimte 
order with no zeros if and only if H{z) is a polynomial. We have 
already seen that is an integral function with no zeros it 
and only if H{z) is an integral function; moreover, if H(z) is 
a polynomial of degree k, is obviously of finite order k^ 

To complete the proof of the theorem, it only remains to show 
that if the real part of an integral function H{z) satisfies the 

inequality R1 //(-) < 

for every positive value of e and for an indefinitely increasing 
sequence of values of r, H{z) is a polynomial of degree not 
exceeding p. This analogue of Liouville’s theorem is due to 

Hadamard.f 


t Jt»Amal de Math. (4) 9 (1893), 186-7. 
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By Taylor’s theorem, we have 

H{z) = aQ-\-a^z-\-a 2 Z^-\-... 
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where 






C being the circle | 2 | = r. Now, when n > 0, 


j » - i‘ 


m 


dz 


2^n^\ 


y m«0 


2 tr 


00 y 

= 2 1 “■ 
m»0 y 


m 




= 0 , 


the term-by-term integration being valid since the series 
2 converges uniformly. By addition, it follows that 


c 


Hence we have 


Zit 


a„|r"<ij |Rl//(re»')|<i9. 


On the other hand 


2fr 




In 


and so 


R1 a,, = i J RI H(re*') d8. 


Hence we see that 


2n 


2Rla„+lo„|r"<l| {1R1//|+Rl^f} <i0. 

0 

But the integrand is equal to 2Rl/f or 0 according as Rl// > 
or ^ 0. Since Rl// < r^+*, we have, therefore, 

2R10o+|a„|r'‘ < 4rP+* 

for every positive value of < and for an indefinitely increasing 
sequence of values of r. 

If we now write this inequality in the form 


a„| < 4rP+*-"— 2Rlaor"" 
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and then make r oo, we see that = 0 when n > p, and so 
H{z) is a polynomial of degree not exceeding p. This completes 
the proof of the theorem. 

Example. Prove that, if /(z) is an integral function of finite order, 
it attains any assigned value, with at most one exception, infinitely 
often. Show also that, if the order is a fraction, there is no exceptional 

value.t 


7.42. Jensen's inequality 

Let f{z) be an integral function which does not vanish at the 
origin. Let its zeros, arranged in order of increasing modulus, be 
22, 23,..., multiple zeros being repeated. Then if 

|2,vl < ^ I^A'+ll, 

we have ^ M{R)\Z'^Z2---z^\. 


For the function 


F{z)^f{z) 





is also an integral function, and tF(2)| = \fiz)\ when \z\ — R> 
Hence when i2| < i?, we have, by the principle of the maximum 

modulus, < M{R) 

where M{R) is the maximum modulus of f{z) on \z\ = R. 
Putting 2 = 0 , we find that 


^ M(R), 
2 .v' 


2i22 


as stated above. This result^ is known as Jensen’s inequality .§ 
Let us now denote by n(r) the number of zeros of /(z) in 
\z\ < r; evidently n(r) is a non-dccreasing function of r which 
is constant in any interval which does not contain the modulus 
of a zero of f{z). Then 

- i / 1 - / - 


log 


RN 


R 


nix) 


2, 22 


\Zn\ 


■f The result contained in this example is a particular case of Picard a 
theorem, to which reference was made in § 4.56. 

1 The inequality evidently also holds if/(z) is not an integral function, 
is regular when \z\ < H. See also p. 90, Ex. 15. for a more general result. 

§ Acta Math. 22 {1899K 359-64. 
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Accordingly Jensen’s inequality can be written in the form 

R 

j dx < logitf(if)-log |/( 0 )|. 

0 

From this we deduce that if f{z) is an integral function of 
finite order p, then n{r) = 0 (r^+‘) for every positive value of e and 
all sufficiently large values of r. 

For if we put R = 2 r, we have 


2r 

I dx < logiU( 2 r)-log |/(0)1 < ArP-^^ 

0 

for every positive value of € and all sufficiently large values of r, 
A being a finite constant independent of r. But since n[x) is 
a non-decreasing function, we have 




dx < ArP-^*, 


and so w(r) = 0 {r^+‘). 


7.43. The exponent of convergence of the zeros of/( 2 ) 

Let f{z) be an integral function with zeros Zj, arranged 
in order of increasing modulus. We associate with this sequence 
of zeros a number defined by the equation 



log n 
logr,/ 


where r,, = \z„\. This number p^ is called the exponent of con- 
vergence of the zeros of/(2), since it lias the follow ing important 
property. If p^ is finite, the series 2 converges when t > pi 
and diverges when r < p^, but if pi is infinite, the series diverges 
for every real value of t. 

For if 18 finite and t > pi, the inequality 


logn 




holds for all sufficiently large values of n, and so 
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where p = (t — > 0. Hence 2 converges when 

T > pi. 

On the other hand, if pj is finite and t < pi, or if pi is infinite 
and T has any real value, there exists a sequence of integers for 
which < n. Let N be such a value of n and let m be the 
least integer greater than \N. Then since r„ increases with n, 
we have 


V r-- > - > - > - 

^ Ts 


N-m 


N 


1 

2 


But as there are values of N as large as we please, this implies 
that 2 ^ diverges. 

If Pi is finite, the series 2 ^ cither convergent or 

divergent. For example, if = n, we have pi — 1 and 2 
diverges; but if r„ = n(logn)‘^, we again have pi = 1, but 
in this case the series converges. 

Finally, if f[z) is an integral function of finite order p, pi is 
finite and does not exceed p. For, by § 7.42, 



Qm ” = Urn 
„_*«logr„ logr 



f^oo log r 


p-\-€, 


for every positive value of e, and so pj ^ p. 

oo 

Example. Show that the series 2 and the integral J n(z)x~^~^dz 

0 

converge or diverge together. 


7.5. Canonical products 

If f(z) is an integral function of finite order p with an infinite 
number of zeros Zj, Zj,..., there exists a least integer p such that 
the series 2 ^ convergent. If pi is not an integer, p is the 

greatest integer less than pj; if pi is an integer, p may be either 
pi or pi— 1- But, in any case, pi— 1 ^ p ^ Pi ^ p- 

n = l ' " ' 

converges uniformly and absolutely in any bounded closed 
region of the plane which contains none of the points z„, and 
represents an integral function which vanishes if and only if 2 
is a zero of /(z). We call it the canonical product formed with 
the zeros of/(z); the integer p is called its genus. 
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7.51. BorePs theorems on canonical products 

Borelf has proved two fundamental theorems on canonical 
products wliich we shall deduce from the following lemma. J 
If G{z) is a canonical product of genus p with zeros Zj. 
and if N is a positive integer such that |2_vl 2 [ 2 | < | 2 .v+i!, then 




-/<l0glG(2)|</ 


where I is equal to 




2 

Z 




ip = 0), 


or 


N _ « 

• n n 


P+1 


(i> > 0), 


A being independent of z. 
The canonical product is 


1 \ n / ;v + l ' " ' 

say. We shall denote \z\, |2„1, | 2 /z„| by r, respectively 

In Ilg, we Imivc i so 


[loglHgiK iiog rigi ^ 

hi f 


00 


< 2 y 'ui^\ 
aTi 


by the inequality of § 7.2. 

To obtain inequalities satisfied by ITj we have to consider 
separately the cases p > 0 and p = 0. Now when p > 0 and 
\z\ ^ I, we have 

1^(3. 7>)1 < (l + l2|)exp||2| + i|2|2+...+ i|2|pj, 

and so 

l0g|^(2,p)|<log(I + l2|) + l2i-|-,M=P + -+-|2r 

V 


t Acta Math. 20 (1897), 3S7-90. 

t Tho proof of thin lomma ia a modification of that of Valiron, Integral 
Functions (Toulouso, 1023), 53-8. 
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where A is independent of z\ similarly 


1 


log \E{z.p)\ > l0g[l-2l-|zt-^|2i2-...--IztJ> 

^l0g|l-2l-^|2|P. 

Since ^ J in flj, we deduce from these inequalities that 

iV 




1 — 


It 


*ogl n,i 


wlien p > 0. If we combine this with the other inequality 

— 2 J < loginj <22 

aTi A'+l 

the result stated in the lemma for p > 0 follows at once. 
When p = 0, we have 

IogjG{ 2 )| = loglOil+logina 

A' 


1 


1-^ 




CO 


< 2 J^g(l + «a)H-2 -Un = I, 


A'+l 


and also 


A' 


log \G{z)\ ^ 


1-1 

2« 


QO 


-2 2 


N 


= 2‘°g 


1 

A 




2 ‘<4 


i-i- 

2n 


1-1 

2n 


A + l 


A 


+ 2 log(H-w„)— f 


- 7 . 


This completes the proof of the lemma. 

We shall now prove the first of Borel’s theorems, that the 
order of a canonical prOdiLCt is equal to the ea:ponent of convergence 

of its zeros. u f 

Let/z be a number such thatp < < p + l and also such a 

2 is convergent. Then, when p > 0, we have 


A 


CD 


/ = ^2<«r''+2 1 

1 iV + 1 

< 2P-PA 2 <- 


A.+ l 
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since | when n ^ .Y. and | when n > N. This gives 

/ < 2M-PrW^ I r-f^] = 0(rP). 

' 1 A- + 1 > 

A similar proof can be given when p = 0 and leads to the same 
result. 

Let the exponent of convergence of the zeros of G{z) be p^. 
It follows from the lemma that, when p. '> p^, the inequalitv 

holds for all sufficiently large values of r, and .so the order p o{(l{z) 
cannot exceed p. Since /z is any number greater tlianpj, this im- 
plies that p < pj. We have, however, already proved that pj - p 
forany integral function. Hence, for a canonical product, p, : p. 

From this theorem, in conjunction with the lemma, we deduce 
that, given a ciinonical product 0{z) of order p and an arbitrary 
positive number «, there exists an injhiite number of circles of 
arbitrarily large radius on each of u'hich holds the inequality 


\G{z)\ >e-'^\ 

This theorem sets a lower bound to the minimum value, m(r) 
say, of |G( 2 )| on \z\ = r. 

Since m{r) vanishes whenever r is the modulus of a zero of 
0{z), we cannot expect that Tn(r) will behave quite as simjdy as 
M{r). To overcome this difficulty, w'c describe a circle 
~ about each zero for which = \z,^\ > 1, 
h being any real number greater than p. Since ^ is con- 
vergent, these circles do not cover the whole plane, and so there 
exists an infinite number of circles Jzj = r of arbitrarily large 
radius which do not intersect any of the small circles having 
zeros of G{z) as centre. It will, therefore, suffice to prove tliat 
the inequality in question holds for all sufficiently large values 
l^l, provided that z lies outside all these small circles. 

The proof of the theorem depends on the inequality 

logl6'(z)l >log]^ 

1 

established in the lemma. As we have shown, 

I < r^+J< 

for all sufficiently large values of r. 


z 
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It will be recalled that the integer N was defined by the 
inequality rj^ < 2r < rv+i- Now when r„ ^ 1, we have 
1 1— c/ 2,,1 > 1 provided that r > 2, and so 


logR 


r- - I 


1-1 

z 


» 


> 0. 


But when 1 < r„ 2r and z lies outside all the small circles, 
we have 


1-1 


n 


— Z 


tt 


\ 


1 


n 


i + ft ^ {2r)^'*^** 


n 


Hence 


log n 




1-1 


ft 


> — iY(l+/i)log2r. 


Wc have, however, shown in § 7.42 that, for all sufficiently large 
values of r, ^ ^^-p+ie. 

Combining these results, we find that . 

N 


logR 


1-1 


n 


> _^(l+A)log(2r)r^^*^ 


It follows that, when z lies outside all the small circles and 
r is sufficiently large, 

log \G{z)\ > -rP+l‘{ 14 -U+A)log( 2 r)} > 

This result is due to Borel. 


7.6. Hadamard’s factorization theorem 

If f{z) is an integral function of finite order p which has zeros 
2 j, 22 ,... and does not vanish at the origin, it can be factorized in 

the form ^ G(z)e^^=\ 

where G{z) is the canonical product formed with the zeros of f{z) 
and H{z) is a polynomial of degree not exceeding p. 

It has already been proved that such a factorization is pos- 
sible, H{z) being an integral function. It remains to show that 
H{z) is a polynomial. 

Let pi be the exponent of convergence of the zeros of/(z). 
Then the canonical product G{z) is of order p^, and pi does not 
exceed p. If e denotes an arbitrary positive number, there exists. 
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as we have just seen, an infinite number of circles |;I ^ r of 
arbitranly large radius on which the inequality 

IS satisfied. But since /(z) is of order p, tlie inequality 

holds for all sufficiently large values of r. 

From these two inequalities it follows that 



- M 

a{z) 


on a sequence of circles \z\ = r of indefinitely increasing radii. 
Hence 

R1//(2) < 2r^+« 

for every positive value of e and for an indefinitely increasing 

sequence of values of r. By § 7.41, H{z) is a polynomial whose 

egree does not exceed p. This completes the proof of 
Hadaniard's factorization theorem. 

If G{z) is of genus p and H(z) of degree q, the greater of the 

integers;) and g is called the genus of /( 2 ). Since/) pandg < p. 

e genus of an integral function does not exceed its order. It 

n e shown that, when p is not an integer j the genus is the 

greatest integer less than p. But when p is an integer, the genus 

s Qit er p or p— 1, the actual determination in any particular 
case being sometimes difficult. 


^ fi Taylor coeflficients of an integral function of 
finite order 

The necessary and sufficient condition for 

/(2) = |a„2« 

to be an integral function of finite order is that 

n log n 
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The condition is necessary. For suppose that/( 2 ) is of finite 
order p. Then, when k > p, the inequality 

M{r) < 

is satisfied by the maximum modulus of f{z) for all sufficiently 
large values of r. Hence we have, by Cauchy’s inequality, 

\aj < e^r-". 

The expression on the right-hand side of this inequality has 
a maximum value attained when r’‘ = n/k, and so 

, , {ek\ 

From this it follows that 


,i,n ^ 1 > 0 

nlogn k 


so that the condition is necessary. 
It remains to show’ that, if 



lim 


logO/j^J) 

71 log /I 


is positive, f{z) is an integral function of finite order. We con- 
sider separately the two cases, (i) p. finite, (ii) /x infinite. 

Let us suppose that p. is finite. The definition of p. implies 
that, if € is an arbitrary positive number less than p-, there exists 
an integer N such that the inequality 

Iog(l/|aJ) > {fi-€)n\ogn 

holds w'henever n > N. This inequality may be written 


laj < 

But since p.-^ is positive, this impUes that tends to zero 

as n ->■ 00 and hence that f{z) is an integral function. 

Now, when r > 1 , we have 

1/(2) I < 1 i Mr" < Ar^'+ ^ 

0 .V + 1 ;v + l ' 

where ^ is a constant. Let us choose an integer M such that 


< 2r < (iV+l)'^-*. 

If r is sufficiently large, M will be greater than N. When 
N+l < n < iV, we have 

r« < < exp{(2r)'^</^-'*Iogr} 
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177 


and 80 


i(^)" 


M 


^ exp{(2r)*V"‘’logr) V 

iS’ + l 
X 

< exp{{2r)*'t#*~«’logr} J 


1 . 


= -Bexp{(2r)*'<>*-‘’logr} 
where B is independent of r. Also 

Combining these inequalities, we find that 

|/( 2)1 < Ar^'-f £exp{(2r)'/f^-*’logr)-f 1, 
from wliich it follows that 

iV(r) < exp{2(2r)*'*#"-*'logr} 

for all sufficiently large values of r. Let us now’ denote the order 
of/( 2 ) by p. Then we have 

p = iiiii ^og^Qg-^^(^) ^ ±2og(2r)‘^<>^-^+loglogr^ 

f-.® log r log r 

and so p ^ l/(/i— 0- 

Again, it also follows from the definition of p. that there exists 
an infinite number of positive integers n such that 

log(l/KI) < (p + t)nlogn, 
or |a„] > 

Using Cauchy’s inequality we find that, for each such value of n, 

If we take r = 27t>*+‘, we now have 

Jlf(r) > 2« = exp{(Ir)>/‘^^+“log2} 

for certain arbitrarily large values of r. This, however, implies 
thatp> l/(^+c). 

We have thus shown that the order p of f{z) satisfies the 
inequality ^ 

p-\-€ p — € 

for all positive values of c less than p. Making t tend to zero, 
we find that/( 2 ) is of finite order l/p. 
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To deal with the case when ^ is infinite, we observe that the 

log(l/|aJ)>^„log« 

holds for any given positive value of K and all sufficiently large 
values of n. A repetition of the first part of the previous argu- 
ment shows that f{z) is an integral function of order not exceed- 
ing \jK. Since K can be as large as we please, the order of f{z) 
must be zero. This completes the proof of the theorem. 

It should be observed that we have proved incidentally that 

liS . 

Iog(l/la„|) 

is the order of the integral function /(z). 
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MISCELLANEOUS EXAMPLES 

1. Prove that, if |a| > 1, the integral function 

is of order zero. 

2. Show that, if a > 1, the integral function 


CD 




is of order 1/a. 

3. Prove that.t if 


— logn 


the function 2®"*" integral function of order not exceeding 1/x. 

0 

Show also that the order is l/#f if 

lim > 0. 

logn 

t Use Stirling's approximation to the Gamma function, that when z is large 
and positivo, r<I + r) = e-V^{2rTx){\-^o{\)}. 
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4. Determine the orders of the following integral functions; 
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(i) cosVz; 

(W!)- 


(a > 0); 


0 

O) 


(Hi) 2 


(iv) 


0 


r(l + cxn) 




'j;(Vs) = 2 
0 


((i > 0); 

r(v + n+ !)■ 


5. f{z) is an integral function of fimte order p. Show that, corre- 
sponding to any positive number e. there exists an mfin.te number of 
cLles l 2 | = r of arbitrarily large radius on which the lower bound jn(r) 

of l/(z)l satisfies the inequality 

m(r) > e“^^* 

6 Prove that, if the onier of an integral function is not an 
or zero, it is equal to the exponent of convergence of its zeros. Deduce 
that such a function has an infinite number of zeros. 

7. By means of Hadamard’s factorization theorem prove that, if h is 

not an integer or zero, 

sinTr(z-l-A) = ((‘ + 

— <D 


and also that sinTTZ = ttz FT |(l + 



CHAPTER VIU 

CONFOR^UL REPRESENTATION 

8.1. Isogonal mapping 

Let us suppose that the functions u{x,y) and v{x,y) are con- 
tinuous and possess continuous partial derivatives of the first 
order at each point of a domain 5 in a plane in which x and y are 
rectangular Cartesian coordinates. The equations u = u{x,y), 
V = v{x, y) set up a correspondence between the points of S and 
the points of a set X in the («,r)-plane. The set X is evidently 
a domain and is called a map of S. Moreover, since the partial 
derivatives of the first order of u and v are continuous, a curve 
in S which has a continuously turning tangent is mapped on 
a curve with the same property in X. The correspondence 
between the two domains is not, however, necessarily a one-to- 
one correspondence. 

A simple example of this is given by taking u — , v = 

The domain x^+y^ < 1 is mapped on the triangle bounded by 
ti = 0, V = 0, u-\-v = 1, but there are four points of the circle 

corresponding to each point of the triangle. 

A method of mapping 5 on X is said to be isogonal if it 
is a one-to-one transformation which turns any two intersecting 
curves of S into two curves of X which cut at the same angle. In 
order that the correspondence may consen’^e angle in the sense 
just defined, it is both necessary and sufficient that the involution 
of orthogonal directions at each point of S be transformed into 
the involution of orthogonal directions at the corresponding 
point of X. This is equivalent to saying that the isotropic 
directions at each point of S transform into the isotropic direc- 
tions at the corresponding point of X, and conversely. 

Now the differential equation of the isotropic directions in 

the (x,T/)-plane is ^^Y-\-{(iyf = 0. 

Hence — h-[{dxY -^{(lyY) 

where h depends only on x and y and is not zero. 

To determine the properties of the functions u and v for which 
this equation holds, we make the substitution 

du = u^dx -\-Uydy, dv = Vj^dx -\-Vydy, 
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where suffixes denote partial differentiation, and then equate 
coefficients. It follows that the functions u and v satisfy the 
partial differential equations 

If w’e satisfy the first two equations by putting 
i/^ = Aco8a, Vx = hsma, u^, = hcos^, v^ = ksin^, 

we find that the third equation is also satisfied if a— ^ 

Hence, if the correspondence u = 'u{z,y), v — v{x,y) is one- 
to-one, it is also isogonal if and only if, at each point of S, the 
four first-order partial derivatives satisfy one of the following 
sets of equations: 

(a) Uy = (b) = v,, 

and do not vanish simultaneously 

The equations (a) are, however, the well-known Cauchy- 
Riemann differential equations. In virtue of the initial restric- 
tions on u and v, the conditions (a) and (b) are, therefore, 
equivalent to 

(a') u-\-iv — f{x-\'iy), (b') u— iv = /(x-fty), 

where /(x+ty) is an analytic function, regular in S. Moreover, 
since \f'{x-^iy)\^ = ul + v*, the derivative /'(x + »y) vanishes 
nowhere in S. In other words, the only isogonal transformations 
of a domain S of the 2 -plane into a domain 2 of the w-plane 
are of the form w = f{z) or wi = f(z), where f{z) is an analytic 
function whose derivative is finite and non-zero at each point 
of S. Actually it suffices to consider only isogonal transforma- 
tions of the former type, since the transformation w =f{z) is 
equivalent to u; = f(z) followed by a reflection in the real axis 
of the i/^-plane. 

Now if/( 2 ) is an analytic function, regular in a neighbourhood 
of the point Zq at which f'(z) does not vanish, we know, by the 
inverse-function theorem (§6.22), that the equation "w =■ f{z) 
sets up a one-to-one correspondence between a certain neighbour- 
hood of Zq in which f'{z) does not vanish and the region within 
a certain closed contour within which the point Wq = /(Zq) lies. 
Thus the neighbourhood of 2 q is mapped isogonally on the region 
within the closed contour. 

It must not, how'ever, be supposed that, if/'( 2 ) is finite and 
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non-zero at each point of a domain S, then w — f{z) necessarily 
maps S isogonally on a domain S of the t/;-plane. For, although 
a neighbourhood of each point of S is mapped isogonally, it is 
not necessarily the case that the mapping of the whole of S 
is a one-to-one correspondence. For example, the function 2* has 
a derivative 2 z which is finite and non-zero when 1 < |2| < 2 , 
-Jtt < arg2 ^ Itt; yet w = 22 maps thU domain on an over- 
lapping region 1 ^ |u’l ^ 4 , -In < argu; < In, and so the 
transformation is not one-to-one. 

Example. Show that w = zf{l-z)^ maps |z| < 1 isogonally on the 
whole w-plane, supposed cut along the real axis from -co to - J. 


8.11. Conformal mapping 

Let us suppose that w = f{z). where /(z) is an analytic func- 
tion, maps a domain S of the 2-plane isogonaUy on a certain 
domain S of the w-plane. If C is a regular arc 2 = x{t)-\-ty{t) 
in S, the equation of its map is 

w = f(x{t)-{-iy{t)), 

so that C is mapped on a regular arc F , say. 

Let us now denote by ^ and ^ respectively the angles which 
the tangents to C and V at the points of the same parameter t 
make with the real axis. Then we have 


(f, = tan-‘^ = arg{i( 0 'f»i/( 0 } 

oc 


and 




= argf/'(2){i(0 + » 2 /( 0 }] 


= ^+arg/'(2). 

Thus is equal to arg/'(2) and so depends only on the affix 
of the point 2 and not on the particular curve through that 
point. This, however, implies that the transformation conserves 
not only the magnitude of the angle of intersection of two curves 

but also the sense of the angle. . 1 i. 

But since the transformation w — f{z) is equivalen 
== fiz) follow ed by a reflection in the real axis of the u- p ane, 
this transformation conserves the magnitude of the ang e o 
intersection of two curves but reverses its sense. 

A conformal /ran^/orma/ion is defined to be an isogonal trans 
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formation which conserves the sense of an angle as well as its 
magnitude. It follows that the only conformal transformations 
of a domain of the 2-plane into a domain of the it'-plane arc of 
the form w = ‘f{z), where f{z) is an analytic function. 

Returning now to the regular arc C and its map T , let us 
denote by 5 and a the lengths of C and V respectively up to 
the point of parameter t. Then we have 


and ^ = 


da 

Tt 


j/lx{i)+iy[t)} 




hence we see that 



We have thus shown that the conformal transformation 
H) = J^z) maps a small neighbourhood of a point Zq on a neigh- 
bourhood of the corresponding point u-q, which, correct to the 
first order, is obtained by a magnification in the ratio l/'( 2 o)l ■ * 
and a rotation through the angle arg/'(Zo)- 


Example I. Tlie domain 5 of the z-plane is mapped conformally on 
the domain I of the u;-pUine by u; =/(r). Show that the curves in £ 
corresponding to x = constant and y =-• constant form two orthogonal 
families. Verify that this is the case when (i) w = eoshs. (ii) w = z*. 
Explain the apparent contradiction in (ii) when x = 0 and y = 0. 

Example 2. Prove that, in the notation of Ex. 1, the area of is 


fj dxJy. 


s 


Example 3. The function w ^/(z) maps \z\ < It conformally on a 
domain of area A. Prove that A > 


Example 4. Pro%r that the «juudrant |z| < 1, 0 < argz < {tt is 
mappe<l confornmlly on a domain S in tho w-plano by w — 4/(z+l)*. 
Find and determine the length of its boundary. 

Tho derivative of the function 4/(2-}- 1)* is finite and non-zero at each 
point of tho (juadmiit. Accordingly w = 4/(z-l- 1)* maps the quadrant 
conformally on*a domain E provided that w does not take any value 
twice in tho <iumlrunt. Now if 

4,'(^-^-l)* = 4/(2,-|-l)^ 

then cither 2 - z, or z - — r, — 2. But if z, is a point of the quadrant. 
— 2 certainly is not. Hence w = 4/(z fl)* maps tlie tpmdnint eoii- 

formally on a domain E in the la-plono. 
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The boundary of S is evidently a closed contour F. But since w is 
infinite only when 2 = — 1, the quadrant is mapped on the domain 
within r, 

WTven z moves along the real axis from 0 to 1, u» moves along the 
real axis from 4 to 1, and so the length of this part of F is 3. 

When 2 moves from 1 to i along an arc of \z\ — 1. we have z — 
where t increases from 0 to Jtt. Then w moves from 1 to — 2i along the 
arc whose parametric equation is u> = sec*te~*^. From this we deduce 
that |u)| = 2— Rlie, so that the path is an arc of the parabola with 
focus at the origin and directrix R\w = 2. The length of this part 

of F is nli w/4 

2sec^/d(= \'2 + log(l + V2). 

0 0 



Finally when 2 moves along the imaginary axis from i to 0, u> goes 
from — 2i to 4. If we wT-ite 2 = — itant, where t increases from — Jtt 
to 0, we find that the parametric equation of this portion of F is 
XV = 4cos*ie*^. This curve is, however, the inverse of the parabola 
w = Bec*te~*^ with respect to the circle juj) = 2, and so is a cardioid 
with cusp at the origin. The length of this portion of F is 

0 0 




8 cos / dt — 4V2. 


-nii -»/« 


Combining these rt^sults. we see that the length of F is 


3-f 5V2 + log(H- V2). 


8.12. Simple functions 

If lij = f{z) maps a domain S conformally on a certain domain 
X of the it'-plane, we say that f{z) is simple^ in S. The charac- 
teristic property of such a function is that it takes no value 
more than once in S. The general theory of simple functions 
is too difficult to be included in the present book.| It is, how- 
ever, quite easy to show that if f{z) w regular within and on 
a closed contour C and takes no value more than once on C, then 
f{z) is simple u'ithin and on C. 

The relation w = f{z) evidently sets up a continuous one-to- 
one correspondence between the points of C and the points of a 

t Tho French atid German words are unix^ente and tchlidit reap©ctiveJ> • 

X For on account of work on ihi» aubjoct* see, for example, L. Bieberbac » 
Lehrbuch der Funktionenific^^rie, 2 (1927), 82-94; P. Dienes, The Taylor Series 
(1931), Chap. VIII; E. Landau, DarHicllung und Deyrundung einiger neuertr 
Brgtbniase der FunktionerUheorie (1929), 107-14. 
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closed contour P. If Wq is any point of tl)e w-plane whicli does 
not lie on P, the number of zeros off{z)—u'Q within C is 


c r 

the direction of integration round P being that which corre- 
sponds to the positive sense of description of C. 

If lies outside P, then m = 0, and so no point within C is 
mapped on a point outside P. But when lies within C, 
we have w = ±1- Since m cannot be negative,! the equa- 
tion f{z) = has precisely one root within C when Wq lies 
withhi P. 

To complete the proof of the theorem it only remains to show 
that/(z) cannot take a value iC| on P at any point Zj within C. 
If this were the case, a neighbourhood of Zj w’ould be mapped 
conformally on a neighbourhood of w^\ this is impossible since 
the neighbourhood of contains points outside P. 

8.2. Riemann*s theorem on conformal mapping 

The fundamental problem in the theory of conformal mapping 
is concerned with the possibility of transforming conformally 
a given domain S of the z-plane into any given domain £ of 
the tiJ'plane. Actually it suffices to consider whether it is pos- 
sible to map conformally any given domain on the interior of 
a circle. For if { = j(z) maps 6’ on 15| < 1 and w = g{^) maps 
2 on 1^1 < 1, then the equation w = g{J(z)] provides a con- 
formal transformation of S into 2. 

It is not, however, possible to map a completely arbitrary 
domain on the interior of a circle ; there must be some restriction 
on the nature of the boundary. For example, we cannot map 
a domain whose boundary consists of a single point conformally 
on 1{| < 1; for if the domain had a single boundary point, 
which we may take to be the point at infinity,! ^1^® mapping 
function { = /{z) would be an integral function which satisfied 
everywhere the inequality \J{z)\ < 1 and so, by Liouville’s 
theorem, would be a constant. Thus, in order that a domain 

t Thii implies that the sense oi description of P is the positive one. 

X If * = a is the boundary point, it can be transformed into the point at 
infinity by = l/(* — o). 


2m J /{z)~u'q 2m J u'—Wq 
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may be mapped conformally on a circle, it must possess more 
than one boundary point. 

The simplest case occurs when the boundary is a simple closed 
Jordan curve. It can be shown that if S is the domain bounded 
by a simple closed Jordan curve C, there exists a unique analytic 
function f{z), regular in S, suck that w = f{z) maps S conformally 
on ju*[ < 1 and also transforms a point z — a loithin C into the 
origin and a given direction at z = a into the positive direction 
of the real axis. This* theorem was first stated by Riemann in 
his inaugural dissertationf at Gottingen in 1851 , but his proof, 
which depended on the Calculus of Variations, was shown by 
Weierstrass to be incomplete. 

Whilst it is difficult to give a rigorous proof of this theorem, 
its truth will become obvious to the reader who is content to 
rely on physical intuition. Let us suppose that such a function 
does exist and consider what properties it must have. 

In the first place, /(2)/(2— a) is regular and non-zero in S and 
so is of the form where ^(2) is regular within C. Thus 

fiz) = (2-a)e^(‘'>. 


Moreover, since 1/(2) | = 1 on C, the function <f>{z) satisfies there 

the condition • , ,, t>} 1/ \ ^ 

log[2— a|-fRl^(2) = 0 . 

Now the real part of an analytic function satisfies Laplace’s 
equation 


where z = x-\-iy. If, therefore, it could be shown that there 
exists a uni(^ue real solution of Laplace’s equation, V say, which 
vanishes on C and is finite within C save at the point 2 = o, in 
whose neighbourhood it behaves like log \z—a\, the real part of 
^(2) would be given by the equation 


V = log I2— aH-Rl^(2). 

The Cauchy-Riemann differential equations would then enable 
us to find the imaginary part of ^(z), save for an additive 
constant. 

A physical argument renders intuitive the existence of such 


•f See Riemann *0 Qts. Wetke (1876)» 3—43. 
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a solution of Laplace’s equation. For consider an earthed 
cylindrical conductor of infinite length whose cross-section is 
the curve C. Then V is uniquely determined as being the 
electrostatic potential within this cylinder due to a line-charge 
of density — which is parallel to the axis of the cylinder and 
passes through the point of affix a. Unfortunately, however, it 
is just as difficult to give a rigorous proof of the existence aiul 
uniqueness of the electrostatic potentialf as it is to j>rove Rie- 
mann’s theorem on conformal representation. 

If the reader is prepared to accept this argument from physi- 
cal intuition, it is easy to complete the ‘proof’ of Riemanii’s 
theorem. It only remains to choose the arbitrary additive con- 
stant occurring in the imaginary part of ^( 2 ) so as to make the 
given direction at 2 = a correspond to the real axis in the 
tiJ-plane. We shall not attempt to give here an adequate proof 
of Kiemann’s theorem, which can be found in various easily 
accessible works. J 

8.3. Homographic transformations 

We shall now consider whether it is possible to map con- 
formally the complete 2 -plane, apart from a finite number of 
exceptional points, on the complete te-plane. If it is possible, 
it will be effected by a relation w = f(z), where/( 2 ) is an analytic 
function which has only a finite number of singularities. 

The function f{z) cannot possess an isolated essential singu- 
larity; for, by Weierstrass’s theorem (§ 4.55), a function ap- 
proaches as near as we please to any assigned value in every 
neigh bourliood of an essential singularity, and this is clearly 
inadmissible here. The only singularities of/( 2 ) arc, therefore, 
poles, of which the point at infinity may be one, and so f{z) is 
a rational function (§ 4.56). 

But, by § 6.21, Ex. 1, a rational function takes any assigned 
value p times, where p is the number of its poles. Hence the 
function /( 2 ) has but one singularity, a simple pole, since a con- 
formal transformation is one-to-one. If the singular point is at 

t Soe O. D. Kellogg, Foundations of Potential Theory (Berlin, 1929). 

X Soo, for example, C\ Carathiodory, Con/ortnal Hepresentatxon (Cambridge, 
1932), Chap. V; L. R. Ford, ^t^^omorpAtc Functions (New York, 1929), 
Chap. VIII; G. Julia, Le{'ons sur la reprisentation conforms (Paria, 1931), 
Chap. Ill, 
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a finite distance, the transformation is of the form 

w = {az-\-b)/icz-\-d), 

where a, b, c, and d are constants such that ad— be ^ 0; but 
if the singularity is at infinity, then 

w — Az-\-B, 

where A 0) and B are constants. In either case the trans- 
formation is homographic. t 


8.31 . Homographic transformations which leave the unit 
circle invariant 


Homographic transformations which map the circle \z\ = \ 
on \w\ = 1 are of particular importance in the theory of func- 
tions. The transformation w = {az-\-b)l(czA-d) will be of this 

<az+b 


C2-f d 


= 1 


whenever 1 2l = 1; using conjugate complex numbers, we require 

(a2+6)(d2-|-6) = {cz-\-d){cz+d). 

The constants a, b, c, and d must, therefore, satisfy the equations 

ad-\-bb = cc-\-d(I, ab — cd. 


as well as the inequality ad be. 

Now, if a is not zero, the second equation gives b = cdja and 
hence 6 = cd/d. Substituting these values in the first equation, 


we find that 


{ad—cc){ad—dd) = 0, 


and so ja] = |c[ or |a| = \d\. 

When |al = |cl, we can write c = where y is real. Sub- 
stituting this in the equation ah = cd,vfe deduce that d = 
Hence, when \a\ = |c[, the transformation degenerates into 
w = e-^*, which is not a homographic transformation. 

To deal with the case \a\ = [rfl, we write d — where 

h is real. We easily find that c = so that the transforma- 


t For an account of the elementary properties of homographic tronsforma* 
tions, see G. H. Honly, Pure Maihema4ic£ (Cambridge^ 1946), 97-9. Some of 
tbene propertiae aro given in examples 6, 7, 8, 9 at the end of Chapter I of the 
preeent book. 
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tion is of the form 
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(A) 


where |a| t6|. A similar investigation shows that this formula 

also holds when a = 0, the transformation then taking the 
particularly simple form w = e«‘/2. where a is real. 

When w and z are connected by the homographic transforma- 
tion {A), it can be shown without difficulty that 

il—ww)\a-\-bz['^ ~ {\~zz){ad~bb). 

Hence when |z| < 1, we have [«.’[ <; 1 or [u»[ > 1 according as 
[a] > 16j or |al < |6[. Thus the homographic transformation 
{A) maps \z\ < 1 conformally on [tej < 1 only if |a| > |6i. 
In § 8.33 we show that no other conformal transformation has 
this property. 


8.32. Schwarz’s lemma 


The proof of the result stated at the end of the previous 
section depends on the following lemma due to Schwarz. f If 
f{z) is regular in | 2 | < i?, where it satisfies the inequality 
1/(2)! ^ M, and i//(0) = 0, then the inequality |/( 2 )| ^ M\z\IR 
holds whenever \z\ < R. Moreover, equality can occur only when 
f{z) = Mze'^'jR, where a. is a real constant. 


It follows from the data of the lemma that/( 2 ) is expansible 
as a power series a.^^z-i-a^z'^-i-..., whose radius of convergence is 
not less than if. The function ^(z) = J{z)lz is, therefore, regular 
when jzj < if. 

Let a be any number whose modulus is less than if. If we 

choose r so that |a| < r <; R, then, by the principle of the 

maximum modulus, the function ^( 2 ) attains its maximum 

modulus in jzl < r at some point on the circle Iz| = r. Hence 
we have 


|^(a)| max 

|3l=r 


/( 2 ) 


= imax 1 /( 2 ) I 


and so |^(a)t < jtf/r. 

This last inequality holds no matter how near r is to if, and 
^(a) is independent of r. Making r if, we deduce that 
|^(a)| ^ MjR, the first result of the lemma. 


t H. A. Schwara (1869), Ge«. Math. Abhandlungtn, 2, 109-10. 
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If there exists a number a of modulus less than R, such that 
\<f){a)\ = M/R, we know that ^{ 2 ) is a constant of modulus 
MjR. Hence we have f{z) = Mze'^yR, where a is a real con- 
stant. This completes the proof of the lemma. 

Example. Prove that, if /{z) satisfies the conditions of Schwarz s 
lemma, |/'(0)| < M/R. Show also that equality occurs only when 
f{z) = Mze‘’\IR, where a is a real constant. 


8.33. Riemann’s theorem for a circle 

Let us suppose that ir ~ f{z) maps | 2 [ ^ 1 conformally on 
|ii'[ ^ 1 and turns the interior point z = c into the origin. Wc 
shall now show that such a transformation is necessarily liomo- 
graphic. 

We know that ^ = (z-c)l{l—cz) maps \z\ < 1 conformally 
on jw'l ^ 1 and transforms z = c into the origin. Eliminating 
z, we obtain a transformation w = which maps |^| < 1 on 
|w.*| ^ 1 and conserves the origin. Tliis function <I>{Q satisfies 
all the conditions of Schwarz’s lemma, and so 

[u-l < iCi 

when Id < 1- 

But we can also write this transformation in the form 
I = <I)(te), where 0{» ) again satisfies the conditions of Schwarz s 

lemma. Hence we have 

la < iH 

M-hen |u’l < 1. Combining these two inequalities, we find tliat 

Id ^ kl < 1^1 

when Id < 1> and so \w\ = Id- The second part of Schwarz’s 
lemma now gives it* = where at is a real constant. Thus 
the transformation w = f{z) is of the form 

2 — c 

w — c“' , . , 

1— cz 

and so is homographic. 

If, in addition, we require that the direction aig (2 — c) = p a 
c is to be transformed into the iiositive direction of the real axis, 

we must take a = — /8. 

We can now show that tlierc is a unique function 10 =/(2) 
which maps (z— a| < R conformally on \w\ < I and also trans- 
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forms an interior point e = c into the origin a..d a given direc- 
tion at c mto the positive direction of the real axis. For the 
transformation a' = {a-a)/if maps |a-a| < on Iz'l < 1 
transforms 2 _ c into an interior point 2' = c', and leaves thJ 
prescribed direction unaltered. We have only to apply a 
homograpluc transformation to get the result stated. This com- 
pletes the proof of Riemann’s tlieorem for a circle. 

^ conformally 

^ i?(2-C) 


U* == - 


- • 


■R* — (2-i-aj(c — o) 

where a is real and z = c is the point which is transformed into the origin. 

8.34. The conformal representation of a half-plane on 
a circle 

t 

We shall now consider the problem of mapping the half-plane 
lm2 >0 conformally on \w\ < 1 and simultaneously trans- 
lommg a given point c of that half-plane into the origin u- = 0 . 

circle r.!“i ciently large, we can make c lie within the 

eirel ’ ~ ^ ‘"''''•ty. ‘he interior of this 

circle increases until it Hlls up the whole half-plane. 

«Now the transformation 


w 


Be«i{z-c) 


— c into 


ma^s i2-fi?| < R conformally on |w| < 1 and turns 2 
0 . If we write this transformation in the form 

ta = 

{l~ic/Ii)z~c 

and then make Il^co,we find that 

w = 

2— c 

where |A| = ,, maps the half-plane Im 2 > 0 conformally on 

tihn T, P T ^ ' ‘"‘o - = 0 , a., can be readily verified. 

It should be ob^rved that, by suitably choosing A, we can 

poslir/ T"'’;'! ^ to the 

priate cht^ " at ta = 0 . Making the appro- 

P hanges m the argument of § 8 . 33 , we easily show that 
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Riemann’s theorem on conformal representation is also true for 

a half-plane. 

Finally, by making a preliminary translation and rotation, 
any half-plane can be mapped conformally on the interior of 
a circle. 

Example 1. Show that Im 2 > 0 is mapped conformally on Imw > 0 
by ti) = (a 2 -|-i))/{cz + d), provided that o, 6, c, and d are real and 
ad — be > 0. What happens if ad— be < 0? 

Example 2. Show that w = {I - z)/{\ + z) maps \z\ < 1 conformally 
on RIw; > 0. Determine the cur\-es in the u?-plane which correspond to 
|z| = r and to argz = a. 


8.4. Schwarz’s principle of symmetry 

Let r be a closed contour consisting of a segment AB of the 
real axis and a curve in the upper half-plane joining the ends 
of that segment. Let /(z) be an analytic function which is 
regular within V and continuous within and on V , and which 
also takes real values on AB. We shall now show that we can 
continue /(z) analytically across ABhy means of the equation 

This result is known as Schwarz’s principle of 

symmetry.! 

If we reflect V in the real axis, we obtain a closed contour 
Fj consisting of the segment AB and a curve in the lower half- 
plane. We define the function 4>{z) by tl^ equation ^(z) =/(«) 
when z is within or on T, and by ^(z) = /(z) when z is within or 

onTj. By hypothesis. <^{z) is re^ar within r. It is also re^lar 

within Fi; for when z and z+h lie within F^ z and z+A he 


within F and so 

h h-*o n 

= =rW)- 

If we denote by C the closed contour formed by the curv^ 
parts of r and r„ ^( 2 ) is evidently continuous within and on C. 

Hence, by § 5.5, the function 

1 r m 


™ i j ,« 


f Joximal fur McUh. 70 (I 869 )i 106 — 7 * 
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is regular witliin C. But, when z lies within V, we have 


F(z) = — f ^ 

27n J < 


— z 


L cm 

m l t~ 


dt: 


r r. 

the value of the first integral is and the second integral 
vanishes. Hence we see that F{z) = ^(z) when z lies within V, 
and, similarly, also when z lies within Pj. Finally, by continuity, 
it follows that this ecjuation holds also when z is an interior 
point of the segment AB, but not necessarily when z is an end- 
point of that segment. 

We have thus shown that the function ^(z) is regular within 
C. Since it is equal to /(z) within P, it provides the required 
analytical continuation of/(z) across AB. This completes the 
proof of the principle of symmetry. 


Example 1. F is a clo~/ed contour consisting of an arc AB o( the 
circle |z| = 1 and a curve within that circle joining A to B. The func- 
tion /(z) is regular within F and continuous within and on F. By 
mapping the arc AB on a segment of the real axis, prove that, if f{z) is 
real on AB, it can be continued analytically across AB by means of the 
relation /(z) =j{lj£). 

Example 2. The function /(z) satisfies the conditions of Ex. 1, save 
that it now takes values of modulus 1 on the arc AB. Show that the 

analytical continuation of /(z) across AB is given by /(z) = l//(]/z). 

Example 3. Show that, if 0 < at < 1, the emgular region 


—an < argz < an 

is mapped conformally on the right>hand half-plane by w = 


8.5. The conformal representation of a polygon on a half- 
plane 

Let us suppose that the relation w = f(z) enables us to map 
the domain within a closed polygon P in the z-plane conformally 
on the region Im w > 0. We propose to investigate the pro- 
perties of this function f{z). Actually it turns out to be more 
convenient to consider, not /(z), but the inverse function 
2 == F(w). 

Now the function F{w) is regular and F'{w) does not vanish 
when Im u; > 0. From this it follows that 


d_ 

dw 


log F’{w) 


F^jw) 

F'(w) 




o 
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is regular in the upper half-plane. We next show that this is 
also true at any point on the line \mw — 0 which does not 
correspond to a vertex of P. 

H/et iy be a side of P making an angle B with the real axis. 
Then if b is any point of L which is not a vertex of P, (z— 6)e“®‘ 
is real on L. Hence if ^ is the point corresponding to z = 6, 
the function {P(ic)— is real and continuous on the segment 
A of the real axis corresponding to L, and is regular when 
Imii; > 0. By Schwarz’s principle of symmetry, this function 
can be continued analytically across A; it is, therefore, regular 
in a neighbourhood of /9 and can be expressed as a Taylor series 
of the form CD 

r-1 

where the coefficients a, are real. Now if the first non-zero 
coefficient in this expansion were this would imply that the 
two segments into which L is divided by the point b intersect 
at an angle Trjp- Hence Oj is not zero, and so dlog/ {w)ldto is 
regular in a neighbourhood of ^ and is real when w is real. 

When the point corresponding to z = 6 is the point at in- 
finity,! we have similarly 

{F{u')-b]e-^^ = i 

f 

where the coefficients Cj. are real and Cj ^ 0. This gives 

F'{w) 

Hence. in this case d\ogF'{w)jdw is regular in a neighbourhood 
of the point at infinity and is real w'hen w is real. 

Next, let us suppose that L and L' are consecutive ° 
P intersecting in the vertex z' where P has an angle cltt. e 
function Fiu') cannot be regular in a neighbourhood of the point 
tv' corresponding to z = z', since an angle at z' is mapped 
on an angle tt at u-'. But since arg{(z'-z)e-^*) is equal to zero 
and an on L and L' respectively, the function [{z'—F{w)}e *J 
is real and continuous on the segment of the real axis corre 
spending to the consecutive sides L and V . Moreover, t is 

t In this case A consists of two segments of the real axis, each of infi 
lengl^h. 
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function is regular when Imw > 0 , since F{w)~z' is regular 

and. does not vanish there. Applj-ing the same argument as 
before, we see that 

IS regular in a neighbourhood of w' and can be expressed as 
a Taylor series of the form 

where the coefficients 6 ^ are real and 61 is not zero. But this 
gives 

r-0 

where is not zero. Hence we have 

F’[w) = (u?— uj')“-»(l)(u)), 

where <&(«;) is regular and does not vanish in a neighbourhood 


of w', and so 


;^l0gi’»= . 2 IIL . ?>) 
dw ^ ^ ' w~w'^0{w)' 


Hence if w' corresponds to a point at which V has an angle arr, 

the function dlog^’'(w;)/duj has there a simple pole of residue 

a— 1. 

In a similar manner the reader will readily show that, if the 
point at infinity corresponds to a vertex of V of angle oltt, then 

aw w 

2 

Now suppose that the points a, 6 , c,..., I (all' of finite affix) lie 

on the real axis of the UJ*plane and correspond to the vertices 
of r, and let . 

<x7r, fSTT, yrr,.... An 

be the corresponding angles of V. Then the function 

dlogF'{w)/dw 

must satisfy the following conditions: 

(i) It is regular when Imw ^ 0 save for simple poles of 

residue a— 1, I, y— 1 ,.„, A — 1 at the points a, b, 

c,..., I respectively. 

(ii) It is real when w is real. 
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(iii) It possesses an expansion of the form 


div 


valid in a neighbourhood of the point at infinity. 

Since the function is regular when Imw > 0 and real when 
Im t/; = 0, we can continue it analytically across the real axis 
by Schwarz’s principle of symmetry, and we find that the only 
singularities of the function in the complete tiJ-plane are the 
prescribed poles on the real axis. Hence, by § 4.56, the function 
is a rational function and so is of the form 

A 

dw 

where (I)(uj) is a polynomial. 

Now when \w\ is large, we have 

logf» = <I>(u-)+2^ 


logf'(t<.) = +^- + ^— *+<!>(»’) 

^ ' w—a w—b w—l 


dw 


r-l 


where c[ — (a— l)+(y— ^)- 

But since <xn, /Stt, yir,..., Att are the internal angles of a closed 

polygon, (l_a)^+(l-^)7r4--. + (l-A)7T = 27r 

and so = — 2. Hence in order to satisfy condition (iii), 0(^1 
must be identically zero. 

We have thus shown that the mapping function F{iv) satisfies 
the differential equation 


log 


dw 


w — a^w — b 


w—l 


Integrating this equation, we deduce that 

F{w) = ^ f iw—a}<*-'(w—bf'^...{w—l)^-^ dw -{-B, 

where A and B are constants of integration. The integrand is 
not one-valued in the complete w-plane, but has branch-pom 
a, b, c,..., I on the real axis. But if we take a definite branch ol 
the integrand and suppose that the path of integration never 
psisses below a branch-point, F{w) is regular when Im«J ^ * 
save at the points corresponding to the vertices of T. ' 

It remains to show that the constants A, B, a, b,..., I can 
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suitably determined. Now, with any set of real numbers a. b, 
c,..., I in the correct order, the relation z = J’(u’) maps the line 
Imw = 0 on a closed polygon P', not necessarily simple, whose 
angles are the same as those of P. But, in order to construct 
a polygon similar to a given polygon of n sides, it does not 
suffice to make corresponding angles equal; there are n- 3 other 
conditions to be satisfied. We can, therefore, choose three of 
the numbers a, 6, c,..., I arbitrarily and then choose the rest to 
make P similar to P. This done, the scale, orientation, and 
lotion of P' are determined by |^|.arg^, and B respec- 
tively. We can therefore choose A and B to make P' coincide 
with P. 

Let us denote by C the closed contour in the w-plane which 
consists of the segment of the real axis from —RtoR, indented 
at the points a, 6, c,..., I, and the semicircle in the upper half- 
plane on this segment as diameter. The function 

z^aJ (w-a)‘‘-^(w~b)fi-K..(w~l)^-^ dw -f-B 

is regular within and on C. Moreover, when w goes round C, 
2 describes the polygon P, indented at the vertices and also at 
the point corresponding to w = oo. It follows, by § 8.12, that 
the region within C is mapped conformally on the region 
within P. If we now make R tend to infinity and the radius 
of each indentation of C tend to zero, we find that the regi&n 
Im u? > 0 is mapped conformally on the interior of the closed 
polygon P of angles ott, Att, by the relation 

z = A J (w~a)‘^-\w~b)^-y..(w-l)^~i dw + B, 

provided that the constants are suitably determined. This result 
was ^overed independently by Schwarzt and Christoffel.J 
It is often convenient to suppose that a is the point at infinity. 
In this case, condition (iii) has to be modified; we now require 
that the expansion 


jd 

dw 


log F'{w) = 



t Jtmmal/ur Math. 70 (1869), 106-20. 
t Annati di Math. (2) 1 (1867), 96-103; 4 (1871), 1-9. 
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should hold near the point at infinity. Making this change, the 
reader will readily prove that 

= A ( dw ~{-B. 


8.51. Examples of the use of the Schwarz-Christoffel 
formula 

The region within a triangle ABC, of angles cutt, yrt where 
= I, is mapped conformally on the upper half of the t4J-plane 
by taking 

z == D 

The constants a, b, c can be chosen arbitrarily, and D and E are then 
fixed by the scale, orientation, and position of the triangle. In particular, 
if we take 6 at infinity, the relation connecting to and z becomes 


J (ut— — — c)>^‘ dio +E. 


= D j * dw -\-E. 


The only non-degenerate triangles for which this integral can be 
simply evaluatedf are the equilateral triangle, the right-angled isosceles 
triangle, and the right-angled triangle with one angle \it. In each of 

these cases w is an elliptic function of z. 

There are, however, certain interesting degenerate triangles for whic 
the integral can be easily evaluated. These are discussed below. 

(i) Let us keep A and C and the direction of AB fixed and make y 
tend to 1. The triangle becomes the region between two straight lines 
intersecting at A at an angle OLtr. Taking a = 0, the relation connecting 

w and z becomes ^ 

The reader will easily verify that this relation enables us to map the 
angle 0 < arg{(z — £)/2^} < ait conformally on Imu» > 0. 

(u) Let us keep ^ and C fixed and make ^ tend to zero. The triangle 
becomes the region between two parallel lines on one aide of a trans 
versal ;.the corresponding relation between w and z is 

z = Z> J (w — dw +E, 

where a+y =1. ,, , ^ 

The simplest case occurs when the transversal cuts the p i, 

at right angles, so that a = y = Taking c = 1, a = ^ 

To verify that this is the case, we take D = 1, E = 0, so 
u> = coshz. Writing z = x+iy, to = u-J-iv, we find that 

u = cosh X cos V = sinhxsiny. 

•f See Love, American JouttuU of Math. 11 (1889)# 15^71* 


+ E ^ Dcoshr^tp+E. 
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Keeping the positive number x fixed, let y var>' from 0 to n. Then w 
evidently moves round the upper half of the ellipse 


cosh'x $inh*x 

Moreover, as x increases from 0 to oo. this arc of the ellipse sweeps out 
the upper half of the u--plane. Thus u* = coshz maps the half strip 
Rl 2 > 0.0 < Imz < w conformally on Im u? > 0. The discussion of the 
correspondence of the boundaries of the two regions is simple and is left 
to the reader. 

(lu) Let us keep C and the direction .4 B fixed, and then make a and /9 
tend to zero and y tend to 1. In thus way the triangle degenerates into 
the strip between two parallel lines, which is mapped conformally on the 
upper half of the te-plane by taking 

z — D j (w — dw -f £. 

As a verification, let us consider the case when B = 1. B = 0, a = 0, 

so that w e , If Rlz is kept fixed and Imz increases from 0 to 

w moves round the upper half of the circle lta[ = cHiz. Moreover, as 

z increases from — co to co, this circular arc sweeps out the upper 

half of the w-plone. Thus le = e* maps the strip 0 < Imz < tt con- 
lorroally on Imte > 0. 

8.52. The conformal representation of a rectangle on a 
half-plane 

The theorem of Schwarz and Christoffel shows that it is poasible to 
map the interior of a rectangle conformally on the upper half of the 
uJ-plane by a transformation of the form 

z = D j [{w-a){w-6){w-c)(w-d)]-V* dw +£. 

We shall now consider the particular transformation of this typo 

10 

z == J dw, 

where 0 < A: < 1. ^ 

This integral is an elliptic integral and its value cannot be expressed 
in U-rms of the elementary functions of analysis. At the present sUge 
we cannot discuss the transformation by expressing u; explicitly in tenL 
of z. as this involves a knowledge of the theory of elliptic functions. 

^ Let us suppose that the integrand is positive on the real axis when 
^ ^ aod that it IS defined elsewhere on the real axis by con- 
tinuation along a path in the upper half-plane. It is easily seen that the 
integrand ,s equal to when 1< u; < 1/k. and is 

equal to -[(w - l)(A;»u,»- when u; > l/fc. We now consider how z 
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behaves when w describes the complete boundary of the positive quadrsmt 
of |u»| < R, where R > Ijk. 

As w moves along the real axis from 0 to 1, z moves along the real 
axis from 0 to X, where 

1 

0 

This integral converges, and so TC is finite and positive. 

When 1 < u’ < Ijk. the corresponding path of s is given by 

1 » 

Z = J [(1-U>*)(1 duj J [(uA-l){l-t^»)]->/*dw. 

0 1 

The first integral is equal to X, whilst the second is real and increases 
from 0 to X' as increases from 1 to 1/i, where 

\lk 

X' = I 

J. 

The number X' is evidently finite. Thus as w moves along the real axis 
from 1 to 1/Jt, z moves along the line Rlz = X from X to X + »X . 
When w > IJk, the path of z is given by 

z = X + tX'- J 

\\k 

But if we write kxv - I /I in this integral, we find that 
W i 


Ilk 


and BO 


l/fcw 

= X- J [(i-(*Mi-****)r*'** 

0 

l/*« 

= iK'+ J [(1 -<«)(! -it*t*)r*^*** 


(A) 


Hence as w moves along the real axis from 1/k to X, z moves along the 
line Imz = X' from X+tX' to the jwint of affix 

i/kx 

iK'+ A. 

0 

By analytical continuation, the formula (A) holds everywhere in 
|tc| > 1/it. Hence z is regular there and can bo repreeanted by a c<» 
vergent series of inverse powers of u> ; in fact, if we expand the integran 
and integrate term by term, we obtain 
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This shows that 2 — tX' = T— (l 

kw\ 

when ]u>[ is large, and so the path of z, os w moves from R to iR, lies 
within a circle of centre iK' whose radius tends to zero as i?— ► «. 
Moreover, the argument of z~iK" decreases by in moving along this 
path. 

Finally when u» = lu where v is positive, we have 

2 = i J [(l+v*)(l+A:V)]’>/« dv. 

0 

Since this Integral is real and positive and decreases as v decreases, 
2 moves along the imaginary axis from the point near iK' to the origin 
as u> moves along the imaginary axis from iR to 0. We have thus 
shown that, as u> moves round the complete boundary of the positive 
quadrant of |uj| < iJ, 2 moves round the rectangle with vertices 0, K, 
^~^iK , iK , indented at iK', and that the radius of the indentation 
tends to zero an R co. From this it follows, by §8.12, that the region 
® < iw is mapped conformally on the interior of this rectangle. 

Now 2 is purely imaginary when Rlu; = 0. By using Schwarz’s prin- 
ciple of symmetry,- we find that the region ^ < argw < tt is mapped 
conformally on the interior of the rect€mgle with vertices 0, iK', 
— K+t/f , ~K. Combining these two results, we see that the relation 

2 = J dw 

0 

enables us to map the interior of the rectangle with vertices K, K-^iK', 
'~^'\'*K , K conformally on the upper half of the w>p]ane. 
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MISCELLANEOUS EXAMPLES 

1. Show that stereographic projection maps the surface of a sphere 
conformally on a plane. 

2. Prove that it is possible to map a surface of revolution conformally 
on a plane in such a manner that the meridians and parallels on the 
surface correspond to lines parallel to the axes of coordinates. 

Show that, in the case of the sphere 

• 

X=i?sin^cos^ Y = BsindsimP, Z = Ecosd, 

where 0 < 0 < tt, 0 < ^ < 2Tr, a conformal mapping of this type is 
provided by Mercator’s projection x — y = logtan^tf. 

3. Prove that, when w = tanh z, the curves corresponding to lines 
parallel to the real and imaginary axes in the i-plane form two families 
of coaxal circles. 

Show that this relation maps the strip 0 < Imz < conformally on 
the upper half of the tiz-plane. 

4. Prove that = cosz maps the strip 0 < Y.\z < -n conformally on 
the whole u)-plane, supposed cut along the real axis from — co to 
and from - 1-1 to +oo. 

6. The circles \z-l\ = V2. |z+l| = V2 divide the z-plane into four 

domains, of which one contains the origin; show that this doraam is 

mapped conformally on tu>| < 1 by u> = 22 /( 1 — 2 *)- 

^ ■ (Math. Tripos, 1932.) 

6. Find a function = /{z) which maps | 2 | < 1 conformally on the 
exterior of the parabola v* = -4u, where w^u+iv, with 2 - 0 co*tc- 
sponding to u; = 3 and the positive directions of the real axes a 
points corresponding to one another. (Math, Tripos, 1932.) 

7. Prove that, if o > 6 > 0, the equation 

(a+ 6 ) 2 * — 2 te 2 -f-(a— 6 ) = 0 

provides a conformal map of the annulus yjiio 6)/(o + &)} I I 
on the interior of the ellipse x>la’+y‘lb> = 1. cut along the real 

Discuss the n^presentation in the u-plane of the curves |r | = r. 
argz = a, and, in particular, the behaviour of the trans orma lo 

points on the boundary of the annulus. 


8. Prove that 


(l-|-2^)*-i(l-2’)* 
(l-l-2’)* + i(l-2^)* 


maps the region jr| < 1 . 0 < argz < ^ conformally on |w| < 1 - 

cuss the correspondence between the boundaries of the two 

(Edinburgh, 1932.) 
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9. A domain S containing the circle | 2 | = 1 is mapped conformally 
on a region 2 by uj —f{z), the circle being transfonned into a curve T. 
Show that the curvature of F is 


10. Show that 


[l+Rl{z/'(z)//'(z)}]-r|/'(2)j 

Z = j lw[l -w*)]-^l*dw 


maps the upper half of the w».plane conformally on the interior of a 

iw 

square of side J ^{cosec0) d$. 


1 1. Prove that 


10 


= j 


(Jx0 


maps \w\ < 1 conformally on the interior of a square of diagonal 

2l{l~w*)-iltdw. 

0 

12. Show that the region outside a square in the z-plone can be 
mapped conformally on |uj| < 1 by 


10 

-/ 




xv* 


dw. 


i«;moreover./(0) = c. By applying Schwarz ’e lemma 
F(z) = 

prove that 1/(^1 1 M{M— |c[) 

R-P ^ MR+p\c\ 

whan III < p < i?. (Cabath±odoby.) 

nlanl ^ ^ ^ relation -niw = Ulogz maps the hrJf- 

plone RU > o conformaUy on the strip -h < Rite < h. Deduce that 

triw =2AIog|^ 

|r| < 1 conformally on ~h < RIu» < h, 

Iti f'^ction /(r) is regular in |z| < R, where its real part 

aatisfies an mequaUty |R1/(*)| < h; moreover, /(O) = 0. Show that the 
inequality 

iw .... 2A. 


holds when |2{ < R. (Caba*h±odoey.) 


R+ 

*1 

R- 
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16. The function /(z) is reguUr in \z\ < R, where its rmk pMt is never 
negative; moreover, /(O) = 1. By considning the fimotion 


show that the inequalities 



!-/(») 

!+/(*)• 


R~-\z 


R+\i 


< !/(*)! < ^ 


AD 2 


hold when \z\ < R. (Lindelof.) 



CHAPTER IX 


THE GAMMA FUNCTION 
9.1. The definition of r( 2 ) 

The problem of finding a function of a real variable x which is 
continuous when x is positive and reduces to x! when x is 
a positive integer, was first solved by Eulert in 1729, when he 
showed that the limiting function^ n(x) of the sequence 


n(x,n) 


n!n' 

(^+i)(x-^]:.:(x+n) 


(n — 1, 2, 3,...) 


has the desired property. To prove this we observe that, when 
X is a positive integer and n > x, 


n(x,n) 


_n!x! ^ _ x!n* 

(n+x)!” ~ (n+l)(n+2)...(n+x) 




as n 00 . 

Euler also gave a definite integral formula for this function 
n(x), which is most simply obtained by considering the expres- 
sion 1 

0 

which is now called an Eulerian integral of the first kind. When 
n is a positive integer and x > — 1, it is easily shown, by in- 
tegration by parts, that the value of this integral is n(x,n)/n*+>. 
Writing i = nr, we deduce that 


n 

An-1 

from which it follows (cf. § 9.21) that 



CD 

n{x) = J di. 

0 

t He announced hia discoveries in two letters addressed to Goldbach. These 
are printed in Correspondence maihimaiique et physique de quelques ciUbree 
giomitres duXVUl*^ siicU (Saint-P6terebourg. 1843), 1, 1-18. 
t This notation is due to Gauss. 
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This infinite integral is called the Eulerian integral of the 
second kind. 

In the present chapter we consider the properties of the 
Gamma functionf of a complex variable, defined by the 
Eulerian integral of the second kind 

<D 

r(z) = J dt 

0 

whenever this integral converges (it being understood that 
has its principal value), and defined by analytical continuation 
elsewhere. 

Example. Show that r(n) = (n — 1)! when n is a positive integer. 

9.11. The analytical character of r( 2 ) 

To discuss the convergence of the integral defining r(z), it is 
most convenient to t^xite 

r(2) = <D{2)-f-T(2), 

1 <o 

where <I>( 2 ) = J dt, 'F( 2 ) = J dt. 

0 1 
We consider the function 'F( 2 ) first. 

Let us suppose that z lies in a quite arbitrary bounded closed 
domain. Then there exists a constant A such that Rlz ^ A 
when 2 lies in this domain, and so 

when t ^ 1. But since e~^t^~^ tends to zero aa t-*- +oo, there 
exists a constant C, depending on A, such that ^ when 
t ^ 1. Hence we have 

le~*t^~^l < Ce-i* 

when 2 lies in the given domain, and so, by the M-test (§ 5.52), 
the integral defining T( 2 ) is uniformly and absolutely con- 
vergent. It follows, by § 5.51, that Tlz) is an analytic function, 
regular in every bounded closed domain, and so is an integral 
function. 

f The notatioQ P(^) 13 due to Legendre. For Bome purposes it is still found 
more conveiuent to use the older notation of Gauss and write Il(r~ 1 ) for the 
function denoted here by F(z}, 
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To deal with the integral for 0(c), it is simplest to make the 
transformation < — 1/w, which gives 


0(2) = J du. 

I 

This integral obviously does not converge when Rlc ^ 0. It is, 
however, uniformly and absolutely convergent in any bounded 
closed domain which lies definitely to the right of the imaginary 
axis. For in such a domain an inequality R1 z ^ S, where 5 > 0, 
is satisfied, and hence 

when u ^ 1. The result stated follows immediately by the 
Jtf-test, and implies that 0 ( 2 ) is an analytic function, regular 
when RI 2 >0. 

We have thus shown that r( 2 ) is the sum of an integral func- 
tion Tie) and an analytic function 0(z) which is regular to the 
right of the imaginai’v axis. We next show how to continue 
0(2) analytically across the imaginary axis. If in the formula 

1 

0(2) = I dt 
0 

we replace e~^ by its Taylor series and then irdegrate term by 
term, as we obviously may when RI 2 > 0, we find that 


CD 




( 2 -j-n) 

But this series is uniformly and absolutely convergent ir» any 
closed domain which contains none of the points 0, — 1, — 2 ,..., 
and 80 provides the analytical continuation of 0 ( 2 ). 

The Gamma function is therefore of tlie form 


r(2) = 'F(z)+ 2 ' - 

^ «!(z + n) 

where T( 2 ) is an integral function. The only singularities of 
r( 2 ) are thus simple poles at the points 0, — 1, — 2,.,., the residue 
at 2 = —n being (— l)”/?i! . 


9.2. Tannery’s theorem 

In order to prove the identity of the (Jamtna function and 
Euler’s limit (§ 9.1), we need the following lemma, which is the 
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analogue of a well-known theorem concerning series, due to 
Tannery. t 

// hmfit^n) = g{t), limA„=-l-co, 

n— »CD n— 


then 




iim I* f{t, n)dt^ f g{t) dt, 

n— ^ J J 


a 


a 


provided that f{t, n) tends to its limit g{t) uniformly in any fixed 
interval, and provided also that there exists a positive function M{t) 
such that \f{t, n) \ < M[t) for all values of n and t, and also such 

that I M{t) dt is convergent. 

a 

Let T be any number greater than a. Then if n is chosen 
large enough to make > t, we have 

A, « 

^ f{t,n)dt— J g{t) dt 

a d 


A, 


/(/-?) di^ |/ 


dt 




l{f{t,n)-g{t)}di 


+ 



But since \fit,n)\ < M{t) for all values of n, we also have 
t3(/)| < M{t}. This gives 





j{f{t>n)-g{t)}dt -\-2jM(t)dt 


CP 


Now fityu) converges uniformly to g{t) in the fixed interval 
a ^t ^r, and so the first term on the right-hand side of this 
inequality tends to zero. Hence we have 


Iim 


J fit, n)dt- f git) dt 


a 


a 




< 2 


jMit) 


dt 


•f See Bromwich, Infinite Series (2nd edition)* §§ 49, 172. 
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Since the integral J M{t) di converges, we can make the expres- 
sion on the right-hand side of this inequality as small as we 
please by making t sufficiently large. But as the expression on 
the left-hand side of the inequality does not involve t, this 
implies that 

A. 


Urn 


^ <x> 

jf{t,n) dt~ jg{t)dt 


- 0 , 


and BO the lemma is proved. 

p 

Example. Let F{n) = 2 Wr(^)» where p tends steadily to infinity 

f-O * 

with n. Then if v,(n) -► w, as n oo for each fixed yalue of r, proye that 


CD 


lim F{n) = 2 

n— r«0 

proyided that |v,(n)j < M^, where is independent of n and 
conyerges. (Tannery.) 

9.21. Euler's limit formula for r(z) 

We shall now show that, if 


r(z,n) = 


n!n* 


{n= 1.2,3,...), 


2(z+1){2+2)...(2 + 71) 

then r{ 2 , 7t) tends to r( 2 ) as n co, the convergence being uni- 
form in any bounded closed domain D which contains none of 
the singularities of r( 2 ). The proof falls into two parts. 

In the first place, we have 

n . - 

-1 


1-t-- 

T 


But since 






2r^ 


when r is large, the infinite product 




converges uniformly and absolutely in Z) to an analytic function 
F(z), say. This, however, implies that r(z,n) tends uniformly 
to F{z) in D. It only remains to show that F{z) is identical with 


ttiMat 
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r( 2 ); moreover, by the theory of analytical continuation, it 
suffices to prove this when R1 z > 1 . 

Now if n is a positive integer and RIz > 1, it is easily shown 
by integration by parts that 

1 n 


r(2,n) = n* 


J (l-T)"T*-idT 



V-J dt. 


0 


0 


It will follow that 


CO 


V{z,n) j dt ~ Ffz), 

0 

provided that we can show that the conditions of Tannery’s 
theorem are satisfied. 

From the equation 



it follows that, when 0 < < < n, 

0 

Hence, if x denotes the real part of z, 




2n 


and so 




as n 00 , uniformly with respect to < in any fixed interval. The 
first condition of Tannery’s theorem is thus satisfied. 

Again, we also have 


But since x > 1 , J dt converges and the second condition 

of Tannery’s theorem is satisfied. This completes the prooff of 
Euler’s limit formula for Ffz). 

t The argument is much simplifio*! if one uses Lobesgue’s theory of integra- 
tion. See Burkhill, The Lebeegue Integral (Combrnlge. 1951), p. 42 Ex. 4. and 

p. 82. 
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It should be observed that we have shown incidentally that 

This formula is also due to Euler. 

Example. Show, by using Hurwitz’s theorem (§ 6.21, Ex. 2), that 
1 (z) never vanishes* 

9.22. Two important identities 

We shall now deduce from Euler’s limit formula the two 
important identities 

r{2+l) = zr{2) 

nz)r(l — 2=) = 7rCOSeC7T2. 

To prove the first identity, we observe that 

r(2+i) = iim 

n— ®(z+l)(2 + 2)...(2-f n+l) 

= 2lim 

n-.®2(2-f- \){z-\~ 2 )...(z-\-n) 2+n+l 

= 2 r(2). 

From this it foUows immediately that, when n is a positive 

^ r{7i) = (n-l)!r(l) = (n-1)! 

Again, we also have 


r(2)r(l— 2) = Um 


n!n* 


lim 


I 


mim 


n-^cc 2(2+ l)...(2 + 7l) ^ -2)(2-2)„ . (m + 1 -2) 

n\n\n 


— lim 

22){22-22)...(n2— 22)(,t-|,l_2j 

-'/(•nl'-a- 

Hence, by the example of § 6.83, 

r(2)r(l— 2) = TTcosec ?rz. 

Example 1. Prove that r{J) = Vw. 

Example 2. Show that 

(2n)! = 2*«n!r(n+i)/V7r. 


212 


THE GAMMA FUNCTION 


Example 3. Show that, if x is real, 

Example 4. Prove that r(z,n) = n*r(n+l)r( 2 )/r{n+z+l)- De- 
duce that n*r(n)/r(n + z) — »• 1 as n -»• oo. 

Example 5. If ^(z) denotes the derivative of log r(z), show that 

— z) — ^(z) = TTCOtTTZ. 


9.23. Legendre's duplication formula 

It was shown by Legendre that T{2z) can be simply expressed 
in terms of r(2) and r(2+^). To prove this result, we observe 
that, by § 9.22, Ex. 2, 


r(22,2n) 


(2n)!(2np 

22(2z+l'j(2z+2)...(22 + 2n) 


2zr-in2*n! r(n+i) 


V7r2(2H-l)(z+2)...{2+n)(2+J)(z+i)...(2 + «-i) 

If we now make n co and use the result of § 9.22, Ex. 4, we 
find that 


7r*r(22) = 22^-ir(2)r(2+i). 


This is Legendre’s duplication formula. 


9.3. The Eulerian integral of the first kind 

The Beta function B(p, y) is a function of two complex 
variables p and q, defined by the Eulerian integral of the first 

kind 1 

0 

whenever this integral converges, it being understood that 

where the logarithms have their principal values. This equation 
defines B(p, q) when the real parts of p and q are positive. For 
other values of the variables, the Beta function is defined by 
analytical continuation. 

As we have just seen, there is a' close connexion between the 
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Eulerian integral of the first kind and the Gamma function. We 
shall now exhibit this connexion more fully by showing that 


B(p.g) 


np)r{q) 


For simplicity of proof, we assume temporarily that the real 
parts of p and q exceed unity. 

Let us denote by 5^ the square bounded by the lines x = 0, 
^ ~ y = 0, y =: R. We then have 


r(p)r(g) = J e~^xP~^dx X 

0 




e-=f-VxP-lyQ-l 



dxdy, 


the double integral being equal to the repeated integral since 

the integrand is a continuous function of both variables. We 
next show that 


Hpin?) = lim JJ dxdy, 

Tj, 

where Tj^ denotes the triangle bounded by the axes and the line 

x+y = R. 

For, if we call the integrand f{x,y), we have 

ff fix, y) dxdy - jj J{X, y) dxdy 

Stt Xg 

= // fix, y) dxdy 

SM~tM 

< jj \ fix, y)\ dxdy 

Sm-Tm 

< jj \fldxdy- jj Ifldxdy. 

But this last expression tends to zero as J? co, since 

jj \fldxdy = jj dxdy -> r(Rlp)r(Rlff). 

Sj, Sg 
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Hence np)^iq) = Hm f f 

If in this last equation we now make the substitution 

x-{~y = I, y = iv> we obtain 

R 1 

np)r(g) = lim f X J — 

0 

« 1 

= J c-fp+«-><ff X J IP-'il-t]"-' dt 
0 0 
= r(j)+?)B{p,g). 

This proves the theorem when the real parts of p and q exceed 
unity. The result still holds, however, whenever the integral 
defining B(p, 5 ) converges, that is, when the real parts of p and 
q are positive. For the expressions on each side of the equation 
are regular analytic functions of each variable. 

We have thus proved that 

_ n p)r(g) 
f(p+g) 

when the real parts of p and q are positive. For other values 
of p and g, this equation is to be regarded as the definition of 

the Beta function. 

An important generalization of the Eulerian integral of the 
first kind is due to Pochhammer.t who showed that, with this 
general definition of the Beta function, 

2 P-i(l— 2)3-1 dz = — 4e<P+3>"*sin7rpsin7rgB(p,?), 
c 

where C denotes a rather complicated contour encircling each 
of the' points 0 and 1 twice in opposite directions. For the 
details of this we refer the reader to Pochhammer’s original 

memoir. 

9.4. Euler’s constant 

We now show that the numbers 

«„= i 4 .i + i + ...+i-log» (n= 1.2,3,,..) 
z <s ^ 

t Math. Annalen, 35 (1890), 495. See also Whittaker and Watson, Modem 
Analyeia (1920), 250-7. 


J 
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form a convergent sequence whose limit y lies between 0 and 1. 
This constant y, which is approximately equal to 0‘5772, is of 
great importance in the theory of the Gamma function and is 
usually known as Euler’s constant. 

To prove this, we observe, in the first place, that the sequence 
is a steadily decreasing one. For 

^n+i-Wn = ;-^,-log(n-t-l)+logn = _L + log(l L] < 0. 

»+l n+1 n+1/ 

On the other hand, since l/< decreases as i increases, 


*+2 + 3+-+n-l > / f > ^+^+i+ "+^ 


from which it follows that 


^ 

n 

The sequence is, therefore, bounded and steadily decreasing, 
and so tends to a limit y. Moreover, by the last inequality, 
y must lie between 0 and 1. 


9.41, The canonical product for l/r(z) 

We have already seen that Pfz) is an analytic function which 
has no zeros and has simple poles at the points 0, —1, —2,.... 
From this it follows that l/Viz) is an integral function with 
simple zeros at the points 0, — 1, — 2,.„. We now exhibit the 
property more clearly by proving that 

pL = «..n((l + !)e-«| 

so that l/r(z) is an integral function of order 1. This formula 
is due to Schlomilchf and F. W. Newman. J 
To prove this, we start with the equation 

1 _ 2(z-fl)(z+2)...(zH-7i) 

r(z,n) n\n‘ 


t Archiv der Math, und Phyt. 4 (1844), 171. 

X Cambridge and Dublin Math. Joumai, 3 (1848), 57-60. 
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in the notation of § 9.21. Hence we have 


riin- 


= gexpjzjl-f- 


1+5+- n((‘+H 


- n ((' +;H 

as n -> 00 , by the result of § 9.3. Since r(z, n) -> 1^(2), this gives 
the required result. 


9.5. Asymptotic expansions 


A series 



^+^+-+ 

z 






which may either converge for large values of \z\ or diverge for 
all values of 2 . is called an asymptotic expansion of the function 
F{z)t valid in a given range of values of arg 2 , if, for every fixed 
value of n, the expression 

tends to zero as \z\ go, whilst arg 2 remains in the given range. 
When this is the case, we denote the relationship between the 
function and the series by writing 

F(z)~A„+^+^+.... 


This definition, which is due to Poincar^.f implies that the 
difference between F(z) and the sum of n terms of its asymptotic 
expansion is of the same order as the (nH- l)th term when \z\ is 
large, a fact which often renders an asymptotic expansion more 
suited for numerical computation than a convergent series. 

If a function ^’( 2 ) possesses an asymptotic expansion 

F{z) ^ + . 

z z 


t Acta Math. 8 (1886), 295-344. 
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the coefficients are determined successively by the equations 

lim f’(z) = 

1*1-* «D 

Um2{J’(z)-^o} = 


Urn = A„ 

Itl-® I z\ 

and so on. On the other hand, a knowledge of the asymptotic 
expansion does not determine the function, since two functions 
may possess the same asymptotic expansion. For example, e*/' 
and have the same asymptotic expansion 



valid in the angle |argzl < 


9.51. A more general definition of an asymptotic expan- 
sion 

It may happen that, even though the function F{z) does not 

possess an asymptotic expansion, there exists a function G{z) 
such that , 

0 ( 5 ) + + - 

m a certain range of values of args. In this case, we shaU write 




The term A,^ G(z) is called the dominant term of this asymptotic 
representation of F{z), 


Example 1. Show that, if /{z) ^ ^ and g(z) T in 

*>0 
the same range of values of argz, then 


where 


0 


Example 2. Prove that, if /(x) when x is large and 
positive, then ^ * 

' CO flO 


nix 
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9.52. Watson’s lemma 


The following lemma, due to G. N. Watson, f enables us to 
determine very simply the asymptotic expansion of a function 
defined by a definite integral. Although the type of integral 
considered is apparently very special, the lemma does, in fact, 
cover many of the cases which occur in analysis. 

Let us suppose that f{t) is an analytic function, regular, save 
possibly for a branch-point at the origin, when \t\ ^ o+S, where 
a and 8 are positive, and let 

1 

when 1^1 ^ a,r being positive. Let us suppose, further, that, when 
t is positive and t'^ a, 

1/(01 < 

where K and b are positive numbers independent of t. Then 



f a„,r{mlr)z-”^ 


when \z\ is large and |arg 2 [ < where A w an arbitrary 

positive number. The lemma states that the asymptotic expan- 
sion is obtained by substituting in the integral the series for/(0 
and then integrating formally term by term. 

To prove this lemma, we observe that, having fixed a positive 
integer M, we can find a constant C such that the inequality 


I M-\ 

/(O- 1 “m 
I 






is true when / ^ 0, no matter whether ^ ^ a or not. Hence, if 





m^l 

we have to show that z^^‘''Bjif is bounded as | 2 | -► co. 


t Proc. London Math. Soe. (2), 17 (1918), 133. Soe also Watson, Bwel 
Funclions (1922), 236. 
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Writing 2 = x+ty, we find that 



^ J dt 

0 

C r(3f/r) 

“ (1-6)"/--’ 


provided that x—6 is positive. But from the condition 
|arg2| ^ — A, we have x ^ (zlsinA, so that x — b is positive 
if l2l>6cosecA. Hence, when jargz] < K— A < ^tt and 
\z\ > 6cosecA, we have 




Cn^/ry2j^_ 

(l2|sinA-6)"/''“ ^ ^ 


this completes the proof of the lemma. 


9.53. The asymptotic expansion of r( 2 ) 

We shall now discuss the behaviour of r(2) for large values 
of \z\ by finding the leading terms in its asymptotic expansion, 
vahd when |argz| < n. One way of doing this involves proving 
first Stirling’s! asymptotic series 


Iogr( 2 ) ^ ( 2 — A)logz— z+ 4 Iog( 27 r)+ "V -! 

‘ '^^^^2r(2r-l)22r-i' 

In this formula, the coefficients are Bernoulli’s numbers 

defined by the expansion 




i2C0thi2= 1+ 


f-1 


(2r)! 


The required asymptotic expansion of r(2) can be deduced from 
that of its logarithm, though it is difficult to give any simple 
formula for the coefficient of the general term. 

As this method! involves a number of difficult preliminary 
transformations, we obtain here the asymptotic expansion of 


t First published in his Melhodus differentialis (London, 1730), 135. 
t See WhitUker end Watson. Modem Analysis (1920), 246-53. 
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r(2) directly from the definition as an integral, by a method 
based on Watson ’sf discussion of a closely related problem of 
Ramanujan. 

When z is real and positive,- the transformation i = zu gives 

00 ^ 

r(2) = i r(l +2) = ^ J e-'i* di = 2*e-* J du 

0 0 
OD 

and so z“*c*r(z) = J {ue^~^Y du. 

0 

Although we have proved this formula by supposing that z is 
real and positive, it will also hold, by the theory of analytical 
continuation, in any closed region in which z-^e^r{z) is regular 
and the integral is uniformly convergent. The formula is, there- 
fore, true when Rlz > 0. 

Let us suppose, then, that Rlz > 0 and that |z| is large. We 
observe that increases steadily from 0 to 1 as u increases 
from 0 to 1 , and then decreases steadily from 1 to 0 as « increases 
from 1 to 00 . We now write 

1 ® 

z-vr(z) = J (««>-“)* du + j {Ue^-^ydU, 

0 1 

it being convenient to use different symbols for the variable? 
in the different parts of the range of integration. 

If, in the second integral, we make the substitution 

t increases steadily from 0 to oo as increases 
from 1 to oo; on the other hand, if we put e-* — in the 

first integral, t decreases steadily from oo to 0 as increases 
from 0 to 1. In this way we obtain the equation 

.-vr, 

0 

to which we may apply Watson’s lemma. 

Now U and u are the two real solutions of the equation 

t — u—l — logu. 

t Proc. London Math. Soc. (2). 29 (1929), 293-308. See also Ex. 18 at the 
end of the present chapter. 
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In order to determine the nature of these solutions we consider 


the equation 


— log(l-ft4>), 


dehning uj as a function of the complex variable 

Now regarded as a function of to, is two-valued in the 
neighbourhood of the origin, its two branches being 

Since each branch is an analytic function of w, regular when 
< 1, with a simple zero at wj = 0, it follows, by §§ 6.22, 6.23, 
that the equation 


possesses a unique solution 


w = C+a2?Ha3C^ + -., 

regular in a neighbourhood 1^| < p of the origin. As we saw 
in § 6.23, the coefficients are given by the fact that na^ is the 
residue of at 24? = 0; in particular, 


~ S> — “2^6* ~ 

We shall denote this solution by Similarly, the solution of 


regular in j^| < p, is w = t4>2(0» where 0- 

We have thus shown that the function w{{) defined by the 
equation ^ „_,og(l+,«) 


has two branches w = w = w^H), each regular in a neigh- 
bourhood of the origin. The only branch-points or other singu- 
larities of w{^) are the points at which dwjd^ is zero or infinite. 

dw ^(1-f-w;) 

dC 57 ”’ 


these are ^ = 0 and the points corresponding to = 0 and 
24? — —1. Of these, ^ = 0 is not a branch-point of 24?i(0. and 
the value of ^ corresponding to i4j = — 1 is infinite; thus the 
only singularities of 24;j(^) of finite affix are given by = 4mri, 
where n is a positive or negative integer. Similarly for 
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If we now put = 2t, we see that the functions C/, u are 
regular when |Im/| < 277, save for a branch-point at the origin, 
and that, when \t\ < 277, 

w = l-(2(V^2+a2(20-a3(20"^"+«4(20— 
the square roots being positive when t is real and positive. 
Lastly, since 

dU du U u _ _J. 

dt~U—\~^\—u U—\~^\—u 


d{U—u)ldt is bounded when t ^ e > 0. The conditions of Wat- 
son’s lemma are, therefore, all satisfied, and the asymptotic 


expansion of 



is obtained by substituting for U and u their expansions in 
powers of V(20 and integrating formally term by term. From 
this it follows that, when |arg 2 | < ^77— A < and \z\ is large, 

z-‘efr{z) ~ V(2/^)[I’(i) + 3r(f)a3(2/*)+5r(i)05(2/z)*+-]. 

277/z)[ 1 + 3a Jz -j- 1 Sos/z* + . . .] . 

Hence the required asymptotic expansion is 

r(.)~e-»z^y(|)[l + ll + 28 k-» + -]- 


9.54. The range of validity of the asymptotic expansion 

of r(2) 

We next prove that this asymptotic expansion of r( 2 ) is valid 
for all large values of \z\, except when z lies in an arbitrarily 
small angle enclosing the negative part of the real axis. 

The validity of the expansion when R1 2 > 0 followed from 
applying Watson’s lemma to the formula 

2 -^e“'r( 2 ) = J e-^F{t) dt, 

0 

where F{t) = d{U-u)/dt. Now by applying Cauchy’s theorem 
to the integral of e-^F(0 round the complete boundary of tne 
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sector of [(| ^ J? bounded by argi = 0 and arg( — a, we easily 
show that, if — Jtr < a < in, then 




CD 


J e-^F{t) dt = j exp(— dt 
0 0 

when the real parts of z and zc®* are positive. But the latter 
integral converges uniformly in any closed region for wliich 
Rl( 2 e“*) > 0 and represents an analytic function. The expres- 
sion on the left-hand side of this equation is equal to z~"^r{z) 
when RIz >0. Since the half-planes Rlz > 0 and Rl( 2 e®’) > 0 
have an area in common, it follows, by analytical continuation, 
that ^ 

z~vr(2) = J exp{— dt 

0 

when RI( 2 c®‘) > 0, provided that — ^tt < a < {tt. 

Writing temporarily I for ze®‘, we obtain, by Watson’s lemma, 


? ® 
A J 


From this it follows that 


~ (tH 

- (r ( 


,<xi 




1+— -1--:^ — 


+ 




1-f — -J — !— + 
^12z^ 28822^ 


A 


r(2)^C-*2* + 

VI 2/1 122^ 28822^ I 

when |arg( 2 c“*)| ^ Jtt— A, where A is an arbitrary positive 
number. But since a is any number between this implies 
that the asymptotic expansion is valid under the single restric- 
tion larg 2 | ^ TT— -8, where 8 is any positive number. 


9.55. The asymptotic behaviour of ir(a:-|-fy)| when y is 

large 

Since r{ 2 ) takes conjugate complex values at points which 
are symmetrical wdth respect to the real axis,f we have 


ir(2)|2 = r(2)r(z-). 

t Thia u obvious from the canonical product for l/r{r). 
it u a consequence of Schwarz’a principle of symmetry (§ 8.4), 
real when z is real. 


Alternatively 
since r(z) is 
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and so, when [argzj < tt, 

|r(2)12 -- 27rc-*-^z7|2| 

Writing 2 = x+iy, this gives 

|r’{x+i»|2 2iTe-^^{x+iyY^<y{x-iyY-^^l 

= 27re-2^(x2 + 1/2)*-l/2c-2*'“K* 

Now suppose that y increases indefinitely, whilst x remains 
finite. Then 

ir(x+t»|2 


2'rre-^y^- 


( ~2\x-l/2 
■+? 


g-»rv+2varotan(x/v) 


/-w 27re-2*3/2x-ie-»rv+2* = 27Ty^-H-^. 

When y is large and negative, the corresponding asymptotic 
formula |r{x+iy)|2 ~ 27r(-y)^-*c-*' 

follows immediately if we remember that 

\r{x-\-iy)\ = |r(x-iy)|. 

Combining these two results, we have, finally, 

ir(x+iy)l-V(2^) 

when X is finite and |y| large. 


9.56. Another proof of Legendre’s duplication formula 
We now give an alternative proof of Legendre’s duplication 
formula, depending on the use of Liouville s theorem. 

Let us consider the function 

^(2) = 22*r(2)r(2+j)/r(22). 

Its only possible singularities are the poles of the numerator and 
the zeros of the denominator. Now the numerator has simple 
poles at the points 22 = 0, -1, -2, -3,...; but since these 
points are also simple poles of the denominator, they are not 
singularities of <f>{z). The denominator r{2z) never vanishes. 
Hence ^(2) has no singularity of finite affix and so is an integral 

fimction. 

Again 4>{z) is a periodic function of period 1, since 

^(2+1) _ 2^2(2 + ^) _ , 

4>{z) (22+1)22 

by the recurrence formula for the Gamma function. Hence, if 
we can show that ^(2) is bounded when Rlz > 1, say, it will 
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follow, by periodicity, that it is bounded all over the z-plane. 
But, by the asymptotic expansion of r(2), we have 

when \z\ is large and jargzl < n. Hence <l>(z) is certainly 
bounded when RI2 ^ 1 . 

We have thus shown that <^(2) is an integral function which 
remains bounded as l2|->'Oo in any manner. By Liouville’s 
theorem, this implies that ^(2) is a constant, its value 2 \ 7 t being 
found by making l2|->-oo. This completes the proof of Le- 
gendre’s duplication formula 

7rtr(22) = 22^-»r(2)r(2-f i). 

Example. Prove Gauss’s multiplication theorem that, if n is a posi- 
tive integer, 

r(2)r(2-fl)r(z-t-^)...r(r-f = (27r)*'-“n*-“r(n:). 

9 . 6 . Hankel’s contour integral for l/r(2) ' 

The Eulerian integral of the second kind defined r(2) only 
when the real part of 2 was positive. We now introduce a 
contour integral, due to Hankel,t which represents the Gamma 
function under much less restrictive conditions. 

Let us consider the contour integral 

J 

D 

The integrand has, in general, a branch-point at the origin, but 
each branch is a one-valued function of t, regular in any domain 
of the complex plane supposed cut along the real axis from 
—00 to 0 . We choose the branch for which 

where logt has its principal value. 

Let Z) be a contour in the cut plane which starts at — p on 
the lower edge of the cut, goes round the origin in the positive 
sense, and returns to — p on the upper edge of the cut. This 
contour can be continuously deformed without crossing the cut. 




t Zeilschri/t fur Math, u, Phya, 9 (1864)» 7. 

Q 
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until it consists of the lower edge of the cut from — f> to 8, 
where 0 < S < p, the circle i«| = 8, and then the upper edge of 
the cut from —8 to —p. This deformation does not alter the 

value of the integral. 

Now on the upper edge of the cut, we have t — ue^ , where 
u is real and positive, and so the integrand takes there the value 

g-u-* logu-«iri _ 


Similarly on the lower edge of the cut t — ue and the inte- 
grand is now 
Hence we have 

p 

-Hir‘ du 


D 8 


It 


where 






But if 2 = a:+iy, 

— It 

and so I tends to zero with 8, provided that x < 1. We have 


thus shown that 


J e'l"* dt = 2tsin TTZ J e-^u * dz. 


provided that Rl(l — z) >0. t t • 

Now let C denote the contour obtained from D by makmg 

p tend to infinity. W'e then have 

^t-^dt = 2t sin TTzJ t’^u-^du = 2tsin7rz r(l— z). 

0 

Since r( 2 )r(l— z) = ttcosccttz, it follows that 

L = — . f tft-^di. 

r(2) J 

C 

Although we have only proved this formula when Rl(l— z) > 0. 
it docs, in fact, hold for all values of 2 , by the theory of analytical 
continuation, since the expressions on each side of the equation 
are integral functions. 
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This completes the ].roof of Hankel’s formula, that 

c 

for all values of z, where the contour C starts at the point — oo 
on the real axis, encircles tlie origin once in the positive sense, 
and returns to its starting-point. f 

It should be observed that we have shown incidentally that 

r(2) = ~— (■ 

2i Sin TTZ J 

c 

for all values of z, save 0, i 1, ±2,... . 


REFERENCES 

N. Nielsen, HaruUntch der Theorie der Gamma-funktion (Leipzig. 
1906). 

E. Lindelof, Le calctd des residus (Paris, 1905), Chap. IV. 

MISCELI^EOUS EXAMPLES 

1. By integrating round the complete boundary of a quadrant 

of a circle, indented at the origin, prove that 




provided that 0 < RU < 1. Deduce the values of 

J t*-'cos( dt, j t^hintdt. 

0 0 

2. By integrating round a suitable closed contour, show that 

00 


J dt = «-*r(z) 


provided that the real parts of s and z are positive. Deduce the values of 


CD 


f /* ‘c~^“*“^P®(A/sino)d/ 
J sm ' ' 


when A > 0, X > 0, and — < a < Jtt. 

3. Show that, when x is positive, r(x) has a single minimum value 
which occurs between 1 and 2. 


^ V I f 

t We shall frequently write J for J . 


(0 + 1 
I 

-CD C 
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CO 

C t^'di 

B{p,q) - J 


provided that the real parts of p and ? are positive. Deduce that 
r{ 2 )r{l— 2 ) = cosec 7r2. 

5. Prove tliat «/2 

I sin«->flcos»«-'0d0 = 2r(p-H)’ 

0 

provided that the real parts of p and q are positive. 

6. Show that, when the real parts of p and q are positive. 

1 


i 


. _ B(p.g) 

(a + 60*^* 


(o + 6)**a«’ 


provided that afb is not a real number between 0 and - 1. 

7. Prove, by using the transformation u = x+y + z, uv = y + 2. 
uvw =- 2, or otherwise, that, if /(() is continuous and a, y are positive, 

where the triple integral is over the volume bounded by the coordinate 
planes and the plane x+y + z = 1- (Dhuchlet.) 

8. Prove, by using the transformation xy = t, y = or otherwise, 

that, if/(0 is continuous and a and )9 are positive, 

Jdx J d,/(xv)(l-x).-V(l-V)»-‘ = 

0 0 ® 

9. Show that Euler’s constant y is given by 

^ 1 


y = lim 
n-*» 






CO 




10. If ip{z) denotes the derivative of log r(z), prove that 

•piz) = -Y-1+ 2 


I 
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n 

^(1) = _y, ^(n+1) = -y+ ^ 

r=l 


Show also that 
1 1. Show that 


n*0 


^(i) = _y_21og2. 0'(i) = Jtt*. 

12. Prove that, when RU > 0, 


CO 


Deduce that 


^(z) = 

0 

00 

^(2 + 1) = ^+logz- J ^icoth ^y-^dt. 


13. Prove that, if RIz > 0, 

1 

tu-i 


I 


l+t 


dt = + 


1 


Deduce that 


J (TToi^ 


r(x+i)r(y) 

r(y+4)r(x)’ 


provided that the real parts of z and y are positive. 

14. Show that, if the real parts of a and b are positive, 


I 

/ 


1 —X 


dx = ^(6)-0(o). 


Deduce that 


1 

/ 


^ r{a + c)r(6) 


0 


(l-z)loga: "" r{b+c)riay 

provided that the real parts of a, 6, c + o, 6+c are all positive. 
15. The logarithmic •integral function is defined by 


li(^) 


= f— 

J log^ 


u 


9^ 


Prove that 


Ii(e ») — J* ~du. 
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and deduce that, when |argz| < 

- li(€-) ~ e-«{ j + 1 - ? + ■■■)• 

16. Show that, when [arg 2 | < A < iTT, 

4 (Legbkpre.) 

17. The error function is defined by 

CO 

Erfc z = J e-P d«. 

t 

Prove that, when |argzj < Jtt— A < ^n, 

Jl 1 1.3 1.3.5 

Erfc z ^ c * — gtjs + 2>z* 2*z’ 


+ 


• ••I a 


18. Show that, if 


n""i n* 


then 


= 1+Jn| J (ue*-«rdu - J (Ue^-^)*dU^. 

'a 1 


Deduce that, as n -► oo, 




8 


" 3 135n 2836n» 


• 1 1 « 


19. Prove that, if 


(Rahanttjak, Watson.) 


then 


^. = 1- 


Hence show that, os n increases from 0 to co, decreases steadily from 
1 to i, and that 

4>n 32n» 

20. Deduce from Ex. 12 that, if \z\ is large and |argz| < then 


1+1 + 


0(z+i)--iogz + ^-^ + ^-e^ + -* 


«D 


1 _j®« 

1-1) '--'log r + 

Hence show thatf ^ ( _ I)f-i B 

log r(z+ 1) -- (2+ DIogz- 2 + Jlog 27r+ ^ 2 r( 2 r-l)z*l* * 

f-l 

t Use §9.51, Ex. 2. The constant } log 2v is determined by using the 
dominant term of the asymptotic expansiou of r(z+ 1)- 
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21. Find an asymptotic expansion, valid when \z\ is lai^e and 


Rl* > 0, of the function 


00 


J 


0 


di 


' 7 ( 1 + 0 ' 


Extend the range of validity of this expansion and deduce that 


CO 


J 


= ^(-Ycosj— Fsinz), 


A 


J 


= ^(X 8 in 2 + Fcosz), 


where, when |z| is large and Rlz > 0, 




2z (2z) 


(2zV 


„ , 1.3 , 1.3. 6. 7 

(2z)«^ (2z)* 

22. Show that, when jzj is large and |argz| < Jtt— A < Jtt, 




J 


co8(f-z) 




J 


sin(< — z) 


dt 


1_2! 4! 

2 2 *‘*‘ 2 ‘ * • 


23. By integrating ttz *co8ecire/r(l— «), where z is positive, round 
the roi'tanglo with vertices — R^iR, where a is positive, show 




o~ a>\ 


Prove that this formula also holds when jargc) < f»r— 8, where 

8 > 0. 


24. Deduce from Hankel's contour integral that 

a+goi 

j e'r**, 

<7— QOi 

where o > 0, provided ihat Rlz > 0. (Laplace.) 

25. /(z) is an analytic function of z, regular in the half-plane Rlz < c, 
where c is positive; a, denotes the value of the rth derivative of /(z) at 
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the origin. Show that the equation 


( 0 +> 


J 


-idz 






= 2zsinajT J ^ dt 

0 

is true, provided that the integer k lies between Rl(— o) and Rl(— a— 1). 

(Cauchy.) 

26. Prove that, when Rl« < 0, 


OO 


r(,) = J c-‘ je-'- 1 ^ - 1)*”^} *. 

0 

where k is the integer which lies between Rl(— z) and Rl{— z— 1). 

(SAXnSCHtJTZ.) 

27. Show that the equation _ ^ \ ■ _ ■ = c, where c ^ 0, has three 

I (*+ 1) 

infinite sets of roots, which behave asymptotically like 

as n — 00 , one root of each set being associated with each large positive 
integer n. (Hardy.) 

28. Show that tho inverse factorial series 


QO 




a,n! 


Z^z(z+l)...{z+n) 

1 


converges whenever 2 n“* is convergent, provided that z is not a 

negative integer or zero; and conversely. 

Prove also that the convergence of either series is uniform in a bounded 
closed region D, if it is uniform for the other, provided that D contains 
none of the points 0, — 1, —2,... . (Landau.) 


CHAPTER X 

THE HYPERGEOMETRIC FUNCTIONS 


10.1. Homogeneous linear differential equations 

Before we discuss in detail the properties of several im- 
portant analytic functions defined by differential equations, it 
is desirable to consider whether there exists an analytic function 
u'{z) which satisfies the homogeneous linear differential equation 

, ^dw , , 

+ -+Pn-i{^) ^+pAz)w = 0 , 

where the coefficients Pi{z), P2[z),..., p„(2) are analytic functions 
whose only singularities of finite affix are poles, and, further, 
if such a solution does exist, to ask what effect the singularities 
of the coefficients have on the nature of the solution. 

The simplest equation of this type 


presents little difficulty. Its variables are separable, and the 
solution is 

w — expj— f p{z)dz\. 


On the other hand, the equation of order two 


(Pw , , dw 


has no such simple solution. We restrict our attention to this 
equation for two reasons; firstly, the analysis in this case is 
easily extended to the more general case, and, secondly, the 
particular functions with which we deal in the sequel do, in 
fact, satisfy second-order equations. 

A point 2 q is said to be an ordinary point of this differential 
equation if the functions ji(z) and q{z) are regular in a neigh- 
bourhood of Zq\ all other points are called singular points of the 
differential equation. 


10.11. The solution near an ordinary point 

We now show that ij Zg is an ordinary point of the equation 


d^w , .dw 
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and if Uq and Oj are two arbitrary constants, there exists a unique 
function w{z) which is regular and satisfies the differential equation 
in a certain neighbourhood of Zq, and which also satisfies the initial 
conditions w{zq) = a^, w'{Zq) = a^. This theorem, which is due 
to Fuchs, t shows that the only possible singularities of the 
function defined by the differential equation are the poles of 
the coefficients p{z) and q{z). 

For simplicity we suppose that Zq is zero.J Then since p{z) 
and q{z) are regular in a neighbourhood \z\ < i? of the origin, 
they are expansible as Taylor series of the form 


f>(z) z". ?(2) = f 2 :", 

0 0 

the radius of convergence of each series being not less than R. 
We now try to find a formal solution by substituting 




in the equation 

d^w ^ - dw 




dz2 


2 dw 


= 0 


0 0 

and equating coefficients. This gives 


— 202 = ai?>o+«o?o» 

— 2.303 = 2 o 2 Po+OiPi+ai?o+«o 5 'i. 


and, generally, 

— (n— l)na„ = (n — l)a„_iP(,+ (n — 2)a„_2Pi-h...+aiPn-24- 

These equations determine the coefficients a„ successively as 

linear combinations of Oq and Oj. 

We next show that this power series which satisfies the dit- 
ferential equation formally and also satisfies the given initial 
conditions, has a radius of convergence which is not less than .R. 
The proof of this is rather difficult, since we know very httle 

about the coefficients p, and q^. 

Let us denote by M and N the maximum values, necessarily 


t fur 66 (1866). 121. See alee Foreyth. Thc^^of 

EqutUioM. 4 (1902), Chap. I, and Bromwich. InfiniU Senes (1926). 16 • 
t This irvoives no loss of generality. For, if z# is not zero, w® o'* 
transformation z' = 
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finite, of |p( 2 )j and \q{z)\ on the circle I^I ^ r. where r < R. 
Then, by Cauchy's inequality, we have 

and so \p,.\^KIr\ | 9 „| < 

where K is the greater of M and Xr. 

Writing bQ and 6 ^ for {a^] and \a^\ respectively, we have 

21^21 ^ ^ili>ol+^ol?ol ^ + ^ ^ 26j + A', r, 

and so 1 ^ 21^62 

where 263 = 26^ A'-j-^o A'/r. 

Similarly, 

2.3|a3| ^ 2 ]a 2 llPoH"^i!/'i! + ^il9o! + ^oi9il 

< 262A+26iA>-H6oA>-2 

< 362A + 26iAV-i+6oA>-2. 

and so iQ^I ^ ^3 

where 2.363 = 363 A+26, A'r-*+6„ Ar-=. 

Pioceeding in this way we find that [a„| < 6,„ where 

(n-l)n6„ = w6„.3A + {n-l)6„_2A:r“» + ..- + ^>o-^>-""' 

From this equation we see that the coefficients 6„ are con- 
nected by the recurrence formula 

(n-l)7ii„_(„_2){rt-l)6„_ir-* = n6,._iA. 

But this gives Au _ i ^ [ 

6„_^ nr ~72 — 1 r 

as n -*• 00, so that the radius of convergence of the power series 
2] ^,,2" is r. Since, however, |a„| ^ b„, it follows by the com- 
parison test that the radius of convergence of ^ o,^z’' cannot be 
less than r; moreover, as r w'as any number less than R, this 
shows that ^a^z'* converges when lz| < A. 

The function w{z) — 

0 

is, therefore, regular when [2| < R and satisfies the prescribed 
conditions at the origin. The formal processes of term-by-term 
diffeientiaiion, multiplication, and rearrangement of power 
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series by which this function was made to satisfy the differential 
equation are now seen to be completely justified, since all the 
series involved converge uniformly and absolutely in every 
closed domain within \z\ — B. This completes the proof of the 
theorem. 

Since is a linear function of and a,, we can express the 
solution we have just found in the form u( 2 ) = (iQU'Q{z)'\-a^iL\{z). 
The function u'q{z) is a solution of the differential equation 
which satisfies the initial conditions w?o(0) = 1, Wq{0) = 0, 
whereas u\{z) is a solution satisfying the conditions U’i(O) = 0, 
u’'(0) = 1. Every solution of the differential equation regular 
in the neighbourhood of the origin is, therefore, a linear com- 
bination of the solutions Wq{z) and u\{z), which we call a funda- 
mental pair of solutions. Obviously' u'o(z) and u-^iz) arc linearly 
independent; by this we mean that there is no linear combina- 
tion of them which is identically zero. 

So far, the functions v:q{z) and u\{z) are defined only in a 
neighbourhood of the origin. When we continue these functions 
analytically, they remain linearly independent solutions of the 
differential equation. The continuation can be carried out along 
any path which does not pass through a singular point of the 
differential equation, and so the solution will ultimately be 
defined alLover the z-plane. In the next section we show that 
the continuation is not one-valued, by proving that a singularity 
of a differential equation is, in general, a branch point of its 
complete solution. 

Example 1. Prove that the necessar>- and sufficient condition that 
the two functions /(z) and glz) should be linearly independent is that the 

determinant = /(z) ff(z) 

/'(z) 9 '{z) 

should not vanish. (This determinant is called the Wronskion of the 
tw'o functions.) 

Example 2. Show that, if w^iz) and Wi{z) are two solutions of 
w' -\~p(z)w' -\-q{z)w «= 0, then 

^A(w;o,Wi)-f-p(2)A(uJp,Wi) = 0, 

az 

so that A{uJo, Wj) = C exp j — J p{z) dz j ■ 

Deduce that, if w^{z) and tOi(z) become W^{z) and Wi{z) after analytical 
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continuation round a closed curve F. 

IF,) = A(u'(,. U 

where J? is the sum of the residues of p(z) at its- poles within F. 

10.12. The nature of the solution near a regular singu* 
larity 

The point is a singularity of the differential equation 
W-’ ~l~p(~)ie ~ 0 if it is a pole of one or botli of the 

functions p{z) and (j{z). We call it a regular singularity if it 
is not a singularity of either of the functions {z — Zq)p{z) and 
(2 otherwise it is called an irregular singularity. 

The reason for this distinction is simply explained. In a 
neighbourhood of a regular singularity, the differential equation 
possesses, as we shall shortly prove, two linearly independent 
solutions which are regular save possibly for a branch-point at 
the singularity. But near an irregular singularity, the method of 
solution by series breaks down and the singularity of the complete 
solution is of a much more complicated character. A general 
investigation of the behaviour of the complete solution near an 
irregular singularity is beyond the scope of the present book.f 
If the origin is a regular singularity of the differential equa- 
tion under consideration, the functions rp(r) and 22^(2) are 
regular in a neighbourhood \z\ < R of the origin and so possess 
convergent Taylor expansions of the form 

^P{z) = lPrZ\ 2 - 5 ( 2 ) = I 9 , 2 ^ 

0 0 

where the coefficients and are not all zero. We now 

show that, in general, the equation possesses two linearly in- 
dependent solutions of the form 

uiz) = a,2^ 

0 

where a is a root of a certain quadratic equation. When we 

substitute these power series in the differential equation and 

equate coefficients, we find that this expression is a formal 

solution of the equation if a and the coefficients r7, satisfy the 
conditions 

ao/^(a) = 0, 


t Soo Forsyth, Theory of Dijffiremial Equadons 4 
THffertntial Equations (1927), 417-37. 


(1902)* or Inco, Ordinar^j 
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fi — 1 

and a^F{(x-\-n) = — 2 > 1)* 

where F{cn) denotes the quadratic a(a— I)H-po“+? 0 ' 

The first equation is satisfied by choosing arbitrarily and 
making a a root of the quadratic equation f’(a) = 0. This equa- 
tion is called the indicial tqualxcni and its roots the exjionenU 
of the regular singularity under consideration. The remaining 
equations determine successively the coefficients a, as constant 
multiples of Qq, provided that /’(ot-|-n) does not vanish for any 
positive integral value of n. Hence, if the indicial equation has 
distinct roots which do not differ by an integer, this process 
gives two formal solutions, one corresponding to each root of 
the indicial equation. 

If, however, the roots of the indicial equation are equal or 
differ by an integer, we may obtain only one formal solution. We 
leave this case for the moment as it presents certain difficulties 
which do not occur in the general case. 


10.13. The convergence of the series solution near a 
regular singularity 

We have just seen that the differential equation 

w“ -\-p{z)ui' -\-q{z)w = 0 


always has one formal solution w = 2 “^anZ’* valid near the 

regular singularity at the origin, and that it has two such solu- 
tions when the difference of the exponents is not an integer or 
zero. To prove that this tornial series does represent a solution 
of the equation, we have to show either that the series 2 
terminates or else that it has a non-zero radius of convergence. 

Let us suppose that the series does not terminate. \Ve show 
that if zp{z) and z~q{z) are regular when \z\ < B, the radius of 
convergence of is not less than R. The proof is very 

similar to that of § 10.11. * 

If «' is the other root of the indicial equation, the coefficients 


a„ are given by 

n(7l-f-a — ^ + 


Let us write 6„ — la„l when 0 < n < S, where 8 = \<x—a\ anti 
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T = \a\. Then if m is the least integer greater than 8, we have 

m(m — 8)|a„J ^ a')a„| 

= 1 2 “.{(“+«)?, 

' 4*0 I 

5^0 

But if 3/ and N denote the maximum values, necessarily finite, 
of | 2 ;>( 2 )| and {z^q{z)\ respectively on the circle \z\ = r, where 
r < i?, Cauchy’s inequality gives 


and so 


\Pn\<K/r-, \q„\^K/r\ 


where K is the greater of M and N. Substituting these bounds 
for lp„| and [g„|, we find that \a„\ < 6_, where 




m{m-h)b„ = K J («+T+l)6Jr”*-*. 

Similarly we can show that |a„| ^ b„ when n ^ m, where 

4 

n(n-8)6„ = (a+T+l)6 >-• . 

From this equation, we see that the coefficients 6„ satisfy the 
recurrence formula 

n{n-h)b„-{n-\)(n-l-S)b„_^lr = K(n+r)b„.Jr. 

But this gives 


and so 


A. ^ (yt-l)(n-l- S) A'(w+t) 

6„_, n(n— 8)r ■*"n(n-8)r’ 

= 1/r. 


The radius of convergence of the series 2 2 ” is, therefore, r. 

^ follows by the comparison test 

that the radius of convergence of 2 a„ 2 '* cannot be less than r; 

inoreover. as r was any number less than R, this implies that 
this series is convergent when lz| < i?. 

The formal processes which made w = 2 ^ 2 "n a solution 
are now seen to be completely justified since all the series in- 
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volved converge uniformly and absolutely in every closed 
domain within \z\ — R. 

When the exponent-difference is not an integer or zero, we 
derive in a similar manner a second independent solution 
to = 2 ®' 2 On corresponding to the other root of the indicial 
equation. In this case at least one of the solutions has a branch- 
point at the origin. 


10.14. Solutions valid for large values of \z\ 

To discuss the nature of the solution in the neighbourhood 
of the point at infinity, we make the transformation z — l[t. 
The differential equation 


then becomes 



^q{z)w= 0 


<Rw .12 1/1 


dw 1 I \\ ^ 

-4.-0 - = 0. 

dt 


The behaviour of the solution for large values of \z\ is now 
determined by solving the transformed equation in the neigh- 
bourhood of the origin. 

Accordingly we say that the point at infinity is an ordinary 
point if 2 1 /\\ 1 

i-Atj- p 



are regular at the origin, that is, if 

2z—z-p{z), z^q{z) 

are regular at infinity. The complete solution of the equation, 
valid in a neighbourhood of the point at infinity, is in this case 
of the form _ _ 

«o+- + -| + -. 

Z 7r 


where Oq, are arbitrary constants. 

Again, the point / = 0 is a regular singularity of the trans- 
formed equation if there; we say, 

therefore, that the point at infinity is a regular singularity if 
zp{z) and z-q{z) are regular there. In this case, p{z) and q{z) are 
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expansible, by Laurent’s theorem, in series of the form 

convergent in a neighbourhood | 2 | > of the point at infinity. 

It may now be shown, just as in § 10.13, that there exist in 
this neighbourhood two linearly independent solutions 

where a and a' are the roots of the indicial equation 

a2 — (po— l)a+5(, = 0, 

provided that these roots do not differ by an integer or zero. 

10.15. The solution when the exponent-difference is an 
integer or zero 

When a— a' = s, where s is a positive integer or zero, the 
solution of § 10.13 fails. For if s = 0, the two solutions become 
identical, whilst if s > 0, all the coefficients in one of the solu- 
tions from some point onwards are either infinite of indeter- 
minate. It is, however, well knownf that a knowledge of one 
solution of a linear differential equation of order n enables us 
to depress the order to n — 1. In our case, we obtain in this 
way a linear equation of the first order which can be integrated 
immediately. 

To effect this depression of order, we make, according to the 
usual rule, the change of independent variable 

w = Wq{z)v, 

where Wq{z) is the known solution of exponent a. The function 
V is found to satisfy the equation 



whose solution is 

* ( ‘ 
v(z) = ^ + J f 

t Soe, for example, Forsyth, Treaiise on Differential Equations (19 J4}, 130-3. 
vOlIM S 
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where A and B are arbitrary constants. Hence the required 

second solution, valid near the origin, is 

e e 


«'(2) = 


f (i)} 


2exp. 


- 1 P(^) 


dz 


dz. 


Now a and a — 5 are the roots of the indicia! equation 
so that po = 1+5— 2a. Hence we have 


{ 


i)pexpj-J%(^)rf.) 

= ^ -exp[ r ;ji-y2g--} ^ 2 ] 

2 («o + *^i“+*-) \J I ^ ' J 


(ao+« 

where 9(0) = l/a§. Since «« ^ the function (Oo+ai2+...)-* 
is regular in a neighbourhood of the origin. Hence g{z) is also 
regular there and can be expanded as a convergent Taylor senes 
g{z) = 2 Substituting this series for g{z), we find that the 

second solution is 


w 


= W’o(2) J 2l-'ij7,.2” dz 


= -ow(2 , »-* )■ 

In particular, when the exponent-difference a is zero, this 
solution can be wTitten in the form 

w = goWQ{z)\ogz-\-z^^^ 

As g„ is not zero, this solution possesses a logarithmic branchy 
point at the origin. When the exponent-difference s is a positi 
integer, the second solution takes the form 

00 

W = ff,«'o(2)logZ + Z“^Z^C„2". 

If it happens, as may be the case, that g^ is zero, the second 
solution does not involve a logarithmic term. 
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An alternative method of determining the second solution 
when the exponent-difference is an integer or zero is due to 
Frobenius.l 

Example 1. Determine two linearly independent solutions of the 
equation z*{z— 1 )U'" + z(5i— I yw'-J- (Sz— 1 )u? = 0 


valid near z 0. 

Example 2. Determine two linearly independent solutions of Bessel’s 

equation - , . , « 

zw -k-w -\-zw = 0 

valid near the origin. 


Example 3. Prove that the equation 

z*tf' + (z+ l)u>'-l-u> = 0 

has an irregular singularity at the origin, and show that the metltod of 
solution by series gives only one integral of the equation valid near 
the origin. 


Example 4. Show tiiat the equation 

z^w' + zhv' + w = 0 

has an irregular singularity at the origin, and that it is impossible to 
hnd a series solution valid near the origin. 


10.2. The second-order differential equation with three 
regular singularities 

If the only singularities of the differential equation 

iv" -\-p{z)w’ -\-q{z)w = 0 

are regular singularities at r^, and the functions 

P(2) = {z—^){z—r))[z—C)p{z), 

Q(z) = {z~mz-vnz-0'q{z) 

are integral functions. Moreover, since the point at infinity is 
not a singularity of the differential equation, the functions 
2z—z^p{z) and z*q{z) arc regular at infinity. This is the case if 
and only if P{z) and Q(z) are quadratics in z and the coefficient 
of 2 ^ in P{z) is 2. 

Accordingly we can write 



t Journal Jur Math. 76 (187.3), 214-24. So© also Forsvth, Treatise on 
Differential Equations {1914), 243-58; Ince, Ordinary Differential Equations 
(1927), 396-403. 
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where A-\- B-{-C = 2, and 

(z-^)(z—q)(z-Qq(z) = + 

z—i Z — T] z — C 

here the capital letters denote constants depending on the 
exponents of the singularities. 

The indicial equation relating to the singularity ^ now takes 


the form 




If the exponents at ^ are a and a', this gives 


A = I— a— a, D = — C)ota'. 

Similarly if the exponents at -q are p, p' and those at C 
y, y', we have 

B = l-p-p\ E = 

and C = 1-r-/. F = {c-m-v)yy'- 

Moreover, since A-\-B-\-C = 2, the six exponents are not arbi- 
trary, but are connected by the relation 

0L-\-0t -\-p-\-p' + y-\-y = 1 . 

The differential equation is therefore of the form 

d'^w |1 — o£— a' \—P—p' 1 — y — y' l dw 

dz^ \ z—^ z — q z—C / 

_ , VV' I S. 

{z~i){v-cr 

{Z-^){z—q)iz — C) 

In the notation introduced by Riemann. we express the fact 
that w is a solution of this differential equation by writing 


V I 

w — P OL P y z . 

to* t 

p y ) 

Example 1. A linear differential equation of the second order has 
but one singularity, a regular singularity at the origin. Show that the 
equation is zu>'’-j-2u>' = 0. 

Example 2. A linear differential equation of the second order hM 
but two singularities. These are a regular singularity of exponenU a an 
a' at the origin and a regular singularity of exponents P and ^ at in mi y • 
Find the equation and show that a+a' +p+P' = 0, oa — pp • 
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Example 3. Show that the differential equation satisfied by the 
function 


w = P 


^ 00 C 

<x ^ y 2 

U' Y 


\s 


dz^ I z— ^ z— ^ 1 dz 


Example 4. Prove, by transforming the differential equation, that 



0 

00 

1 

1 


• 0 

00 

1 

2P(l-2)ap 

1 


y 

z' 

= p 

a+p 

^-p-q 

y+9 


U'- 

J8' 

y 

J 


ktt'+P 

^'-p~q 

y'+q 

and also that 

f® 

00 

1 



1 0 

00 

] 


P 



y 

Z 

= p 

cx P 

y 1/(1 

-Z) 

% 


u 


/ 

y 


• 

U' /S' 

/ 

. 



Example 5. Prove that 


i rl - ' 


i V C 

ci+p P-p-q y + 9 

U' + p ^'-p-q / + <7 


and also that 


I ? 

P{a ^ Y 

«' y' 


fli ’ll ?i 

2) = Pja /3 y Z; 

U' )3' / 

where z,, ^,, are derived from z, ^ respectively by the same 

homographic transformation. 


10.21. The hypergeometric equation 
If we make the homographic transformation 

(z-’jMI-C) 

and use the results of Exx. 4, 5 of the preceding section, we 
find that 





1 

1 



00 

1 

p 



y 

1 

Z 

= P 



y t 

1 

i-' 


f 

y 

4 




y 


f 0 00 1 

0 (x-\-fi+Y 0 * 

[ot’ — a a+j8'+y y'— y 


= <“(1— f)yp 
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Hence, in order to determine the properties of the solution of 
the second-order equation with three regular singularities, it 
suffices to discuss the behaviour of the function 


w 



0 

0 


00 

a 


1 

0 


[l—c b c—a—b 



> 


which satisfies the equation 

t{\ — t)w''-\-{c — {a-\-b-^\)t}w'—abu' = 0. 

This is called the differential equation of the Iiypergeometric 
function, or. more briefly, the Iiypergeometric equation. 

To avoid difficulties regarding the possible occurrence of 
logarithmic terms in the complete solution of this equation, we 
shall su])pose in the present chapter that none of the exponent- 
differences c — 1, a — 6, a-\-b — c is an integer or zero.f 


10.22. The generalized hypergeometric equation 

If we introduce the operator i? = zdjdz, we find that the 
hypergeometric equation 

z(l-j)0' + {c-(a+6+I)z}^-o*w = 0 

takes the simple form 

1 )«.' = 

a fact which is of importance in the formal solution of the 
equation by series. 

A differential equation is said to be of generalized yper 
geometric type if it can be written in the form 

the order of this equation is equal to the greater of p and g'-H 1- 

10.3. The hypergeometric function 

To discuss the nature of the solution of the hypergeometric 

equation = 2(.?+a)('^+^')“' 

t The case of zero or integer exponent-differences has been discussed by 
Lindelof, Acta Soc. Seient. Fennicae, 19 (1893), No. 1. and . L. Ferrar. Froe. 
Edinburgh Math. Soc. (1), 43 (1925), 3^-47. 
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near the regular singularity at the origin, we substitute formally 
the series 

U’ = 2® 2 
0 

and equate coefficients. We find that the exponent a satisfies 
the iridicial equation 

— 1 ) = 0 

and that the coefficients a„ satisfy the recurrence formula 
(a+n){a+c— l+n)a„ = (a+a+n— l)(a+6 + n— 

From the recurrence formula, we deduce that 

" F(a-l-l+n)r(o[4-c-f n) 

where A is an arbitrary constant, and so we obtain two formal 
solutions 


r{a+n)r(6+n) 


2 nfl-c+l-fn)n6-c+l+7t) ^„ 


2 r(c+n)n! ' ^ r{2— c+n)n! 

But since the two power series converge absolutely and uni- 
formly with respect to 2 in every closed domain within the unit 
circle, the validity of these solutions when \z\ < 1 follows im- 
mediately. 

now define the hypergeomeiric Junction F{a,b;c;z) by the 
equation 

na)nb) r(a+n)r(6+n) z" 

r(c) ^ 

fk** 0 


n\ 


when \z\ < 1 , and by analytical continuation when \z\ ^ 1 ; it is an 
analytic function of z, which is certainly regular! when \z\ < 1. 

In terms of this new function, the two solutions of the hyper- 
geometric equation valid near the regular singularity at the 
origin are 

F(a, 6 ;c; 2), i-|-6— c; 2— c;2). 

Example 1 . Show that 

(1— z)-» = 


log 


1 


1-2 


= zF(l,l;2;z), 


t Wo Bhall eeo lator that it haa braoch^poiota at 1 and co* 


e* = lim F\ 

a—* CD 
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Example 2. Prove that 

^ F(a,bic;z) = — i’(a+l,6 + I;c+ l;z). 
dz c 

Example 3. Show that, when c = 1, two independent solutions of 
the hy-pergeometric equation, valid when \z\ < 1, are 1 ; 2 ) and 


CO 


' r(a + r)r(6-t-r) 

2% 


where 


1 la H-r)l 

r(a)r(6)F(a,6; l;z)Iog 2 + ^ ^ 

1 

*'■ ~ 2 (a + n— I 6+n — 1 n)* 


10.31. An integral representation of F{a,b]C\z) 

The series defining the hypergeometric function can be 
written in the form 

J r(a+n)B(6+n,c-6)^. 

Using the Eulerian integral of the first kind, we deduce that, 
when Rlc > R16 > 0, 


r(c) ^ ' 

n-O (j 

it being understood that the many-valued functions under the 
sign of integration are made definite by taking 

a^g^ = arg{l— 0 = 0. 

Now when | 2 |< 1. the series 2 V{a-\-n)zH”ln\ converges uni- 
formly with respect to t over the whole range of integration, 
and so we can invert the order of integration and summation 

to obtain 


- j iff ■» 

^ (\ TI -“0 


(it, 

T(c-fe)J 
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where (1— 2<)““ has its principal value. We have thus shown 
that, when [zj < 1 and Rlc > R16 > 0, 

r(c) J 

The integral on the right-hand side of this equation is. how- 
ever, uniformly convergent in any closed domain of the z-plane, 
supposed cut along the real axis from 1 to -\-oo, and so repre- 
sents an analytic function, regular in the cut plane. Hence this 
integral representation of jp(a,6;c;2) provides the analytical 
continuation of the hj’pergeoraetric function in the case when 
Rlc > R16 >0. 

If we had used Pochhamraer’s double-circuit integral for the 
Beta function (see §9.3) instead of the Eulerian integral, we 
should have obtained a double-circuit integral for F(a,b\c\ 2 ), 
valid in the cut plane, without any restrictions on the para- 
meters 6 and c. For the details of this, we refer the reader to 
Pochhammer’s memoir already cited. 


10.32. The value of f’(a,6;c; 1) when Rl(c— a— 6) > 0. 

Since r{a-\-n)ir{n) n** when n is large and positive,! we 

r(Q+»)r(fe+n) ^ 1 

r(c-f-n)n! 

Hence the hypergeometric series F(a,6 ;c;l) converges if and 
only if Rl(c— a — 6) > 0. When this condition is satisfied, it 
follows from Abel’s theorem on the continuity of j)Ower series^ 

F{a,6 ;c;l)= lim F{a,b;c]x). 

If, in addition, the condition Rlc > R16 > 0 is satisfied, we 
deduce from the integral formula of § 10.31 that 

r(c) 


f(a,fc;c;l) = Um 

x-^1-0 1 (0)1 (C 


r(c) 


r(6)r(c-6) 


0 
I 


_ r(c)r(c-q-ft) 
r(c— a)r(c-/j)' 

t See § 9.22, Ex. 4. 


t § 5.22, Ex. 1. 
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The additional restrictions on the real parts of 6 and c are, 
however, quite unnecessary for the truth of this result, and only 
arise on account of the particular method of proof adopted. 
Although the restrictions can be removed by an appeal to the 
principle of analytical continuation, it is simpler to give a direct 
proof, as follows. 

If we write 

Fia,b-,c-,z) = 2 /’(a,6;c+l;z) = 2 

0 0 

it is easily verified that 

c(c— a— 6).4„ = {c—a)(c—b)B,^+cnA„--c{n-\-l)A„^i, 
from which it follows that 


c(c— a— 6) 2 = (c— a)(c— 6) 2 iM.v+i- 

0 0 

But since (A"+lM v+i this equation gives 

F{a,b-c-\) = 

c{c—a—b) 

provided that Rl{c— a— 6) >0. From this we easily deduce that 


r(c)r(c— a— 6) 


^ nc+m-aWic+m-b) 

r(cH-m)r(c+m— a— 6) 


tn-^co 


for every positive integral value of m, and hence 

r(^— °)r(^~^)F(a,6;c; 1) = lim F(a,6:c4-tti; 1). 
r(c)r(c — a — 6) m-*<» 

Let us now write 

F(a,6;c+m;z) = 1+ 

and denote |a|, 16 1. |cl by a, y respectively. Then, for any 
fixed positive value of M, let m > Af+y- Then we have 


\C,\ < 


m — y 


(a+l)(a+2)...(«+W-l)(^+lH^+2)-(g4 :?^) 
^ m-Y (m-y+l)(m— y+2)...(m-y+n-l).n! 

olP (a+l)(a+2)...(a+n-l)(^+l)(^+2M£±^rJ-^ 



THE HYPERGEOMETRIC FUNCTIONS 


251 


Therefore 

1 1 m — y 

Choose Then F(a+ 1, 1 ; 1 ; 1 ) is finite 

CD 

and 2 C„ tends to zero as m -*■ oo. Hence 
1 

lim i*’(a.6;c + r7j; 1) = 1, 
and so, if the real part of c — a — b is positive, 

r(c— a)r(c— 6) 

10 . 33 . The analytical continuation of i^(o,6;c;2) 

If we put 2 = 1 — f in the hypergeometric equation satisfied 
by F{a,b\c;z), we find that 


<(l-<)^+{(l+a+6-c)-(a+6+l)(}^ 


abiv = 0, 


which is also of hypergeometric type. From this it follows that 
the hypergeometric equation has two linearly independent solu- 

F(ct, 6; l + a+6—c; 1—2), 

{l—zy-°-^F{c—a,c—b; 1+c— a— 6; 1— 2) 

valid when | 1 — z] < 1 . We make the second solution definite 
by giving to (1— 2)“^““"^ its principal value. 

The region in which these two solutions are defined has an 
area in common with the region |2| < 1 in which F{a,b\c\z) 
was defined. In this common area, the three solutions must be 
connected by a linear relation 

F(a,6;c;2) = AF{a,b\ l+a-|-6—c;l—z)+ 

-f--B(l— a,c— 6; 1+c— a— 6; 1— z). 

To determine the constants A and By we suppose that 
Rl{a+6) < Rlc < 1, so that the three series 

F(a,6;c;l), ^*(0,6; l+a+6— c; 1), 

F(c— a,c— 6; 1+c— a— 6; 1) 

are convergent. 

If we make 2 tend to 1 along the real axis, we find that 

F(a,6;c; 1 ) = A. 
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Similarly, making z tend to zero, we have 

1 — AF{a,b-,\-\-a-\-b—c\\)-\-BF{c—a,c~b\\-\-c—a—b\\). 
By § 10.32, the first equation gives 

^ r(c)r(c-a-6) 
r(c — a)r(c — 6) 

The second equation now becomes 

^ r(c)r(l-c)r(c-a-6)r(l+a+6-c) 
r(c— a)r(l+a— c)r(c— 6)r(l-f-6~c) ' 

ni-cmi+c-a-b) 

r(i-6)r(i-a) 

from whicli it is not difficult to deducef that 

P r(c)r(fl+6-c) 

r(a)r(6) • 


We have thus proved that the relation 
F[a,b-,c-z) = £|£ir^P^^Jf(o,6;l+a+6-c;l-z)+ 


r(c)r(aH-fe 0 ,c— 6; 1 +c— a— 6; 1— z) 

^ r(a)r(6) 

holds when \z\ < 1, |1— z| < 1, provided that 

RI(a+6) < Rlc < 1. 

Tl''s restriction on the parameters a, b, c is not necessary for 
the truth of this result, and arises as a result of the method of 
proof adopted. An alternative proof, valid for all values of the 
parameters, will be found in Barnes’s memoir cited below. 

The importance of the result lies in the fact that it provides 
the analytical continuation of F(a,b;c;z) into the region 
|1 — z| < 1 and shows that this function has a branch point at 

z = 1. 


10.4. Barnes’s contour integral for F{a,b;c]z) 

Bames.J following Pincherle§ and Mellin,!! has represented 
the hypergeometric function by means of a contour integral 


t By using the formula — 2 ) = » cosec m. 

t Proc. London Math. Soc. (2), 6 (1908), 141-77. 

§ Atti d. It. Accademia dei X^'ncei, RendicorUi (4), 4 (1888), 694-700, 

II Acta Soc. Scient. Fennicae, 20 (1895), No. 7. 
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whose integrand involves Gamma functions. A particular case 
of Barnes’s formula is 

J> — I ds = 1 “1“ •• • > 

2rrt J sm TTS 


a- oci 


valid when \z\ < 1, larg( — 2 )| < n, the path of integration 
being the straight line Rls = a, where —1 < < 0; this has 

already been given as an exercise for the readcr.f 
Now if i? denotes the operator z djdz, we hav’e formally 

CLW _ r(«+^)r(6+^) 

r(c) - r(c+"^r(T+S)**+‘-+" + 


xi 

1 r(a-fi?)r(6+i?) c 7T 

2wi r(c+^)r(i+.?) 

a+ xi 


j 


sm TT.s 


(— 2 )'' ds 


o - xi 


= _J. f na+smb+ ,) . 

2m J r{c+s)r(l +. 9 ) sin TTi' 
* 


a— XI 


2m J r(c+5) 

xi 


This is Barnes’s contour integral for F{a,b;c;z). 

Lot us consider, then, the integral 

± ? r(a-h.)n6+^)r(-.) 

2m' J r(c+5) ^ 

- «i 

in the case when \z\ < I, |arg( — 2 )] ^ tt— c, whore c is an 
arbitrary positive number. The path of integration is the 
imaginary axis, modified, if necessary, by loops to make the 
poles of r(— s) lie to the right of the path and those of 
r((i-|-5)r{6-|'5) to its left; this is always possible, provided that 
neither a nor 6 is a negative integer. J We suppose, as before, 
that none of the exponent-differences c— 1, a—b, a-\-b — c is an 
integer or zero.§ 

This integral may be evaluated by Cauchy’s theory of resi- 

t Replato C-* by -z, z by ~s, in Ex. 18 on page 153. 

{The case when a or 6 ia a negative intoger is unimportant, since F(a, 6 ; c ; s) 
is then a polynomial. 

§ Barnos 8 formula docs. In fact, provide a solution of the hyporgeoinetric 
equation when this condition is not satisfied. 
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dues. Let C denote the closed contour formed by three sides 
of the rectangle whose vertices are together 

with the portion of the path of integration from LV to —iN. 
We take N to be an integer, greater than |Ima| and ilm6|, so 
that no poles of the integrand lie on C. We then have 

1 r r(a+5)r(6+«)r{-5) 

27 Ti\ 


( — 2)* ds 


r(c+5) ■ 

sum of residues of at the 

poles within C 


.V 


2 1 

ric-f n 


r(a + n)r(6H-ri)^„ 


and so 


n 0 


r{c-i-n)r(l + n) 


-i.V 


r(a+5)r(6+a)r( — s) 


r(c+5) 


(—2)® ds 


\ 


= 2 


n - 0 


r(a + n)r ( 6 + « ) 2 ^ , 
r(c+n) w! 


2rrj 


.J, 


where J denotes the integral along the remainder of C. We shall 
now show that J tends to zero as N 00. 

We find it convenient to write 

- uV + \+i S + * + i-V t.V + N + i 

+ J “ / 

A • + * - i.V uV 


J 


= i 


-i.V 


= t/|+</2 — ^3, say, 

and to consider J^, J.^, J-^ separately. 

Now, when \s\ is large and [arg^l < n, 


r(a + g)r(h+3) ^ 

nc-i-5)nn-5) *■ 


r(c+5)r(i+5) 

where a + f^S = a + 6 — c — 1, and so 


r(a+5)r(6-t-«) 


r(c+5)r(i-f-s) 

Hence, in J3, we have 

r(a+3)r(6-}-5) 




< AN-. 


r(c+s)r(i+3) 

where .4 is a constant, independent of A". 
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But in Jj, 6 = a—iN, so that, when N is large, 

27T 


ir(-s)r(i+s)i = 


jgfft.V+ai) g-Tr(.V+oi)| 

— Zy\ = < |2|t7g(,r-<).V 

% 

These inequalities give immediately 




N + * 


|Jj| < f \zyd<T<2{2N-\-l)7TANH-*‘‘^\ 

0 

since ] 2 | < 1; this implies that tends to zero as N tends to 
infinity. In a similar manner we prove that tends to zero. 

In J^, however, we have s = JV+J-f i<, where —N ^ N, 
and so 


ir(-s)r(i+s)| = _ 


tr 




-- < 27rC-"i'i 


|sin7r{iV+^ + tOI |cosh7T< 
and l(— 2 )*| = 

It follows that 

|*/,1 < 2 ttAN ^\ z \^-^^ j 

~N 

N 

< 27rAN<^\z\^*i j c-'l'lrfi 

< i7TAN^\z\r^^^/€. 

But since lz\ < 1, this implies that tends to zero as N tends 
to infinity. 

We have thus shown that 

Ni 

r(a+g)r(6+s)r (-s) 

2771 I r(c+a) 

^ r(a+n)r(6 + K) 2" 


N 

~Ni 


— ^ (— z)* ds — 


-2 


n-0 


r(c+n) 


1.^0 

n 


as W -> 00 , 80 that,t when jzl < 1 and [arg(— z)| < tt. 

r(a)r{6) 


r(c) 


27rt J r(cd-s) ' ’ 

^ That the integral on the right-hand side actually converges end is not 
a Cauchy principal value» will be easily proved by the reader. 
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2 ->6 

Finally, we show that the integral 


j_ r r{a-{-s)rib-\-s)ri-s) 

J r(e-l-5) 

— a?t 


{—zY ds 


represents an analytic function, regular in the z-plane supposed 
cut along the real axis from 0 to oo, and so provides the analytical 


contimiation of 


r(n)r( 6 ) 

He) 


F[a,b\c\z) 


all over this cut plane. 

For in any closed region of the cut plane, there holds an 
inequality |arg( — 2)| ^ n—e, where « is a positiv’e constant. 
It easily follows that, if 5 = it where t is real and |^| large, then 

r(q+s )r( 64 - 

r(c+ 5 ) 

where K is independent of z and t. This implies that Barnes s 
integral converges uniformly in the closed region and so repre- 
sents a regular analytic function. As the value of the integral 
has been shown to be I'(cr)r(6)F(a.6;c;2);F(c) when \z\ <C. I, 
the result stated follows immediately. 


(_ 2 )s <A’I^|«e-‘^ 


10.41. The behaviour of F(a,6;c;2) near the point at 
infinity 

Bv an argument similar to that of § 10 . 4 , it can be shoun 
without much difficulty that, if m is a positive integer, 


1 r r(a+-^)r(6+. s)r(— 

J r(c + s) 


— m + X I 


= -■ f 

'2771 J 


r(a-hs)r(b-hs) r(—s) ^_^^, 

r(c-j-s) 


- m — XI 


+ y (residue at 5 = -n — n)-l- 2 (residue at s = 


= —b — n), 


where p and q are integers, not exceeding m, which tend to 
infinity with m. The path of integration in the second integral 
is obtained by translating that of the first integral a distance m 
to the left. If a or b is a positive integer, the new contour is 
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indented so that the pole, which would otherwise lie on it, lies 
to its left. 

Now the residue at « = — a— n is 
(- i)n — 

r{\+n)r{c-a—ny ^ 

~ r’(^+w)r(l+q— c+n) sin7r(a+n— c) 

r(l+n)r(l+a— 6+n) sin 7r{a-\-n—b)^ 

_ 8in7r(a-c) ^ _^_„l\a-^n)r(l~^a~c-^n\ _ 

Bin-nia-bV r(l+n)r(l+a-6 + n)^ ’ 

where, as usual, Iarg{- 2 )|< A siraUar result holds at 
s = —b—n. 

Hence we have 

= V r(o+n)r(l+o-c+n) z- 

8in ^(a-b) 4 r( 14 -a- 6 +n) U + 


where 


+ Y n^+^)r(I+6 — c+n) 2 -^ 

am n{b~a) Z ni + 6-a+n) ^ * 

— m + ®< 


n-0 


r(l+6— a+n) 


ft* ~r 

= J_ f r(a+8)r(6+8)r(-«) . . . 

2 « J !>+;) *> 

— m— ooi 


27n^ ” 


ODi 


r(o— m+a)r(6— m+al n 


f 

J r(c- 


(—2)* ds 


m+s)r(l— m+«) sinTTfl 

= say. 

But when |arg(-z)| < where e > 0, J is a hounded func- 
t.on of m and z; henee / -> 0 as m oo provided that |z| > 1 . 

nl»^% \ ■" of tho oof 

plane for which | 2 ( > 1 , 

r(a)r(6) . ’ 

— p^^/’(a, 6 ;c; 2 ) 

_ r(a)r(6-a)^ 

r(c— a) 1 +a— c; 1 +a— 6 ; 2 -*)+ 

, r(6)r(a-6), , , 

r(c— 6) 1+6— c; 1 + 6— a;2-i). 




8 



258 THE HYPERGEOMETRIC FUNCTIONS 

This equation provides the analj^tical continuation oi F{a,b\c\z) 
outside its circle of convergence and shows that the function 
so defined possesses a branch-point at infinity. 

We have now proved that the function F{a,h\c\z) defined 
by the power series 

r(a)r(6) 2. r{c+n) n\ 

71 = 0 

when \z\ < 1, and defined by analytical continuation when 
\z\ > 1, is a one-valued analytic function, regular in the whole 
plane supposed cut along the real axis from 1 to -f-oo. 

10.5. The relations between contiguous hypergeometric 
functions 

Let us denote by P{z) a solution of a second-order linear 
differential equation with three regular singularities. If A and 
fi are any two exponents of this differential equation, the func- 
tion obtained by replacing A and ^ in P{z) by A-f-l 

and /X — 1 respectively, is said to be contiguous to P{z). Since 
Piz) has two exponents at each of its singularities, there are 
thirty functions contiguous to P{z). Riemannf proved that the 
function P{z) and any two functions contiguous to it are con- 
nected by a linear relation whose coefficients are polynomials 
in z. The recurrence formulae satisfied by the Legendre func- 
tions are particular cases of this general theorem. 

Now if we transform P{z) and its contiguous functions to the 

hypergeometric form 

r 0 00 1 \ 

p| 0 a 0 z\, 

\l—c b c^a—b ) 

as in § 10.21, we find that Riemann’s theorem is a consequence 
of an earlier one due to Gauss. According to Gauss, the function 
F{a\b’\c'\z) is contiguous to P(a,6;c;2) if it is obtained by 
increasing or decreasing one and only one of the parameters 
a, 6, c by unity. There are, then, six hypergeometric functions 
contiguous to P(a,6;c;2). and these may be conveniently 
denoted by F^^, P*., Pe+. F^_ in an obvious notation. 

t Abh. d. Ots. d. IVisa. zu OdUingen {Math. Klasse). 7 (1857), 1-24. 
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Gaussf showed that, betii-een F(a,b-,c-z) and any two hyper- 

geomelTic functions contiguous to it. there es:ists a linear relation 

with polynomial coefficients. There will then be fifteen such Unear 
relations. 

The simplest method of proof consists in determining the 
required linear relation when | 2 |< 1 from the series definition 

of the hypergeometric function, and deducing the result in 
general by analytical continuation. 

For example, 


(a-6) 


r(a)r(6) 

r(c) 


F{a,b\c\ 



— {a~b) ^ F(n-f-n)r(fc-i-n) 

n-o r(c-|-7l) n! 


_ y r(a + n+l)r(6 + n ) z" r((i + n)r(6 + n+l) 2 - 

z. r(r+n) n\ Z ry+To n\ 


Thus the equation ^ 

holds when \z\ <c 1, and hence generally. 


10.6. The generalized hypergeometric function 

If we attempt to solve the generalized hypergeometric 
tion 


equa- 


1)(«?+P2- l)w; 

2(i?q-aj)(^q-a2)...(i?-f-ap)w 
by a series of the form z/ f c„ z", we find that 

n-0 

€C 

WJ = jy ^ F(Y+0t| + n) r(y-l-0Cg-t-n)...rtv-l-tt^4-7tI 2 ” 

^0 ^<y+/>i + «)ny+P 2 +ft)...r(y+p^+n) r(y+l+n) 
provides a formal solution when y is a root of the equation 

y(y+Pi-i)(y+P2-i)...(y-j-p^-i) = 0. 

Apart from the case when the series terminates and so repre- 
sents a polynomial multiplied by zv, this formal series solution 
will be valid only within its circle of convergence. Now the 

t Oes. Werke, 3, 130. 
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radius of convergence of the series is 0, 1, or co according as 
j>— \ >, =, or < q. If />— 1 > q, the formal solution breaks 
down completely. When j)—\ ^ q, we obtain q-\-l solutions, 
provided that none of the coefficients becomes infinite or indeter- 
minate. If p—\ < q, each solution is an integral function, 
multiplied, pos.sibIy, by a power of z, and so is valid all over 
the z-plane. But when p — 1 = q, the series solutions are valid 
only within the circle \z\ — 1 and must be defined outside this 
circle bv analvtical continuation. 

The solution of exponent zero at the origin is usually denoted 
by t ^ 2 ’ ■ ■ ■ ’ ’ Pi ' P 2 * • • • > Pij ’ where 

r(ai)r(o;o)...r(a„i . 


r(ot| + n)r(a2 + yt)---l^(apH->t) z^ 

r{piH-n)r(p2+^)---r'{py+^) "• 

In this notation, the ordinary hypergeometric function is 
2 ^ 1 ( 0 , 6;c:z). 

In dealing with asymptotic expansions we shall find it con- 
venient to use this notation when p— 1 > q, even though the 
series diverges. 


10.61. The function i/\(a;p;z) 

The function i/’|(a;p;z) satisfies the differential equation 

= z(i?+a)tt’. 

If we write this in the form 

d^w , , .dw , ^ 

we see that it has an irregular singularity at infinity and a 
regular singularity of exponents 0 and 1 — p at the origin. When 
p is not an integer, two linearly independent solutions of this 
equation are ^Fy{ci\p\z) and p+ 1 ; 2— p;z); these are 

valid all over the z-plane, since iF^ is an integral function. 

It is easily shown that 

iFi{cx;p-,z) = lim F{a,P;p\z/^), 

so that the irregular singularity at infinity arises from the con- 
fluence* of the singularities at j8 and infinity of the equation 
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satisfied by Many of the properties of 2), 

which is usually called a confluent hypergeometric function, can 
be oh^ined by this limiting process, though a rigorous proof is 
oftw difficult. But since a direct proof by the methods of this 
chapter is generally quite straightforward, the most important 
formulae and certain deductions from them are given as exer- 
cises for the reader. 


Example 1. Prove that, when Rla > 0 and RI(/)— a) > 0, 

1 

T{<x)r{p—oi)^F^{(x;p;z} = H/j) J rft. 

0 

where and (1— have their principal values. 

Example 2. Prove, by a transformation of the differential equation 
or otherwise, that 

i^iioLipiz) = e^iFi(p-a;p; -z), 

provided that p is not a negative integer or zero.f (Kurhmer’st first 
transformation . ) 


Example 3. 
tion 


Show that the function w = ^F^{p;z) satisfies the equa- 



Hence show that 


,F,(a;2ot;2z) = e*o^’i(a-f fz*), 

provided that 2a is not a negative integer or zero. (Kummer’s second 
transformation.) 


Example 4. Provo that, when |arg(-z)j < and a is not a negative 
integer or zero, 




r(a)iF|(a;p;2) = 


J 


Tla+3) 

F{p+3) 


T{-s)(—z)*d3, 


- QOi 


where the path of integration is the imaginary axis, modified, if neces- 
sary, by loops to make the negative poles lie to its left and the positive 
ones to its right.§ (Barnes.) 


Example 5. Show that, when jargzj < fw, 

<ci 




— co4 


Deduce Kummer’s first transformation. (Barnes.) 


t For a discussion of the case when ^ is a negative integer, see Watson, 
Bertel Functions (1922), § 4.42. J Journal fur Math. 15 (1836), 138-41. 

§ In proving this result, it is necessary to use the asymptotic formula of 
§ 9.55. 
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Example 6. Prove that, when jargzj < ^ and p is not an integer, 


cci 

^ J r(— «)r(l— p — s)r(a + a)r*ds 

-cci 

= r(l-p)r(c.)iF,(a;p;z)+r(p-l)r(l + a-p)z»-^n(l+«-/':2-p;2) 

provided that the right-hand side exists. The contour is the imaginary 
axis* modified, if neccs5;ary, by loops to make the positive poles lie to 
its right and the negative poles to its left. (Barnes.) 


10.62. An asymptotic expansion 

It is possible to obtain an asymptotic expansion of i/’i{a;p;z) 
when \z\ is large and Rlz < 0 by applying the method of § 10.41 


to the ii\tegral 

r(a) 


<CI 


r(p) 




— flOl 


and then deducing the corresponding expansion when Rlz > 0 
by the aid of Kummer’s first transformation. If, however, we 
use the result of Ex. 6 of the previous section, namely that, 

when jargz] < Jtt— € < 


J- f r(-i?jr(i-p-5)r(a+5)2*d;? 

27ri J 

— 401 

= r{l—p)r(a),/’i(a;/>;z) + 

_i_r(p-i)r(i+a-p)2i-^;;(i+ot-p;2-p;z), 

we can determine the required asymptotic expansion over a 

much wider range of values of argz. 

Let us consider,! then, the integral 


27ri J 

C 

where C is the rectangle with vertices at iM, 

-K—iN, —iN, modified in the following manner. In the hrs 
place, the right-hand side of the contour is provided with loops, 
if necessary, so that the positive poles of the integrand he 
its right and the negative ones to its left. Secondly, we 

t The analysis which follows U a slightly modified form of the work of 
Bcmies, Cambridge Phil. Trans. 20 (1904-8), 259-61. 
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iC— Rla — m, a. positive integer, and indent the left-hand side 
so that the pole — a— m lies within the contour. 

By Cauchy’s theory of residues, we have 

1 = sum of residues of integrand at poles — a— 7i within C 

m 

n-0 

If we can show that the integrals along the sides parallel to the 
real axis tend to zero as M and N tend to infinity, it will 
follow that 


r(a-i-7i)r(i+‘3t — 


7i! \ z) ' 


CC| 




5)r(l— p— s)r(at-l-s)2® ds 


— OOi 


n-O 


-K + *i 


+^. J r{—s)r(i~p~a)r{(x-\-3)z^ds 


-BT-coi 


Now on the upper side of the rectangle C, we have s — 
where —K < a < 0. K being kept fixed, it follows from the 
formula of § 9.55 that, if M is large and a lies on this side of C, 
then 


ir(-8)r(i-p-s)r(a+s)2-i 

(27r)3/2e-"*‘“<P+®>/2e--'Aarg*+3tr/2)jl/Rl(<i-p-l/2)|2/J/|<7 

< {2Tr)®'2e-'^ Jf |2/JIf \^, 

since largz] ^ |7r— « < ^n. Hence the absolute value of the 
integral along the upper side of C does not exceed 

0 

-K 

where A is independent of M and z. As this expression 
evidently tends to zero as Jl/ -► cc, so also does the integral 
along tlie upper side of C. In a similar way it can be shown 
that tlie integral along the lower side of C tends to zero as 

A -► 00. 



264 


THE HYPERGEOMETRIC FUNCTIONS 
We have thus proved that, when largzj < f^r, 


OCl 


^ I 


5)r(i— p— 5)r{a+«)2*ds 


— <x>t 


where 


V r(a+n)r(H-a-p+n) ^ 

Z" ' nt(-zr ^ ’ 

n-O ' ' 


J = 


ga+m 

277-1 


-a — m + ®i 




r(— 5)r(i— p— 5)r(a+tf)2*^i5 


— a- m- cci 
oci 


= Z f r(ot-f-m— 5)r(l+0E— p+wi— «)r(5— 

27ri J 


— 


= 0(1) 

when \z\ is large. Hence we see that 

r(a)r(l-p)i/;(a;p;2) + 

+ r(l+a-p)r(p-l)2i-Pi/l(l + a-p;2-p;2) 

— r(a)r(l + a— p) 2 ““j^’o|a£, 1 +a— p; ” jj' 

the series on the right-hand side being an asymptotic expan- 
sion valid when \z \ is large and |arg2| < for the error caused 
by terminating the series at the mth term is 

L {-l)"*^! ^ J 

which is of the order of the first term omitted. 


10.63. The asymptotic expansion of iFi{<x;p;z) 

If we write 

r(a)r(l-p)iJi{ci;p;2) = P, 

r(i+a-p)r(p-i)i/;(i+a-p;2-p;2) = q, 

r(a)r(l + a-p)2ifi(a,l+a-p;-2-M= 
the result of the previous section is that, when |arg2| •< Itt, 

P-\-z^-fQ 2-“i2 

for large values of \z\. In particular, this holds when 

^ < arg2 ^ TT. 
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But when W < argz ^ tt, we have — < arg{2c-2”‘) —it, 

and so this asymptotic formula holds when z is replaced by 
26“^"*. This gives 

P-f2i“Pe~2««a-p)Q ^ B, 

since P, Q, B are unaltered. Eliminating Q, we find that 

P sinirp ^ sin 7r(p— a). 

In a similar manner it can be shown that, when 

— TT ^ arg2 < —Itt, 

Psinnp ^ e-"“'2-“Psin7r{p— a) 

for large values of [2I. These two results can be combined into 
the single formula 

PsiriTTp ^ (— 2)““i?sin7r(p— a) 

valid when R1 2 < 0, provided that (-2)-“ has its principal value. 
We have thus proved that, when R1 2 < 0, 

lPl(a:p;2) _2-l) 

From this we deduce, by Kummer’s first transformation (§ 10.61, 
Ex. 2), that when RI 2 > 0, 




p, . 

1 — a;2-»), 


r(a)z^ 

provided that zP~^ has its principal value. 
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MISCELLANEOUS EXAMPLES 
1. Show that the hj'pergeoraetric series E(a,6;c;— 1) is convergent 
when Rl( 14 -c— a— 6 ) > 0. 

Prove that, when R16 < 1, 



F(a,6;o — 6+1; — 1) 


r(Q-6+i)r(i) 

2«r(i<i-6+I)r(Ja+i)* 


Prove that, when z is not a negative integer or zero. 


(Kummer.) 


r(c)r(i) ^ V (2n)! I 

r(z + 4 ) ^2*«n!n!z+n* 

n«0 

3. Denoting by [ 2 ]* the ratio r(l+z)/r(l + 2 — a), show that, if 
R1(2 + 6+1) > 0, 

[z + hy = Co[z]“ + C,[ 2 ]>->[A]‘ + C,[2]-*[A]’+ — 
where C®. C,, Cj,... are the coefficients in the expansion of (1+6)“ in 
powers of h. 

4. Show that, when Rlz > 0, 


r(2)V2 

r{2+i) 

//, , 1* l*-3« , . 1 

“ V (^■*"4(z+1)"^4.8.(2+1)(2 + 2)'^4.8.12.(z+1)(z + 2)(« + 3) / 

6. If the two sums 

io,+a,+ ...+a„l, |a,l+la,| + ..-+ Kl 

both tend to infinity with n in such a way that 

KI + KI + -+KI < -KK+«« + - + “« 

where K is independent of n, prove that 

li„ fc| + <», + -+A«- = lim 

n— ecOi+n*+-' + nn 

provided that the right-hand limit exists. (Jensen.) 

6. Prove that a„ = r(a+n)/n! satisfies the conditions of Ex. 5 only 
when Rla > 0 or when a = 0. 

Deduce that, if denotes the sum of the first n terms of the sen 
F(a,6;c; 1), then « 

r(c)n*^^ 


r(o)r(6)(a+6-c) 


logn 


when Rl(c — a— 6) < 0, and 

r(a+6) 

r(a)r(6) 

when c = a+6. (M. J. M. HxLL.f) 

t Proc. London Math. Soc. (2), 5 (1907), 335; 6 (1908), 339. The pi^f 
indicated in this exercise is a modification of one due to Bromwic , 

7 (1909), lOl* 
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7. If the series converge when jz] < 1, and if. more- 

over, the coefficients a„ satisfy the conditions that (i) ^ |a„j is divergent, 
(ii) 2 I when 0 < x < 1, the constant K being in- 

dependent of X, prove that 


f 1- 

hm — = hm 

»— *1 — B— *•» 

provided that the right-hand limit exists.f 



8. Show that, if Rl(c— a — 6) < 0, 

F(a,b;c;x) r{c)T{a + b — c) 

t| 


litn 7- 


Prove also that lim 


r{a)r(6) 

F(a,b;a-\-b:x) r(a + 6) 
I-o log[l/{l-x)] “ r(a)r(6)‘ 

9. Show that, when Rl(c — o — 6) < 0, 

lim |f’(a,6;c;x) — 

-* 1-0 1 . 


(Gauss.) 


- y (-i}n r<° + ^-<=-»)nc-a + n)r(c-6 + n)r{c) 

n!r(c-a)r(c-6)r(a)r(6) ^ ^ J 

r(c— a — 6)r(c) 

- r(c-a)r{c-6)* 

k being the integer such that k < Rl(a-f 6 — c) < 1. (Hardy.) 

10. Determine the fifteen relations with polynomial coefficients which 
connect F(a,6;c;2) with a pair of contiguous hypergeometric functions. 

(Gauss.) 

11. Show that the complete solution, valid when [z— il < i. of the 


equation 


13 


*(I-2)^+i(a + )5+l)(l-22)^-a^ic = 0 


w = ^F{4a,ii3;J;(l-2z)»}+B(l-2^)^’{i(c<+I),J()3-t-l);^(l-2^)*). 
where A and B are arbitrary constants. 

12. Show that, if Rl(a — 6) > 0, 

nc+X-b)„, . . '^F.r{6+5) 

T'(c+A) n<^.b-.c+X;z) ~ 

u 

when |A| is targe and [argA| < ^ir, the coefficients A*, being defined by 


CD 


2 Ar,T*+*-‘ = 2 e-^)-«. 

t For an account of thia and othar ganoraliutions of a well-known thoorom 
of Coairo, soo Pringaheim, Acta Math. 28 (1904), L 


268 


THE HYPERGEOMETRIC FUNCTIONS 

Show also that the asymptotic expansion is valid when |argA( < -n—B, 
where S > 0, provided that U-^-M < 1. (Watson. t) 

13. Deduce from Ex. 12, the asymptotic expansion of 

Fia +A,6+A;c+A;z). 


14. J Show that, when |z| < 1, 




r(a)r(6)F'(a, 6; z) = J J e“*‘“*'cosh2^(uyz)u®“*iJ*“* dudv. 


0 0 


provided that the real parts of o and 6 are positive. (Whittaker.) 

15. Prove that, when |argA( < n—S, where S > 0, 

r(a)r(6) 


r(c) 


F{a,b;c,z — h) 


«ct 


= ' f r(-.)r(.-f.)r(6+.) 

27n j r(c + «) 


^ODi 


provided that |arg(l— z)j < S. (Whittaker.) 

16. Show that, when 0 < RI« < Rio < R16, 

r(5)r(o— «)r(6— «) 


r(c-d) 


/’(o — s,6— «;c — «;z) 

«D 


r(a)r(6) 

r(c) 


/ 


F’(a,6;c;z — 0^*"* (Whittaker.) 


17. Show that, if 




(l_ 2 )a+fr-e 2 r’( 2 a, 26 ; 2 c;z) = 

0 


then 


r/c+1) ^ r(c + n) 

i^(o,6;c+i;z)E(c-a.c-6;c+J;z) = r(c) " ^ r(c + n + ?) ’ 

0 

18. The Incomplete Gamma Function is defined, when the real part 
of V is positive, by the equation 

I 

y[v,z) = j dt. 

0 

Show that vy(^'.z) = ; —z). 

t Cambridge PhU. Trans. 22 (1912-23). 277-308. In this paper, 
determines the asymptotic expansion of J*(a+ejA, 6 + cjA; c+«jA;z)» ^ 
take the values 0, 1, or — 1 for large values of IA|. 

X The results contained in Exx. 14, 15, 16 were obtained by E. T. Whitt^®^ 
by applying contact transformations to the solution of differential equations 
by definite integrals: Proc. Edinburgh Malh. Soc. (2), 2 (1931)» 189-204. 
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19. Prove that the Error Function 
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f 

Erfz = J exp{— (*) dt 
is equal to J; -z»). “ 

20. The generalized Laguerro poliTiomialf L;;'( 2 ) is defined by the 
equation 

r(a+ 1 +n) „ , . 

•* wrr(a+i) 

n being a positive integer or zero. Prove that 

(') = j- TH 

n! dz"' ' 

(O + I 

(ii) v^\z) = r 

n!27n J \ t) f»+i 


— » 


21. Show that, when |<| < I, 

f = (1-0 — le-ii/'i-n 

0 

22* Prove that the integral 


J €-^x-V-\x)V^\x) dx 


converges when Rla > _1 and that it has the value r(a + n+I)/»i! or 
zero according as the integers m and n are equal or unequal. 

Deduce that. if/(z) can be expanded as a series of the formj 2 in ’(z) 
and term-by-term integration is valid, then 




= r( n+a+l) / rfx. 

0 

23. Show that, if m+n is a positive integer or zero, 

" ' ' n! * h 


Deduce that 


(<-l)"e^ 

n! 


CO 

= ^ .. . {DeBUYTS.) 


f • -« 


discussed by Laguerre (Bull. Soc. maih. dt France, 7 
nomioi » I** obtained by putting a = 0. The generalized Laguerre poly- 

omia was introduced by Sonine, Math. AnnaUn, 16 (1880). 1-80 (41-2). 

thn iiba** convergence of such a series may often be settled by 

of Fej6r 8 asymptotic formula (Comptes Rendue, 147 (1908). 1040). 

ilr’(z) =y(^__^j^Jcos{2V{n2)-(2a+l)n/4J+0(n“/>->/‘), 

valid when n is large and z finite. 
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24. Prove that 


CO 




r(a + n4-l )(2-l)" 

+ 1 


0 


provided that the real parts of z and a+ 1 are positive. (Sonine.) 

25. Prove that 

0 

provided that the real parts of p and a+ 1 are positive. (Koshliakov.) 

26. Show that „ 

VA2.) = r(a+i+n);2 

f »o 

27. Show that « 


a 


provided that the real part of n+a+ 1 is positive. Here Jj«) denotes 
the Bessel function 




r(a+n+l)' 


u 


28. Prove that 

(i) v^(z)-v,-}.,{z)^ L'r'\^). 

(ii) ^u;'{z)= -L'~*l\z). 
az 

(iii) nL[,’'( 2 ) = ( 2 n+a-l-s)i^irii( 2 )-(” + 0 '-*)iJr-*( 2 )* 

Deduce that, if a is not a negative integer. 


2 

f-0 


r(n + a+l)(x— t/)' 


29. Show that 


2 /'’Z,^“’(2)/r(a+n+ I) = c'(=/) *’^,{2V(2^)}- 


n“0 


30. Prove thatf when |/| < 1. 

A ^ 


0 

where 


A 


2 (Ju*)" 

n!r{a+n+l) 

n— 0 


t Sea Har,ly, Journal Lond,m McA. See. 7 (1932), 138; Watson, ibid. 8 
(]J)33), 189. 
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31. The Hermite polynomials are defined by the expansion 

exp( 2 / 2 -l*) = 2 H^{z)rin\ 

_ , n^O 

Prove that 

(0 = (— l^exps'^expi-z*), 

(ii) 

(iii) = (-l)*'2*"+'n!2Z,J.*'(2>). 

32. Show that 

(i) = 2n//,.,(z). 


Deduce that w = 


(ii) H^i(z)-2zH„{z)-\-2nH„_^(z) 
H„{z) is a solution of 
dhu . dw 

•T-r — 22 -3- + 2nty = 0. 
az* dz 



33. Show that the value of the integral 

<0 

J dx 

— 00 

IS 2"n! Vff or zero according as the integers m and n are equal or xmequal. 

34. Prove that.f when |<| < 1, 

0 


t See Watson, loc. cit. 
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LEGENDRE FUNCTIONS 


11.1. Legendre’s differential equation 

In the last chapter we discussed the solution of the hyper- 
geometric equation under the assumption that none of the 
exponent -differences was an integer or zero. We shall now con- 
sider in detail an equation of hypergeometric type in which this 
condition is not satisfied, namely Legendre s differential equation 

where n is an integer or zero. 

This equation, which is of importance in mathematical 
physics, arises when one tries to find a solution of Laplace s 
equation ^ 2 y Q 2 y ^zy 

aX 2"*"^2 + ^2 = 

which is a polynomial of degree n in X, Y, and Z. Such a solu- 
tion is called a solid harmonic of degree n. If we transform this 
partial differential equation to spherical polar coordinates 
{r,$,ff>) defined by the equations 

X — rsin^cos^, Y = rsinffsin^, Z = rcos^, 

it becomes 


d^V 2dV 1 a^K cotaaV_^ I 

r r2 a^ r2 r^sin^a a^^ 


= 0. 


It follows that every solid harmonic of degree n is of the foim 
f«S„(a,^), where S„{d,4>) is a polynomial in sina, cosa, sm^. 
cos^ and satisfies the partial differential equation 

cosec9^(sine?^’'j+cosec^0^^+n(n+l)S„ = 0. 

S„{d,<k) is called a spherical surface harmonic of degree n. 

In particular, if 

S„{6.<f>) = f{d)cosm{<f>+e), 

where m and e are constants, we find that w — f(6) is a solu- 
tion of 
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cosece^(sinfl^j + {„(„ + l)_„,:cosec-S}«- = 0 
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or, putting z = cosO, 


d'lv 


/, rt dw ( m2 \ 

“ 51 + r " + •) - 1 Zi .) = 0 . 

This diflferential equation, which reduces to Legendre’s equation 
when m = 0, is called the associated Legendre equation. Its solu- 
tion IS seen, without much difficulty, to be of the form 

{ — 1 00 1 ■ 

\rn n+1 2 , 

— l/M —71 —\ni 

in Riemann’s notation (§ 10.2). 

In the problem of determining solid harmonics of degree n 

the parameter m can take only the values 0. 1, 2 ,..., and this 

IS the case of greatest interest since the exponent-differences are 

then all integers. ’We shall show that the associated Legendre 

equation has, in this case, only one solution which is a nolv- 

nomial in j and it is denoted by P^{z) when m is not 

zero and by P„(z) when m is zero. It follows from this that 

there arc only 2/1+1 linearly independent spherical harmonics 
01 degree n, namely 

•P„(cos9), P^(cose)cosm<t,, J^(cos0)sinm.^, (m = 1 , 2,..., «). 

Any other spherical harmonic of degree n is a linear combination 
of harmonics of this set. 

In the present chapter, we consider the form of the complete 

solutions of Legendre’s equation and of the associatcil ciiuation 

only in the case when m and a are positive integers or zero ami 
w does not exceed n. 

The Legendre polynomials 

When n is a positive integer or zero, the point at infinity is 
a regular singularity of Legendre’s ditferential equation the 
exponents there being n + 1 and If we attempt to satisfy 
the equation by a series of the form 
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find that the solution of exponent —n is 




n{n — 1) — 1)(^ — 

2{2n—~i)^ 2.4(2n— l){2n— 3)" 


-f 



(n+l)(n +2)^., 

2(2n + 3) 

(n+l) (n4-2Hn + 3)(n+4) 
2.4(27i+3)(2n4^ 




= Au'i-\-Bu'2 

say, where A and B are two arbitrary constants. The second 
constant B arises from the fact that the equation which should 
determine turns out to be an identity. The solution of 

exponent n+l is found to be 

w = Cwz, 

where C is an arbitrary constant. We have thus found formally 
two linearly independent solutions of Legendre’s equation, viz. 

w = Awi, w = C'u’2. 

The first solution Aw^ is a polynomial in z of degree n and 
BO certainly satisfies Legendre’s equation for all values of z. The 
second solution is a non-terminating series of descending powere 
of z which converges when lz[ > 1; the formal processes which 
made it a solution are thus completely justified. A discussion 
of the analytical continuation of the second solution within the 

unit circle is deferred for the moment. 

Taking A = {2n)\l{2”{n\f}, we can write the polynomial solu- 
tion in the form w — P„(2), where 


^ ^ (-ir(2n-2r)^ ^,_2, 

2 ”r!(n— r)!(n— 2r)! 

where the integer p i's'in or Un-D aecoring as » « even or 

odd. We caUF„(z)Leffe7idre’spolj/nomial of degreen. In p 

cular, 

P„(a)=l. = P,(z) = -PaW = 

From this definition we deduce that 

(—IK 


pjz) = 2 


^ 2"r! (n— r)! dz” 

r-O 


(22n-2r) 
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and so 


1 




r\ (71— r)! 


1 

2' n! dr'* 


Z r!{7i-r)! 



1 d" 

2’’7i! dr” 




This is Rodrigues’s formula for Legendre’s polynomial. 

Using Cauchy’s formula for the 7ith derivative of an analytic 
function, we obtain from Rodrigues’s formula the following con- 
tour integral formula, due to Schlafli: 



1 r (r—])- 

2771 J ’ 

c 


where C is a closed contour surrounding the point t = z. 


Example 1. Deduce from Rodrigues’s formula that the n zeros of 
i^(z) are all real and He between ± 1. 


Example 2. Provo that 

Example 3. Show that 

P„(z) = f(n-f-l, -n; z)). 

Example 4. Prove that i5,(z) is equal to 

- }'•+ 4 . 4 " + 1 ; 5 ; 

according as n is even or odd. 


Example 5. Show, by using Rodrigues’s formula and integrating by 
parts, that ^ 

J z^P„{z) dz = 0 

- I 

when k 0, 1, 2,..., n — 1. Deduce that 

1 

J ■Pm(2)P„{2)rf^ = 0 

-1 

wJicn the integers m and n aro unequal. 
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Example 6. 


Pro\ e that 
1 

I z-P.iz) dz ^ 
- 1 


2"+‘(n!)* 

(2«+l)!' 


Deduce that | {^^,( 2 )}* dz = . 

- i 

Example 7. Show that a polynomial/(z) of degree n can be expressed 
in the form « 

/(z) = iarPri^h 

f 


\ 

where «r — ^ J*/(z)^r( 2 ) dz* , 

- 1 

More generally, prove tliat if/( 2 ) is on analytic function which can be 

expanded as a series * 

/{:) = 2«r-Pr(«) 

r = 0 

which converges uniformly when —1 ^ z < 1» the coefficients Qf are 
given by the above formula. 


11.12. Laplace*s integral for the Legendre polynomials 

We shall now deduce from Schlafli’s integral a definite-integral 
formula for to Laplace. Let us take as the contour 

C the circle \t-z\ = vV-M* Then on C we have 

t = z4-(22-l)te-^ 

where varies from — tt to tt. Evidently it is immaterial which 

branch of is taken. 

Making this change of variable, we find that 

( 2 _\ = 2(2- — l)*C'^{2d-(2*— l)*COS^} = 2(^ — 2){3+(2^— 


and hence that 


P„(z) =2^1 {j + (22-l)‘cos,^}''rff 


— TT 


Since the integrand is an even function of <f>, it follows that 

n 

P,Xz) = - J (z + (22— l)*cos<^}" 


0 


This formula is known as Laplace s first integral for the Legendre 
polynomial 
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Example. By making the transformation 

{2 + (2* - 1 )>^*COS - (2* - 1 )' '*COS^} 

when z is real and greater than unity, show that 


= 1 


^n(^) = ^J (z + (2*-l)*'*COSU>}-"-> dw 
0 

when 2 > 1. By appealing to the principle of analytical continuation, 
prove Laplace s second integral /onnula, that 

0 

^(2) = ±- J* {z-i-(2*— l)*'*costy}*''‘-i dtu, 

0 

wliere the upper or lower sign is taken according as the real part of z is 

positive or negative. Show also that Laplace’s second integral diverges 
when z is purely imaginary. ^ 


1 1 .2. A generating function for the Legendre polynomials 

The Legendre polynomials can also be defined as the coeffi- 
cients in the expansion of (1 - 2A2+A2)-i/2 as a series of ascending 
powers of A, a result which enables us to determine very simply 
many of the properties of Pjz). To prove this, we sum the 

series 2 ( 2 ). 

Using Laplace’s first integral, we find that 




1 


7 T 



-l-(2-— l)*COS<^}” d<l> 





provided that we can justify this inversion of the order of 
integration and summation. 

Let us suppose that 


< ( 1 -c)/(| 2 |+V| 22 - 1 |), 

where 0 < < < 1 . We then have 

|A{2 + (2'*-1)*C0S^)1 < |Al{|z{-f-l22-l|*} ^ 
and so the series f A"{2+(2*- l)*cos^}" 
converges absolutely and uniformly with respect to the real 
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variable 4>. The inversion of order is thus valid. It follows 

that 

TT 

f - - f {l-kz-k{z‘^-\)^cos<i>}-^ d<f> 

n »0 ^ J 

0 

= {l-2A2-i-A2)-l/2. 

the branch of this function being determined by the fact that 
it is equal to 1 when h = 0. 

Now (I — regarded as a function of A, has but two 

singularities, and these are branch-points at h = 

Hence, by Taylor’s theorem, this function is expansible as a 
series of powers of h whose radius of convergence is the smaller 
of But we have seen that, for sufficiently small 

values of A, the function is expansible in the form 2 A"P,,( 2 }. 
As the Taylor expansion of an analytic function is unique, we 

have thus shown that 

(1-2A2+A-^)-''^ = i A"-Fk(*) 

n = 0 

provided that |/i| < |2±(2--1)*|- In particular, the radius of 
convergence of this series is unity when 

Example I. Prove that (-l)n(2n)! ^ ^o) = 0 

Pn(l)=l. = (-1)". nn(0) = 2*"(n!)*' * 

Example 2. Use the identity ( I -2* cos ^ = (1-Ae«)(l-Ac «) 
to prove that i’n(cos0) is equal to 

< 2 »)!. ( 2 cos Mg -h 2cos(n-2)tf-l- 

1.3(2n)l2n-^) 2cos(n-4)0+...l 

'^2:4(2n-l)l2»-3) ^ 

Deduce that iP,.(cos0)l < 1 when $ is real. 

Example 3. Show that, if A+ 1/* = 2/fc, tlien 

_U+^*) ^ _L 

{\-2hz+h*) ( 1 - 2 *) 

Deduce that z" is equal to 






(2it-l-l)(2n— Dp . , , 1 

+ (2»-7)^ — + 
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11.21. The recurrence formulae 

We shall now find the recurrence formulae connecting Le- 
gendre pol 3 Tiomial 8 of different orders by using their generating 
function V(z,/,) = (l-2Az+A.)-./.. 

This generating function is easily seen to satisfy the partial 
differential equation 


Hence we have 


(l-2Az+A2)^ = 


(l-2fc+A2) I nA->P„(z) = (j_A) I 

0 0 

where the infinite series converge absolutely provided that 

Equating coefficients of we find that 

+ = 0, (i) 

which is the first of the recurrence formulae. 

Similarly, from the relation 


we deduce that 


j,dV dV 


(ii) 


dz dz 

If we now differentiate (i) with respect to 3 , we obtain 

from which it follows by formula (u) (with n-1 for n), that 
From these three formulae, it is easy to deduce that 


(iii) 


dz -dz~ -(2n+l)/>„(2b 


(iv) 


(V) 
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It should be observed that the six recurrence formulae of this 
paragraph are really particular cases of the formulae of Gauss 
connecting contiguous hypergeometric functions (§ 10.5). 


11.22. The integral of a product of Legendre polynomials 

The polynomials P„( 2 ), Pn{z) satisfy the differential equations 

^{{l-z2)P;}+„(n+l)P„===0, 


where dashes denote differentiation with respect to 2 . If we 
multiply these equations by P„ and respectively and sub- 
tract, we obtain 

= ^{{i-z«)(P„p;-p;;.p„)). 

Hence, by integration, we have 

^m-n)(m+n + \) /P,„P„dz = [(l-z^)(P„P’„-P'„PJf\ 

tx 

But, by the recurrence formula (v), 

(\-z‘)(P^^P'^-P‘^p^) = »P„P„_,-mP„_,P„+(m-7.)zP„P„, 
SO that, when m ^ n, 



[ 


nP^Pn.x-mP^,^P, + (m-n)zP^P^ r* 
(m— n)(mH-n+l) J.’ 


a formula which enables us to integrate the product of two 
different Legendre polynomials between any limits. 

To determine the corresponding formula for the integral of 
the square of a Legendre polynomial, f we observe that, by the 


t Soe Hargroavoe, Proc. London Math. Soc. (1), 29 (1898), 115-23. 
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recurrence formulae (ii) and (iii), 

= 2P„(jp;-p;_,)-2P„_,(p;-2p;_,)+pj+/>s_, 

and so 

(2n+l) Jpi dz _(2n-l) J Pt^ dz = [ 2 Pi+ 2 P'-.- 2 P„..P„J^;. 

If we now put n = 1, 2 ,..., m and add, we obtain 

(2m+l) j Fldz- I Pldz = [2P|+22(P»+P|+...+P||,_,)+ 

*l S| 

or, since Po(z) = 1, P^{z) = 2 , 

(2m+l) j Pl,dz = [22(Pf+PH-...+PJ..,)+ 

<1 

+*^~2(Pj Pj-f-PjPj-f- ... 

In particular, since P„(l) = 1, P„(-l) = (-I)", we see that 

_/ P„( 2 )P„( 2 ) * = ^ orO 

according as the integers m and n are equal or unequal. This 
result can also be proved by using Rodrigues’s formula and 
integrating by parts, as suggested in § 11.11, Exx. 7 and 8. 

Example 1. Show that, if m ^ n and m—n is even, 

1 

J dz 

0 

is equal to 0 or l/(2n+ 1) according as m > or = n. 

Example 2. Prove that 



(-ir+*+»(2r)!(2«+l)! 

4'+»(2r-.2«-l)(2r+2«+2){r!)»(s!)** 


(RayiAioB.) 
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Example 3. Show that 

<1 tf 

J {l-z')PUz)PMclz = [(l-z>)n.(z)P;(z))';+n(n+l) Jp„(z)P„(0)&. 

S| 

Deduce the value of 

i 

J {l-z*)P;,(3)P;(2) dz. (Habgheaves.) 

-1 

Example 4. Show that 

PM = (2n-l)P„_i + (2rt~5)P„_,-f(2n-9)P„_5+..., 

the lost term being 3Pi or according as n is even or odd. Hence or 
otherwise show that, if m > n, 

1 

Jp;;( 2 )p;(z)</z = n(n+l) orO 
-1 

according as m — n is even or odd. 

11.3. Legendre polynomials of large degree 

In many of the applications of Legendre polynomiab it is 
necessary to discuss the convergence of series of the form 

and therefore to know how P„{z) behaves when its 
degree is large. We shall now give an account of Barboux’sf 
method of deducing the asymptotic expansion of the Legendre 
polynomials of large degree from their generating function. 

Let us consider, in tlie first place, the case when the point z 
does not lie on the real axis between ±1. so that z = cosh^, 
where R1 ^ >0. We then have 

provided that |A| < |e-5|. The generating function of the poly- 
nomials P„(cosh{) is, therefore, of the form (e-5-A) •/’(A), 
where F{h) is regular when |A| < 

We can, however, write 

F{h) = (2sinh^+e-^— 

= 1 (- ir)(c-«- A)’-/(2sinh^)’'+», 

r-0 

t Journal de Math, (3), 4 (1878). 5 and 377. It wUl be seen tl^t the method 
is applicable to many of the functions defined by a generating function* 
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where (a, r) denotes the binomial coefficient 


r(a+l)/{r!r(a+l-r)). 

This power series converges when \e-^—h\ < 2Isinh^|. From 
this it follows that, for any positive integral value of 


fW = i (-i,r)(e-{-A)7(2sinh5r*+(e-^-A)''+‘G(A), 

r-0 

where G{h) is regular when 1^| < \e^\. 

We have thus shown that 


{e-C_A)P+*(?(^) 


— 2 A"-P„(coshO— ^ ( — J,r)(e-^— A)''-t/(2smh0’’'*‘* 


n»0 


r»0 


= f A"{F„(coshC)— i (— J,r)(r— J,n) 

n-O { r-0 


(_l)ng(n+|-r)C 
(2 sinh {)*■+* 


00 


say. By Taylor’s theorem, this expansion is valid when 

\h\ < le-M. 

The coefficients are given by 


c 

where C denotes a circle concentric with and interior to the 
curcle of convergence. We can, however, deform the contour, 
without altering the value of the integral, until it consists pf 
the circle of convergence |A| = |c~^[ indented at the singularity 
e~t. Moreover, the integral round the indentation tends to zero 
with the radius of the indentation. 

Accordingly, if we write h = on the modified contour, 

where 6 varies from 0 to 27r, we obtain 

j 2n 

a„ = _e(n-p-i){ J d9 

0 

J Zn 

= j dB 

0 

say. The first p derivatives of f{6) are continuous, whilst its 
derivative of order p+l, being of the form (1 — where 
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g{6) is continuous, is discontinuous at 0 and 27r. We can there- 
fore integrate p-\-\ times by parts to obtain 

in 

0 

But this integral remains finite as n ^ oo, and so is 

uniformly boundedf as n oo, provided that ^ lies in a closed 
domain where the inequality Rl^ > 0 is satisfied. 

We therefore see that, when R1 ^ >0, 


P„(cosh C) 


= 2 (2sinh4r+l 

r=»0 


_ 1 ^ ni-frlHK r) 

Vtt ^ n\ r\ r(i — n 

r“0 


r(i_n + r)' ^ (2sinh^r 


TTi + 


But since the term corresponding to r = p is when 

n is large, this equation can be written 

P„(cosh C) 


( — r(|+r)r(^-f r) 

“ n! 7 ( 27 rsinhO ^ r!r(| — n-fr) 


\ 28inh^/^ 


In other words, 


p. ,n ^ r(Kr)r(K^) / i , 

P„(coshO'^^,^^27rsmhO^-^ rlH^-n+r) \ 2sinhC/ 

the series on the right-hand side being an asymptotic expansion 
in Poincare’s sense when RI^ > 0, since the error caused by 
terminating the series at any term has the same order of magni- 
tude as the first term omitted. It should be observed that this 
asymptotic expansion may be written in the form 

and, in particular, that 

g(n+l)i { ^/1\) 

This analysis has to be modified slightly when 2 is a real 

t It can. in fact, be shown that 7»» + 'e-»fa„ tends to zero uniformly, so t^t 
O in the next oqustioii cen bo replaced by a. This is, however, of no un 
portance hero. 
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number lying between ±1, since the branch points of the 
generating function then both lie on the circle |A| =: I. In this 
case we write z = cos0, where 0 < 0 < tt, and make use of the 
fact that 


(l-2/iCOSd + /l2)-l/2_ 


r-0 


(e-9i-hY-i 

(2isin0)'’+* 




(— 2isin^)''+* 


is regular save at the branch-points e*®‘; moreover, at this 
function behaves like where G{h) is regular 

when \e^^~~h\ < 2sin0, and similarly at If we now expand 
in powers of h and apply the same argument as before, we 
find that, if e ^ 0 n—€ where « > 0, then 


P„(cos«) 

^ / 2 y/ 2 (-!)» ^ {r{r+l)Y cos((n-r-f j)^+i(2r-lH 

{TTsinej n\ r(r+i— n) 2'-sin''tf 

and, in particular, that 


^ / 2 \*/2 

P„(C08tf) = l-__| cO9{(7l + ^)0— |7r}+0(n-3/^). 

This approximation is valid only when e‘ < ^ < tj*— «, where € is 
any positive number. It can, however, be shown that 

|P„(COS0)| < 

^J{nn sin 6) 

under the less restrictive condition 0 < 0 < tt. A proof of this 
will be found in Szego’s Orthogonal Polynomials. 


1 1 .4. The complete solution of Legendre*s equation when 
n is an integer 

Since the exponent-differences of Legendre’s differential 
equation at the points d: 1 are both zero, the complete solution 
has a logarithmic singularity at these points. To discuss the 
nature of the complete solution near these singular points we 
**^PpIy the usual rule for solving a linear differential equation 
when one solution is known, that is, we make the substitution 

w = P„{z)u. 
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We find that u satisfies the equation 





from which it follows that 


where A and B are arbitrary constants. Hence the complete 
solution of Legendre’s differential equation is 


Z 

IV = AP„{z)-^BP„{z) j 


dz 


Now P„(2) is a polynomial of degree n, with n distinct zeros 
Sj...., say, no zero being equal to ± 1 . Accordingly we 
have, by the theory of partial fractions, 

L = _J__ L_+ y 

(22-1){P„(2)}'^ 2(2-1) 2 {z+iy A\z-Zr (z- 

Here is the residue of 1 ){Pn{^)Y] at z = z,. If wc write 

PAz) = {z—zAP{z), we easily find that 

2 {z,F{zA-{\-z‘i)r{z,)} 

i\-zl)lF{zAr 

But if we substitute (2— 2,.)J^(2) for P„[z) in Legendre s dif- 
ferential equation, we obtain 

\{z-zA[{\-z'^)F'’[z)-2zF\z)+n{n+\)F(z)} + 

^{{\-z'^)F’{z)-zF{z)} = 0 ; 

putting 2 = 2,., we find that = 0 . Substituting the value of 
1/[(22_ 1 go obtained, we have as the complete solution 

of Legendre’s differential equation 

w = AP„(z)-BhPAz)\og^^^+P„(z)'^^] 

^ r » 1 



= 2lP„(2)-i?|jP„(2)Iog^ - 

where A and B are arbitrary constants and is * poly 

nomial of degree n — 1 . 
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The second solution of Legendre’s differential equation 

Z ■ ^ 


which W'e have just determined, has logarithmic branch points 
at 2 = ±1, but any branch of the function is one-valued and 
regular in the 2 -plane supposed cut along the real axis from — 1 
to 1. We now define Q^iz) in this cut plane by assigning to 
the logarithms their principal values; we call this solution the 
Legendre function of the second kind. This is equivalent to taking 



where the path of integration does not cross the cut. 

The cut is a line of discontinuity of Q„{z). For, if — 1 < /x < 1 , 
we have 


and so 


<-► + 0 [ ) 

Qjfx-{-0i)-QJf^-0i) = -rriPM. 


When fi is a. point on the cut, it is convenient to define 
as the arithmetic mean of With this convention 

we have 

1 — fX 

when ~i < ^ < 1 . 


11.41. The behaviour of Q,fz) at infinity 
When \z\ > 1, we can expand the function 

e„(z) = iP„(2)Iog^-H;_.(e) 

as a series of the form 

Q„{z) = p„(2)|i+± + ±^+...|_n;,.,(0) 

= 2”“H“0-f-Oi2“*+a22-2H-...) 

say , the coefficients being constants. If is the first non- 
vanishing coefficient, this solution has the exponent m— n+l 
at infinity. 

We saw, however, in§ 11.11 that the exponents ofLegendre's 



288 LEGENDRE FtTNCTIONS 

equation at the regular singular point at infinity are — n and 
n + 1. Evidently Qn{z) cannot be the solution of exponent —n. 
Accordingly, we identify Qn{z) with the solution of exponent 
71+1, viz. 


Q^{z) = + + 

” \ 2(271+3) 


(7i+l)(7i+2)(7i+3)(rt+4) _, j 
2.4(27t + 3)(27i + 5) “'"■'r 

where C is a constant. 

It should be observed that is the first non-zero coefficient, 
a fact which enables us to determine the polynomial 
To determine C, we equate coefficients of in the two 

expansions. This gives 

C = a. 


2n 


(2n)\ ( 1 7l(7l— 1) 71(71— l)(7l — 2)(7l—3)_ j 

“ ^^ 2(^+1 “2(271-1)2'^ 2.4(2n-'l)(27i-^3)2 "■/ 

1 1 




n! Vrr 


+»r(7i+j) 


We have thus proved that, when [zl > 1, 

71 ! Vtt 


Qni^) = 


2"+*r(7i+?) 


+ (!LidlMz-2 + 

I ^ 2(27^ + 3) ^ 

(7l+l)(7l + 2)(77 + 3)(7t + 4) ^. j 

2.4(27i + 3)(27i + 5) /’ 


4(27i + 3)(27i + 5) 
a result which can be expressed most simply in the form 

z-"-*^’(i7i+i, j7i+l;7i+§;2-2). 


Qniz) - 


n\ Vtt 


2"+»r(7i+j) 
Example 1 . Show that 

2-t-l 


^o(*) = ilog 


z-1’ 


Q^{z) ^ izlog^^-1. 


z-1 


«.(2) = i-P.(^)log|^-iz, 
Q.(z) = }^l(*)iog+|-|z’+5. 
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‘‘"■f’i-"- -’'■- 2 '- 

the latter formula being valid when Ir-l] > 2. What is tlu- corrr- 
sponding formula, valid when |z+l| > 2? 

Examples. Provo that, if we replace the factorials in tho funolions 
of Ex. 2 by Gamma functions, the functions so obtained are linearly 
indei«.ndcnt solutions of Legendre s differential equation for general 
values of the parameter n. [The fimctions P„(c) and <^,.( 2 ) so dofin. d are 
calletl the Legendre functions of the first and second kinds respectivi ly j 

11.42. An integral formula for Qjz) 

Using the duplication formula for the Gamma function, wc 
find that we can write the hypcrgeometric series for 0 Iz) 
(§ 1 1.41) in the form 


0(z)=^ Hs+i) 

(2^)-iZ i2s)V 


- 2 # 


when \z\ > 1. But, by the Eulerian integral of the tirst kind, 
we have 


and so 


= J du = j 


If we insert vanishing terms of the form 

n!(2^+l)! J * \lj 

in this infinite series, we find that 


24 -fl 


dt 


We can invert the order of integration and summation in this 
last equation; for, since |zl > 1, the series 

(w + r)! /<U 
A n!r! (zl 

r«0 ' ' 


1)531431 
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converges uniformly when — 1 ^ 1. It follows that 



1 

or, finaUy, Q„(z) = j" /^ZT^Ti 

-1 

This formula, which is the analogue of Schlafli s integral for 
Pjiiz), has been proved under the assumption that \z\ !> 1. The 
integral is, however, uniformly convergent when z lies in any 
closed domain of the z-plane supposed cut along the real axis from 
— 1 to +1. Hence, by the principle of analytical continuation, 
this formula for Q„{z) holds everywhere in the cut plane. 

Example. Prove that p„( 2 ) satisfies recurrence formulae of the same 
type as those satisfied by 


11.43. Heine’s integrals for Q„{z) 

We shall now deduce from the formula 

+1 


If (1-/2; 

Qni^) - J 

-1 


dt 


two integral representations of QJz) which are analogous to 

Laplace’s integrals for P„(2). . , i * 

Let us suppose, in the first place, that z is rea an grca 

than unity, so tliat the transformation 

is a real one. If we take the positive square root, we find that, 
as / varies from -1 to 1, d varies from ot to -a, where 


a = Jlog^^ = arccothz. 


the real value of the logarithm being taken. From this it foil 
by direct substitution that, when z > 1» 

Q^{z) = if {z— (z2— l)tcosh^}"d^r 
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and 80, since the integrand is an even function of $, 
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Qni^) — J { 2 — ( 2 ^— I)*COSh^)'*rf0. 

0 

This formula is important since it enables us to calculate simply 
the functions For example, 

Q,{z) = a = iIog?±|. 

Qt(z) = 2£<-(z2-l)lsinha = j2log'±i_i, 

and so on. For the more difficult discussion of this formula 
when j IS complex, we refer the reader elsewhere.f 
If we now make the substitution 

{2 + (22-l)lcosh^}{z-(22_I)lcosh9} = 1 , 

we find that, as B varies from 0 to a, ^ varies from 0 to +oo 
and hence, after a little easy manipulation, that, when 2 > I, 


CD 


Qni^) — J {^ + (2^— d<f>. 

0 

This formula which is due to Heine,t is the analogue of La- 
place 8 second integral for P„{z). 

If we wish to extend this formula to the case when 2 is com- 
plex. we must first ensure that the integral is one-valued and 
converpnt. This is the case if we take the branch of 

rionv th ^ “nd ^ cut« in the 2-planc 

tZi T to • ■ If ^ lies in a bounded closed 

domain within the cut plane, the integral 


CO 


j {2+(2*— I)*cosh 
0 

iTlT! " r to represents a regu- 
nalytic function which is equal to Qjz) when 2 > 1. From 

(1896l°°443°53rTh?; '“f"'”" PaWished in PM. Tran,. (A) 187 

Chap. V. ' ^ and EUxpgoidal Hannonics (Cambridge, J 93 1 ), 

t Journal fur Math. 42 (1851) 73-5 

i; cosh p never vanishee when ^ > 0. 
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this it follows, by analytical continuation, that the formula 

00 

Qni^) = I {2+(z 2— l)*COShc^}-"'l d<f> 

0 

holds everywhere in the z-plane, supposed cut along the real axis 
from —<Xjto+\,it being understood that (z-— 1 )* has its principal 
value. The value of Q^{z) on the cut is determined by the 

equation Q„(-z) = (-l)"*'9„(z) 

when z < — 1 , and by the convention of § 1 1.4 when — 1 <z< 1. 


11.5. Neumann’s integral for Q„(z) 

F. Neumannf showed that if z is any point 'of the z-plane, 
supposed cut along the real axis from —1 to +1, Qni^) 
expressed hi terms of Legendre's polynomial by the relation 


QM = i / 


We deduce this result from Cauchy’s integral formula (§ 4.31, 
Ex.). 

Let z be any fixed point of the ir-plane which does not lie 
on the real axis between —1 and +1. We choose a closed 
contour which surrounds the points ±1 but not the point z, 
and which does not cross the cut; we also take the circle 
whose equation is |u’| = where B > \z\. Since QnM 
regular in the annulus bounded by C, and a. Cauchy’s formula 

c, 

We now modify the expression on the right-hand side of this 

equation by making B tend to infinity. 

It follows from § 11.41 that, for aU sufficiently large values 

of |W|, |Q„(i4,)| < .4/|icr+‘, 

n! Vtt 


where 


A = 


2"r(n-f-f)* 


f Journal fur Math^ 37 (1848)> 24* 



Hence we have 
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2irA 


and this implies that the integral round tends to zero as 
Ji tends to infinity. 

We have thus shown that 



But since is regular in the cut plane, we can deform the 

contour C„ without altering the value of the integral, until it 
consists of the two sides of the cut from — 1 +e to 1 — t; joined 
by the circles |ie4-l| = e, |uj— Ij = rj. Moreover, since 


= iP„Wiog^-n;„(u), 

the integrals round these small circles tend to zero as e and 7 f 
tend to zero. It follows that 

1 

^ J {QJu~Oi)-Q„(u+0i))^. 

-I 

Finally, since 


Qn(^-Oi)~Qju-i-Oi) = TTiPju) 
when — 1 < u < 1 , this formula can be written in the form 

«-(*) = I f , 

J z—u 

-I 

which is Neumann’s result. 


11.51. Heine’s expansion of as a series of Le- 

gendre polynomials 

Let us suppose that it is possible to expand l/(z—u) as a series 
of Legendre polynomials of the form 


1 



= I 

m«0 
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Then, by § 11.11, Ex. 7, the coefficients are given by 

^ J = (2m+l)(3Jz). 

-1 

This suggests that the formula 

~ = I (2m+l)QJz)P„(u) 

Z — U m-0 

is probably true, provided that certain restrictions are made 
concerning z and u. This result, which is due to Heine, f is of 
great importance; for on it depends the theory of the expansion 
of a class of analytic functions as series of Legendre polynomials. 
The proof given below is due to Christoffel.| 

When m ^ 1 , it follows from the recurrence formulae 

{2m-^\)zQ^{z) = {m-\-l)Q^+^(z)-{-mQ^_^{z), 

{2m + \)uPju) = 

that 

{2m + \){z—u)Qj,z)PJ,u) 

-m(QJ^z)P^^^{u)-Q^.^{z)PJu)}. 

The corresponding formula when m = 0 is 

{z-u)Q^(z)P^{u) = {Qr{z)Po{u)-Qo{z)P^{u))-\-\. 

From these two formulae we have, by addition, 

2 {2m-\-\)Q,J,z)PJu) 

Z—U Z—U 

To prove Heine’s formula, we have therefore to show that 

(n+l){Qn-.l(2)^n(“)-^n(2)-Pn+l(“)} 

tends to zero as n tends to infinity. 

Now, if z = cosh{a+»^) where a > 0, and if ^ is real, we have 

|2:_P(22 — l)*cosh^( = |cosh(oE + *jS)+sinh(a'|-»^}cosh^I 

= V{Kcosh2a4-cos2^)+smh2acosh^+ 

-f- J(cosh 2a— cos 2^)cosh2^} 

> ^{cosh 2a+sinh 2« cosh ^ 
t Journal Jur Math. 42 (1851). 72. } Ibid. 55 (1858), 61-82. 
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It follows from Heine’s integral (§ 11.43) that 

CD 

I0„(2)l = J {2+(22-l)lcOsh^}-"-‘ 

0 

CO 

^ J {cosh 2a-{-sinh 2 a cosh 


J (cosh 2a+sinh 2a cosh d<j> 
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= c-('*-i>“Qo(cosh2a). 

Similarly, if u = cosh(y+tS) where y ^ 0, and if d is real, we 
have 


ju+(u*— l)icos^| 

= |cosh{y+tS)+sinh(y+i3)cos^| 

= ^J{l{cosh 2y+cos 2S)+sinh 2ycos^+|(cosh 2y— cos 2S)cos2^} 
< V{^osh2y+8inh2y} == e^, 

and so, by Laplace’s first integral (§11.12), 

n 

IKMI = ^ J {u-h(u^—l)hos0}'^ dB ^ e'^y. 

0 

Now suppose that a is fixed and that « is an arbitrary positive 
number less than a. Then, when 0 ^ y ^ a — t, we find that 

(«H-l)t<?„4l(2)i’„(«)-(?„(2)P„^,(«)| 

< {n+ l){e-”«^o(co3h 2a)c">'+e-<'»-»«$o(co8h 2a)c(”+»)'} 

= {7i+l)Qo(cosh2a)e"^>'-«>{l-f ea+y} 

< (« + l)Qo(cosh2a)e-"'{I+e2«}. 

This last expression does not depend on )S, y, or 8, and tends to 
zero as n tends to infinity. It follows that the series 

p2n-l-l)Qjz)P„(u) 

converges uniformly with respect to y, and 8 and has sum 
1/(2— -a). 

The simplest way of stating this result is to use geometri- 
cal language. If we keep a fixed and vary )8, the point 
2 cosh(a-|-i^) traces out an ellipse with foci at the points of 
affix ±1 and major axis of length 2 cosh a. The condition 
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0 < y < a— € means that u = cosh(y+iS) lies within or on the 
smaller confocal ellipse of major axis 2cosh(a— e). The result 
we have just proved can therefore be stated in the following 
form. The series ^ 

I(2n + l)g„(3)PJw) 

0 

converges ^uniformly with respect to z and u when z lies on a fixed 
ellipse C with foci at the points of affix i 1 and u lies in any closed 
domain definitely within C, The sum of the series is i/(z— w). 

11.52. Neumann’s expansion theorem 

U /(^) analytic function, regular udlhin and on an ellipse 
C with foci at the points of affix d:: 1, it can be expanded as a series 
of Legendre polynomials 

0 

which converges uniformly when z lies within or on a smaller 
ellipse Cp confocal unth C. 

For if u is any point within or on Cp we have 

/(“) = o— • f m — 

2m j z—u 
c 

= ^j /(^) I {2n+l)Q„{z)PJu) dz 
c 


= 2^ 2 / dz, 

® c 

the inversion of the order of integration and summation being 
valid since the infinite series under the sign of integration is 
uniformly convergent with respect to z and u when z lies on C. 
From this it follows that f{u) can be expressed as a uniformly 
convergent series 

f{u) = 2 
0 


where 



^ dz. 


C 

This completes the proof of K. Neumann’s expansion theorem. 

The actual determination of the constants a„ is best carried 
out by deforming the contoxir C, as in § 11.5, until it consists 
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of the two sides of the cut from — l+eto 1 — t;, joined together 
by the circles |? -l-ll = e, |2— 1| = ‘’j- This does not alter the 
value of the integral for a„. It easily follows that 


and hence that 


1 

— I 

I 

-1 


Alternatively we can integrate term by term in the equation 




a,P,{z)Pjz)dx 


which leads to the same result; this process is valid on account 
of the uniform convergence of Neumann’s series. 

For theorems of a similar nature relating to functions of a 
real variable, we refer the reader to Chapter VII of Hobson’s 
Spherical and Ellipsoidal Harmonics. 

Example. The function /(z) is an analytic function regular in an 
annulus bounded externally by an ellipse Cj with foci at the points of 
artix ± 1. and internally by a smaller confocal ellipse C,. Show that /{z) 
can be expanded as a series of the form 


where 


/( 2 ) = 

u u 

2n + I r , 

= “2;^ J 

c, 


bn = J f{Z)F„{z) 

c, 

Provo also that the series converges uniformly in any closed domain 
definitely within the annulus. (K. Neumann.) 


11.6. The associated Legendre functions 

We saw in § 11.1 that the problem of finding all the spherical 
harmonics of degree n depends on solving the associated Le- 
gendre differential equation 



m' 


-b n{n4-l)— 
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where n and m n) are positive integers or zero. This dif- 
ferential equation has three regular singularities, its complete 
solution being of the form 





00 
— n 
71+1 


' 1 

— \m I 


If we make the substitution w = the exponents at 

± 1 are changed to 0 and —m, and the exponents at infinity to 
m—n and m+7i+ 1. But this function u satisfies the differential 
equation 

(1 — 2 ^)^— 2(m+l)z^ + (?i — m){7i + m+l)u = 0, 


and this, by Leibniz’s theorem, can be written in the form 


where u — d”^vldz^. Hence, if v is any solution of Legendre’s 
differential equation, the function 


w= ( 22 - 1 )*"* 


d”^v 

d^ 


satisfies the associated Legendre equation. 

Accordingly we take as the two linearly independent solutions 

of this equation the functions 




d^QM 

dz”' * 


it being supposed that the 2 -plane is cut along the real axis 
from —1 to 1 and that (z^— 1)* has its principal value. These 
functions are called the associated Legendre functions. 

When m is odd, P^{z) is undefined on the cut from — 1 to 1. 
We complete the definition when — 1 < a: < 1 by writing 

J> (^) 

p^(x) = 


where the positive value of the square root is taken; it must, 
however, be remembered that, although P”‘iz) is now defined 
everywhere, it is discontinuous across the cut, since 

= lim e*”*"‘i^*(x+ic) = lim *«)• 
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When m is even, P^{z) is a polynomial of degree n, and so is 
regular everyv^here; but as it is undesirable to have differences 
in deiinition according as m is even or odd, we suppose that, 
when —1 < X < 1, the equation 

tjmp 

holds for all values of m.f 

Similarly it is convenient to define (x), when — 1 < x < 1, 
by the equation 

<-►+0 

which agrees with the definition of P„{x) when m = 0. The 
functions P^(x), Qn{x) so defined evidently satisfy the dif- 
ferential equation for real values of x. 

Example 1 . Prove that P” (z) is even or odd according as n is even 
or odd. 


Example 2. Prove that 

{z*—\Y"l* /i«+« 


Deduce that 


^ T 2.(2n-l) * ^ 

(n-m)(n~m-l)(n-m-2)(n-m- 3) \ 

2.4.(2n-l)(2ri-3) * 

Example 3. Show that 

1 / 2 — 

Example 4. Show that 

j J^(zlP?(z) dz = ^ 


-1 


2n+ 1 (n— m)! 

according as n is or is not equal to r. 

Example 5. Prove that 


or 0 


1 

J PS(x)FHx) 


! <"+’">' orO 
m (n— m)! 


according os m is or is not equal to Jc. 

t This is Hobson's definition. The factor ( — I)"* is sometimes omitted; to 
distinguish the two cases, it is usual to write 7^(x) = (1 — 
a notation due to Ferrers {Spherical harmanice (1877), 76). 
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Example 6. Show that, if r ^ n, 

1 


j xP^(x)P^(x) dx 


- 1 

vanishes, save when r = n — 1. when its value is 

2 __ (n + ^!_ 

4n*— 1 (n — m— I)! 

Example 7. Show that, if — 1 < x < 1, 

11.61. A lemma of Jacobi 

Before we discuss the representation of P^{z) by definite 
integrals, it is convenient to prove that, if fi = cos<^, 

2"'m\ 




m-1 


m 


an interesting result due to Jacobi. f 

The result is true when m — 2; for, in this case, it is easily 

shown that ^ 

— — ^ = — I Sin 2ip. 
dfi 

We shall show that the lemma is true generally by the method 
of induction. 

Let us suppose that the lemma is true for some particular 
value of m. Then, writing 

( — (2m)! 
m 2 ”*7n ! ’ 

we deduce that 


K = 


and 


(^mgin2m-i^ _ ^rfsinm^ _ y mcos m<f> 

dfx^ dfj, sin <l> 


^m+isjn 2 »n-i^ __ m^sin m^ sin ^ cos m^ cos ^ 

5^m+i “ sin^^ 

Hence, by Lteibniz’s theorem, we have 

(fm+igin2'»+i<^ d"'+i{(l— 

= .^r{— m^sinm^ — mcosm^cot^H- 

-f-2m{m+ 1 )cos cot m(m + 1 Ish' 

t Journal fur Math. 15 (1836), 3-4. The proof given here is that of Feirar, 
Proc. London Math. Soc. (2), 23 (1925), {Records) 
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= A^m(2m-J-l)cos(m+l)^/sin<^ 
d f„{2«i + l)m 
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If we now integrate with respect to p, we find that 

rfmsin2m+l^ (_l)m /2m + 2)! . 

the constant of integration vanishing since the expression on 
each side of the equation is an odti function of <l>. 

We have thus shown timt, if the lemma is true for any j)arti- 
cular value of m, it is true for the next greater. But since it is 
true for m = 2, it is true generally. 

tl.62. Integral representations of F^iz) 

The simplest integral formula for P^{z) is the analogue of 
Schlafli 8 integral for the Legendre polynomial, namely 

PS{Z) = 1 f d, 

2"n! 27n } 

c 

where C is a simple closed contour within which the point z 

lies. This follows immediately from the generalized Rodrigues’s 
formula 

2''n! ' 

by using Cauchy’s integral for the (n+m)th derivative. 

When z does not lie on the real axis between I, we can take 

as C the circle \t-z\ = Vl2“-l|. Then on C we have 

t = z+(z2— 1)M*, 

where (z*— 1)1 has its principal value and <f> varies from 0 to 2tt. 
It now follows, exactly as in § 11.12, that 

0 

Now by the lemma of § 11.61 we have 

cosTn^ = dfj. 

(2m)! df 
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where /x denotes cos4>. We can, therefore, write this definite 

integral for P^{z) in the form 

2^!(n+7n)! (— 1)*" ^ 




(2m)! n! 


7r 


r r I / 2 ivi , 

J d,.. 


-1 


Integrating by parts m times, we deduce that 
2'"m!(n+wi)! ( 2 * — 1)*™ 




(2m)! (n — m)! n 


j {z4-(z*— 


-1 


Finally, putting /x = cos tf>, we obtain a second definite-integral 
formula for P^{z), namely 


2”^n\{n-^my. ( 2 -— 1)* 


n 




pm,^) = I fz+(z2— I)*co8^}"-'"sin2'"^i/^, 

^ (2m)!(w-m)! tt ' ^ ^ ^ 


valid when the z-plane is cut along the real axis from — 1 to 1 
and ( 2 ^— 1 )* has its principal value. 

It should be observed that the two integrals of this paragraph 
reduce to Laplace’s first integral for the Legendre polynomial 
when m is zero. 

Example 1 . Show that, when the z-plane is cut from - 1 to I and 
(z*— 1)‘/* has its principal value, 

n 

{z+(z>-i)''’cos,i)" = Pjz)+2 2 

m ^ 1 

Example 2. By applying the transformation 
when 2 > 1 to the second definite integral of | 1 1.62, show that 

W 

pm(2\ — (n+yw)! , nm/tj f {j^( 2 i_i)»/*co 8 co}“"-*‘"'sin*'"a></a>. 

~ {2mV. (n-m)V ^ 

0 

Deduce that, when the 2 -plane is cut from —1 to 1, 


F?(2) - ± 


2*^! (n + m) 
(2m)! (n — m) 


W 

-(j*—!)"/*! I {2+(z*_l)»'*cosa>)""”*"*sin*^dai, 

! ttJ 


where the upper or lower sign is taken accortling as RI 2 > or < 0. Show 
also that the integral diverg^es when BI 2 = 0. 
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Example 3. By using Jacobi’s lemma, show that 

Pn(z) = ifc ( — 1 )"* , ^ ■ , - I {z + ( 2 *— I)*'*cosa»}“'‘‘*cosm<u dot, 

(n — m): TT J 


0 


where the upper or lower sign is taken according as R1 z > or < 0. 

Example 4. Show that, if 0 < ^ < tr, 

(cos d^i sin 0 cos ^)" 


n! 


= /),(cos0)-j-2 T (+ P7(cos5)co8m^. 

m-i (n + m)! 

11.63. Integral representations of QK‘(z) 

We have seen in § 11.42 that, when z does not lie on the real 
axis between —1 and 1, 


-1 


From this it easily follows by differentiation under the sign of 
integration that the equation 

1 


Q^(z) = 


-1).- f 

^ J (z-0" 

-1 


n 


+m+l 


dt 


holds everywhere in the cut z-plane. This is the fundamental 
definite-integral representation of and from it the 

generalizations of Heine’s integrals (§ 11.43) can be deduced. 
As the analysis runs on exactly similar lines to that of § 11.43 
and § 11.62, we state the results as exercises for the reader. 

Example 1. Prove that, when z is real and greater than unity, 


Q^{z) = 


(--ir(n+m)! 


n 


j 


1 )*^*co8h 0}"cosh rn6 d$. 


where a = arccoth z. 

Example 2. Show that, if ^ = cosli d, 

, a 2”m! . , -,d*’sinh*™~*0 
cosh nw = t:; — r-- sinh 9 — 


(2m)! 

Hence prove that, when z > 1, 


da 


<37(z) = * • |2 m)^i 1 J {z - (z« - 1 )»^*cosh g}"-”’flinh*'"g dO. 


/\ 
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Example 3. Deduce from Ex. 3 that the equations 

l2m)Un—m)[ 


go 


X j {2 + (2*— 


0 


go 


Qn(^) = J* + l)*''*cosh^}‘'""'co.shm^ 


0 


liold ever\*^licrc in the cut r-plano. 


1 1 .7. The addition -theorem for the Legendre polynomials 

If (-) denotes the angle between a fixed line OA and the radius 
vector to the point of spherical polar coordinate.s {r,d,<f>), the 
function P„{cos(')) is a spherical harmonic of degree n. Accord- 
ingly wo can express this harmonic as a scries of the form 

P„{cos.G) — «(,/*, {cos^)+ X (o,„cosm^ + fe,„sinrrt^)/^(cos^), 

m ^ I 

where the coefficients a„, and b„, are independent of^ and In 
particular, if A has polar coordinates (rj.dj.O), this expansion 
becomes 

(cos 6 cos + sin d sin 9i cos 4>) 

= (IqP, X^ ose)A- i (a„cosm.^-f6„sinim<^)/T(cos(9), 

m = 1 

a result which is called the addition-theorem for the I^gcndre 
polynomials. 

If we write z and for cos6 and cos^i respectively, this 
addition-theorem takes the form 

PM) = «oPn(A+ i (a,^cosm4, + b„smm6)P^{z), 

T>1 — 1 

where ^ — ( 2 ^ — l)*(2l l)*cosi?^. 

In the present section we propose to determine the coefficients 
a„^ and 6^ for general complex values of z and Zj. 

Let us suppose, in the first instance, that z and are real 
and greater than unity and that 0 ^ ^ ^ tt, so that C is cer- 
tainly positive. The expansion 

fh-PJO = {l-2hC+h^)-^^ 

n * 0 
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then holds for all sufficiently small values of A. Wc lunv express 
the function on the right-hand side of tliis equation as a definite 
integral and deduce the addition-theorem by equating coeffi- 
cients of powers of A. 

When A is real, it is easily shown that 
(l-2AC+A.^)-i/2 

= [(=— ^= 1 )'— {(2-— l)—2A(22—l)*(2|—l)*cps^-fA'(2j— !)}]'* 

TT 

- n 

-bA-( 2 f— l)}*cos(aj — a)]-i dco 

for every real value of a. In particular, if we take 

tanc A( 2 f-l)'sin^ 

we obtain 
(1-2A^+A2)-W2 

n 

~ j *(2i— l)*C0S^}c0Sa> + 

— tf 

„ +A( 2 f— l)*sin^sina/]“* rfeu 

This formula also holds, by the theory of analytical continua- 
tion, for all sufficiently small complex values of A. 

For any fixed value of h which satisfies the inequality 

\kl < ^->.^-1) 

H+sKzi-iy 

we can expand the integrand of the last integral as a power- 
senes m h which converges uniformly with respect to a» when 

Steffi ^ integrate term by term to 


«D 


= (l-2A^-f A2)-l/2 


= y A«— r {2i + (2?— I)*cos(a)-|-^) }" . 

^0 J {2-f-(2-— l)*COSw}"+l 

— jr ' 


A:i:n4:ii 


X 
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Equating coefficients, we deduce that 


P(r\ — 1_ f {2i + (2;-l)*cos(a>+<^)}'* j.. 

27T J {2+(32-l)lcOSa>}'^+l 


— IT 


If we substitute in this equation the value of 

{^1+ (2?— ^ )*COS(a;H-^)}'* 

given in § 11.62, Ex. I, we find that Pn(0 is equal to 


J 


— n 


dco 


277 J {2 + (22— l)*COSa>}"+* 


+ 


But 


_l_ V f 

^ {n + m)\ 77 J 

W»-1 


cosm{(o^^-tf^) doj 


| 2 -f(z 2 _l)»c 08 to}'*+l 


IT 

J 


— TT 


cosm(io-|-^) da> _ 


{2 + (22— l)*COS tw}”'*’* 


= cosm«^ J 


cos mcu dto 


{2 + ( 2 ^ — 1 )*cos 


— 7f 


— sinm^ 


V 

f 


— IT 


sin mco doj 


{2+(22— l)*COS cu} 


n+1 


= 277(— 1)”*^-^^ — ^'i^(2)cosjn^, 

n! 


by § 11.62, Ex. 3, the integral involving sinmco vanishing since 

its integrand is an odd function of w. 

We have thus shown that, when 2 and Zj are real and greater 

than unity, 

i>„{22i-(22-l)*(2?-I)*COS^} 

= p,.(z)pjz,)+2 2 

m— 1 ' 

To complete the proof of the addition-theorem, we have only 
to extend this result to general complex values of 2 , Zp and <f>. 

Let us suppose that the Argand plane is cut along the real 
axis from — 1 to 1 and that (z^— 1)» and (zf-l)* have their 
principal values. When 2 is any point of this cut plane, Zj (> 1) 
and <f> being real, the expressions on each side of the last equa- 
tion are regular analytic functions of z which are equal when 
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z is real and greater than unity. By the principle of analytical 
continuation, the equation still holds for such complex values 
of 2, 2j and <f, remaining real. The restriction on 2^ is next 
removed in the same way. Finally it is not necessary to suppose 
that <!> is real, since the addition-theorem expresses the equality 
of two polynomials in and e“^'. 

We have thus shown that if z and Zy are any two points of the 
Argand plane supposed cut along the real a^is from ~\to\,and 
if <f> is any complex number, the equation 




2 


(n— m)! 
(n-f- 7 n)! 


{-\rP”^{z)P^{z^)cosm<l>, 


where C — zzi— {z*— l)*(2f— l)*cos^, holds provided that (2^— 1)1 
and {z\ — 1)1 have their principal values. 

Example. Prove that, when 6, and ^ are real, 

P„(cos 6 cos 6 1 + sin Q sin cos <f>) 


= n(cos0)Pjcos0ri + 2 2 {^:^“"-;^T(cos^)P,7(cos^,)cosm^. 

11.8. Legendre functions of non-integral order 

In the present chapter we have only discussed the solution 
of the associated Legendre equation in the case when m ^ n and 
m and n are positive integers or zero, the case which is of most 
frequent occurrence in physical problems. For a discussion of 
the solution in the general case when m and n have any real 
or complex values, we refer the reader to the original memoirs, 
in particular those of Barnesf and HobsonJ. 
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MISCELLANEOUS EXAMPLES 


1. Show that the value of the integral 

1 

z{\~z^)PUz)P'Mdz 

- 1 

is zero unless m = 1. Find the value of the integral in these excep- 

tional cases. 


1 

/ 


2. Prove tliat, if m > n. 
i 

= ;V^-^{3m(m+l)-n(«-f J)-f-6} or 0 

4!(U ^)\ 


i 

J 
- 1 

according as m — n is even or odd. 
3. Prove that 


2 TTi J ^"+*(1 


dh 


-2Az+A*)»/*’ 


c 


where C is a simple closed contour enclosing the origin but neither of 
tlie points zd:( 2 *— I)* *; the branch of [\ — 2hz-^h*)^'^ is that which 
reduces to 1 when A = 0. 

4. Deduce from Ex. 3 that 

dh 


(13-^ 


2/i2+A»)‘/** 

where F is a simple closed contour enclosing both the points z± ( 2 *— 1 )*/*; 
the branch of (1 — 2Az-f is specified by the condition 

(1_2A2-|-A*)*/VA“> 1 

as A — ► 00 . 

Hence prove that, when 0 < d < tt, 

$ 

cos(n + i)^^ 


iP„(COS0) = 




(COS0 — cos^)*^* 


d^. 


the positive square root being taken. f 

5. Show that if JR* = X*+y*+2*, the numbers involved being real. 




ni 


QniZjR)- - tzA2R^°^ R-z)’ 

where if is regarded os a function of the independent variables X, Y 
and Z. 

t This is the Dirichlet-Mehler integral for the Logendre polynomials. To 
prove it, deform the contour F until it consists of two small circles about e* , 
joined by an arc of |A} = 1, covered twice. 
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6. Prove that the polynomial W;_,( 2 ) satisfies the differential equation 


,, ,.d*w ^ dw 


Deduce that 

7. Show that (Christoffei. ) 

+ ^.(^)n-.(t>+... + P;,..(t)P.(r). 

8. Prove the following generalization of Rodrigues's formula; 

where D-> denotes integration from the i>oint at infinity to z. 

9. Show that 


Deduce that 


10. Prove that 
00 


PnMQ^M-f‘^,(z)Q„(z) = i. 

n 

<?.(=) = in(t)i«g!+'-p„(z)y „ ' . 

2-1 rP,_^{z)P^(z} 


j ( 2 n+l)(g„(z);*dz - f (2n-l){g„_,(z))*(/2 = --L. 
1 , ■ «* 

J (2n+I)(Q„(2))*dz - [ (2n-I){V„_,(2)j*d2 =1. 

0 ;{ n* 


Hence show that 


11. Prove that 


€0 ^ 

/ (2^+I)(Qjz)}*d2 = 2^1, 

' »+ I 

/ (2n+l){(?„(z))>& = ^’_ 


^',(z)<?;(z)-p;we.(z) = i/(i-2«). 


(Hakcreaves.) 


12. Show that 

Deduce that, when z does not lie between i 1, 
i » 

J ‘2« + 3)n+iQ«+tdz- f(2n+|)P„(?^d2 

1 r 


= QJ-(P. 0„,+P„. QJ. 
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dx = 

fl+ 1 


J 

J Pnix)Q„{x) dx. 


(Hargreaves.) 


(2»-fl) I P,.{x)p„(x)rfx -(2n + 3) J 
0 0 

1 

Hence evaluate 

a 

13. Prove that 

14. Show that 

f {l+x)«+«P (x)P (X) dx = ^ . 

j (i+x) r-^[x)i'jx)ax („,j„;j*(2m + 2n+l)! 

(Titchmarsh.) 

15. Show that 

1 

(m - n)(m + n + 1 ) J P„(x)^„(x) dx = 1 - ( - 1 

- 1 

Deduce that, if m + n is odd, 

1 

(m-n)(m + n+ 1) J P„{x)Q„{x) dx = \. (Nicholson.) 

0 

16. Prove that 

i 

(2/i-2m){2w + 2n+ I) J P,„(x)Q,„(x) dx 

(2n)! /2«m!\* 


u 


= l_(_l)m+n 


(2m)! I 2'’n! 


(Nicholson.) 


1 

J 


17. Show, by the aid of the addition theorem or otherwise, that 

1 

-I 

Hence show that 

v(d:F) = 2 

n*D 

Deduce Catalan’s expansion 

<30 

sin-'x = lnPi{x) + lrr ^ 

(Nicholson.) 


n •• 1 

18. Prove that, if n > m. 


C T'f n-i n rn r(in+4fn+^)r(in — im+ J) « 
J p.tco. fljcos me de = rdn+i^r+iTfci"- j™+T) 


311 


LEGENDRE FUNCTIONS 
according as n — m is even or odd. Deduce that 




sin(2mcos'*2)=-T?i > ,, ® ' ~{P,nj.Az) — P*n 1(2)) 

n — m 

and 

sin{(2w + l)cos“‘z} 

- V I’(n + m + |)r(n-»i + i),_ ^ ^ ^ 

^ Z/ r(n + m + 2)r(ri-m-i-l)^^*''+»^"^ 

(Nicholson.) 

19. Show that 


f n(cos9)sin>«fld9.= nim + jn + 4)r(J«.-i^ 

J r(iw-in+ DHim+in+l) 

when >H > n and m — n is odd, and that the value of the integral is zero 
in all other cases. (Heine.) 

20. The equation of a nearly spherical surface of revolution is 
r = a{l+€/»,(cos0)}, where « is small. Show that, if bo neglected, its 
volume and surface are respectively 


4ff<i’ 1 


3€* 


3 i'+2,r+i)- 


21. Show that if m > n and s ^ 0, 

i 

J PmU)Wl',n„-^lx)dx = 




- I 


(2m + 2ri-2«+l)24 


rru-n— « 


where 


m!i4„ = 1 .3.5...(2m~l). 


(FERREB3.) 


22. Prove that T h^PJz)PAzh) = 


where K denotes the complete elliptic integralt of modulus 

(Gebonimus.) 

23. Show that, if [/i[ is sufTiciontly small, 

2 ^" 0 n( 2 ) = (1 — 2Az+A*)-*/*arccosh 
n-o (z*-l)‘/» 

24. Prove that 

{z + (2*_l)l/2|-n-l 

= V (2»^+" + i)r(m-Dr(m + n+^) ^ . . 

^Z. 27r.m!(m+n4-l)! 


171^0 


t Tho complete eUiptic integral of modulus k is J £/t/^{(l -<*)(! -**!*)} 
See 5 14.42. ® 
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25. If X > 1 and y = ^(x*— 1), show that 

yf 

f i’„(l+2y'smV)# = ir{P„(x)}>. 

0 


26* Prov'e that, if — 1 < Xx < 1 and — 1 < X| < 1, 

2n 1 

j I dx P,(«.)P,(f,) = 

0 “I 


where 


= a:x, + (l— x*)*/*(l— x;)*/*cos(^-<^,), 
= xx,+ (l— x»)*/*(l— a^)'^*cos(^— 


(Nicholson.) 


CHAPTER XII 

BESSEL FUNCTIONS 
12.1. BessePs differential equation 

In the present chapter we determine the complete solution of 
liessel s differential equation 


1 dw 

dz^'^zlz'^ 


(•-iy-o. 


where v is a constant. It is an equation of the confluent Inmer- 

pometnc type considered in § 10.61, and has a regular singu- 

arity of exponents ±v at the origin and an irregular singularity 
at infinity. ® 

This differential equation is of frequent occurrence in physical 
problems. For example, it arises in the determination of the 
solutions of Laplace’s equation associated with the circular 
cylinder, and so its solutions are sometimes called cylinder func- 
tions. For suppose we transform Laplace’s equation 

to cylindrical coordinates (p, Z) defined by the equations 

X = pcos,^, Y = psin,^; 

tr 

this gives 


l^K I d^V d^V 


dZ^ 

It follows tliat the expression 

F = e*^u.-(p)cos(^^+t), 

where k, e and t are constants, is a solution of Laplace’s equa- 
tion provided that w satisfies Bessel’s equation 

d'-w I dw I „2\ 

with independent variable ip. 

In most physical problems V must be a one- valued function 
o position in space, and so must be an integer. In this case 
the exponent-difference at the origin is an integer and it turns 
out that It IS impossible to express the complete solution in 
powers o z. It will, therefore, be necessary to di.stinguish 
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between formulae which hold for general values of v and those 
which are valid only when v is an integer. We do this by 
adopting the convention, usual in this subject, that the para- 
meter occurring in Bessel's equation loill be denoted by a Roman 
letter instead of a Greek one in any formula which holds only for 
integral values of that parameter. 


12.11. The Bessel functions 

If we write 2 - = 4a: and denote by d- the operator xdjdx, 
Bessel’s equation becomes 

This equation is satisfied formally by the series 


eo 


w = a:« 2 c^af, 

r»0 

])rovided that is a root of the indicial equation — 0, 

the cocfiicients being connected by the recurrence formula 

{(a+r)2-J.2}c^+c,_i = 0. 

Now if we take a = \v, the recurrence formula becomes 

(i'+r)rc^-t-c^_i = 0, • 

wliicli is satisfied by taking 

^ r!r(.^+r+l)’ 

where A is independent of r. Hence 

(-xY 


w 


Zr!r(»^+r+l) 


is a series solution of the equation in question. But since this 
infinite series converges uniformly and absolutely in e\ery circle 
ja:j < R, the formal processes by which this solution was ob- 
tained are valid all over the x-plane. We have thus shown that 

Zr!r(i^+rH-l) 

and, similarly, 


r»0 
w 


W 


= Bx-^ 


r— 0 


{-xY 


n-i'+rd-l) 


wliere 2 “ = 4x, are two solutions, not necessarily independent, 
of Bessel’s differential equation of order v. 



J{z)^nzYS 

^ ^ _Zr!r(v+r+n’ 
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We now define the Bessel function of the first kind of order 
V to be the function 

r-o n^ + ^+0 

‘if 7 logarithm having its principal 

value The function {iz)-J,{z) is thus an integral function 
In this notation, the expression 

tv = AJ^{!)+BJ_,{z) 

is a solution of Bessel's differential equation depending on two 
arbitrary constants; it remains to determine whether it is the 
complete solution or not. In the first place, it is obviously not 
the complete solution when v = o, since it then reduces to a 
instant multiple of J.(r). Again, if „ is a positive integer. 


CD 


= {iz)-n y 

Zr!r(-n+r+l) 


since l/r(() vanishes when t is a negative integer or zero. The 
so ution we have just obtained is therefore not the complete 
solution when v is an integer, since it then reduces to a constant 
multiple of J„(z), The nature of the complete solution in this 
case accordingly requires further investigation. 

When V is not an integer each coefficient in the e.xpansions 
ol J {z) and is finite and non-zero. The functions J (z) and 

r n "f.’ linearly independent solutions 

ol Bessel s differential equation. 

Example. Prove that the Wronskian of J,(r) and J_,(r) is 

28ini^ 




TTZ 


By § 10 11, Ex 2, we have = C/z. where C is a constant. 

Now when |z| is small. 
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J_,) = J^(z)JU^)~J:(z)J_Xz) 

[ r( r+ 1-) r( - v) ~ ro^Tof ( w] t 


2 sin V7T 


7TZ 


+ 0 ( 2 ). 


Comparing tlie two expressions for the Wronskian, we find that 

2sin w 


J_^) — — 


nz 


This result sliows that J^(z) and J_^[z) are linearly independent if v is 
not an integer or zero. 


12.12. The recurrence formulae for J^{z) 

As Jy{z) is the limiting form of a certain hypergeometric func- 
tion, we should naturally expect that Gauss’s formulae con- 
necting contiguou.s hypergeometric functions would provide, in 
the limit, recurrence formulae connecting Bessel functions. This 
is indeed the case, but it is much simpler to prove these recur- 
rence formulae directly from the definition of J^,(z). 

The first recurrence formula states that 


tv 





For 


CD 


-rl2)v-iV -L(U)-‘V ^ 

' + Zr! l>+r+2) 

r-O ' ' r-O 

- ^ r! IVd-r) Z r! r(v+r+2)J 

= (*«)“-' [p(^)-|- 2 {r!I>+r)”'(r-l)!r(^+i-+l)) 




CO 


= .•(k )-‘2 


r-O 


r!r(»^+r+i) 



the reordering of the terms of the two infinite scries bt ing 
justifiable on account of their absolute convergence. 
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Similarly we see that 
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-+y(-J-+ 

•') ,4; ('•' !’(>'+>•) ’^(r- i)!r(„4.r+i) 


■y2\r-> 


= (Js)->y ^+2r_ I 

r4„'-!r(>'+r+l)i i)’ 


* 4 - 1 ( 2 ) « 4 +i( 2 ) = '2Jl{z), (jjj 

^lere the accent denotes diflferentiation with respect to z 
om (i) and (n), the remaining recurrence formulae^ 


and 


-*4(2)+^:(2) = 




(iu) 

(iv) 


may be easily obtained. 

Example 1. Prove by induction that, when m is an integer. 

CO 

(|2)w _ fm + 2 ?t)(m + n — 1)! 

^ f *'m+*n(2). 

Example 2. Show that, if m is any positive integer, 

(^4,) 

■' precisely one zero of 

between any two consoeutivc real zeros oCz-jJ) 

Example 4. Show that * 


Example 5. Provo that 

4(^1 = (— ) sinz, r - . / 2 \ * 

^TTZf 

Deduce tho values of 

Example 6. Show that, if « ^ and „ > - 1 


= (— ) cosz. 

^7TZ' 


z 

2«* JdJ>OJ»d/ = (a*x* - u*){J ^ /-r I ^ 

0 I dx / * 

(Lommel.) 
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Example 7. Prove that, li v > —1 and a and ^ are distinct zeros 
of then i 

J tJ,(at)JU^t) dt == 0, 

0 

1 

J t{JAal)]‘ dt = («)}>. 

0 

Hence show that, when r > — 1, the zeros of J^{x), apart from x = 0, are 
all real and distinct. (Lommel.) 


12.13. Schlafli’s contour integral for J^{z) 
If we use Hankel’s formula 


( 0 +) 


r(v+ 


I = — . f e'/-"-’"-' dt, 

•r+l) 27 n J 


— ® 


where larg^l ^ rr on tlie path of integration, we obtain 

® 1 ‘V* 

— 00 

We consider, therefore, the function 

( 0 +) 




— 00 


obtained by inverting the order of integration and summation 
in this last expression. 

By applying the theorem of § 5.51, we find that F{z) is an 
integral function whose derivatives of all orders can be obtained 
by differentiating under the sign of integration. It follows that 
the Taylor expansion of F{z) is 

OD (0+) 


r^O 


— » 


Thus Fiz) and are integral functions with the same 

Taylor expansion and so are identical. Hence we have 


^ GO 
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where |arg<| ^ tt on the path of integration. This result is due 

to Schlafli.t 


12.2. The Bessel functions of integral order 

When 72 is a positive or negative integer or zero, Schlafli’s 
integral 


— CD 


has as integrand a one-valued analytic function of t whose only 
singularity of finite affix is an essential singularity at the origin. 
Hence we can deform the path of integration, without altering 
the value of the integral, until it consists of the circle | = 1 jz | i?, 
provided that z is not zero. Making the substitution / = Uu, 
we find that this gives 




c 



where C denotes the circle |7£| = R. This form\ila evidently 
holds also when C is any simple closed contour encircling the 
origin. 

In particular, if we take for C the circle ltt| = 1, on which 
u = where — tt < 0 tt, we obtain the formula 


-lI 




— tr 
If 


_ ^ r |g-^n5+u8iD^_|.gind-<58lD5j fJ0 

2tt J 


and hence 


~ J cos{n0— 2sin0) dfl. 


0 


This is Besscl’sl integral for J^iz). 
Example 1. Show that 



cos{2cos0— jH7r)cosn0 d6. 


t Ann. di Mai. (2), 5 (1873), 204. 


i Berliner Abh. (1824), 1-24. 
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Deduce, by the use of Jacobi’s lemma. Poisson’s integral formula 

j ( 2 ) _ - - I cos(scos^)sin*''0 

r(n + iir(i) ' 


j 


where n 5* 0. 

Example 2. Show from the series definition that 


J.(z) = -n 




r(^+i)r(i) 


J 


0 


oos( 2 cos 0)sin-^'0 dQ, 


provided timt Rl(e-f- J) > 0. 

Example 3, Prove that, if z = x^iy and if v is real and not less 

than |+z!-€l*'l 

[Jv(2)| < r(e+l)' 


Example 4. Show that 


TT 

J ccsfi/fi— zsin 0) dd 


0 


satisfies Bessel’s equation of order v only when v is an integer. 
Example 5. Show that 

«ri 

Uz) = j e-"'"'-"'*. 


— tfi 


where the path of integration is any curve joining tho points ±7ti. 

12.21. The generating function for J„{z) 

Wc have just proved that 


J (z) — -J- f ^ > 

r 


where C denotes any circle with centre at the origin. Since the 
t)nly singularity of tho integrand is at tlic origin, it follow.’ 
immediately from Ijaureiit’s theorem (§ 4.52) tliat 

— ct 

tlie series converging uniformly witli rr.spect to « and - when 
u lies in any annulus 0 < < [mI ^ ^***'^ 

bounded closed region. 

The functions J„(z) are therefore the coeflficients in the expa 
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sion of the generating function as a Laurent series in u, 

and, for this reason, are sometimes called the Bessel coefficients. 
This expansion was, in fact, Schlomilch'st definition of the 
Bessel coefficients, and from it he derived many of their prin- 
cipal properties. 

Example 1. Show by means of Schlomilch’s generating function 
that the Bessel coefficienU satisfy the recurrence formulae of § 12.12, 
and hence that they are solutions of Bessel’s differential equation. 
Show also that 1)V„(2). 

Example 2. Prove that 

= ‘^o(*)+2| J^(z)cos2n0-H2tf J,„^^(c)sin{2n-j-l)a 

i 0 

and deduce the Fourier series for cos( 2 sind) and sm(2sin0). (Jacobi;) 

Example 3. Prove that 

1 = + 

1 

2 2 (2n-l-l)J|„+,(2), 

0 

izcosz = Ji(z)-9J^(z)+25J^(z)-.... 

izsinz = 4 Ji( 2)— 16J4(2)-j-36J,(2) — — (Lommel.) 

Example 4. Show that 

*4i(z + 2 ) = 2 d„(z)J’n_„(2'). (K. Neumann.) 

• QO 


12.3. The solution of Bessel's equation by complex in- 
tegrals 

We have already seen (§ 12.2, Ex. 5) that Bessel's differential 

,d‘u, dw 


in 

is satisfied by w = j di 

— iri 

when V is an integer. We now propose to determine whether 
there exist solutions of the form 

b 

w = 

for general values of v. 




t Zeit^chri/t /ur Math, und Phya. 2 (1857), 137-65. 

Y 
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It should be observed that the integrand is an integral func- 
tion of t, so that the integral is independent of the particular 
path of integration which joins the points a and b. It is, more- 
over, useless to consider integrals of this type round closed 
contours since they all vanish identically. 

When the limits a and b are finite, we can differentiate w 
under the sign of integration to obtain 



-f (2* — 


U 

_ J g^8iQh^-^'V(22^.osh-^^-2sinh f— df 

a 


This result also holds when one or both of the limits are infinite 
provided that the integral for w converges uniformly. If we can 
choose a and b so that this last expression vanishes, wj is a solu- 
tion of Bessel’s equation. 

When the limits are ±7Tt, we have 


Hence 


|■g^BiDh/-v/(2cosh^^-^')]’^^ = 2i{z—v)sinv7T. 


mi 





— m 



is a solution of Bessel’s equation if and only if v is an integer 

or zero. - 

When V is not an integer or zero, the appropnate values ol 

a and b are given by the considerations which follow. 

Let us consider now a path of integration consisting of the 
negative part of the straight line Jm< = a. the imaginary axis 
from at to ^t, and the positive part of the straight hne Im t 

The limits of integration are then — oo+at and ® 

usual notation. We suppose, moreover, that ^ - re • Ues in a 

bounded closedregionDforwhich —^TT+a-l-S < ^ 

where B is an arbitrary positive number. 

When B is positive, we have 


R1{2 sinh( — i2+ at)} 

= Are-»cos(0+a)-ire«cos(tf-a) < ire-^-ire%in8. 
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If i; = A+i^, it follows that 

(rcosh i?+ !i'|)exp(ire-''*— Jrc'^sinS4-AjR-f-/ia). 
Since by hypothesis r is bounded in D, we deduce that 

as R^cc, the convergence being uniform with respect to z 
when 2 lies in D. In a similar manner we can show that 

[e* '-^'(2 cosh ( + 1 /)]^ ^ 0 

as i? -> CO, provided that ^ — a, the convergence being 

uniform witli respect to z when z lies in D. 

Lastly, it can be shown without much difficulty that, under 
these conditions, the integral 

® + ^i 

w= J* 

- CO +ai 

converges uniformly with respect to z when z lies in D. Hence 
w is an analytic function, regular in D, whose derivatives can 
be found by differentiation under the sign of integration, and 
so to satisfies all the conditions necessary to make it a solution 
of Bessel’s equation of order v. 

We have thus shown that the functions 

® + (*r-a)t ®-(n + a)< 

— ® + —oo + ai 

are solutions of Bessel’s equation of order v, valid when z lies 
in the angle — ^ arg 2 ^ Iw+a— 5, where 5 is an 
arbitrary positive number. It is evident, moreover, that the 
paths of integration can be any contours which are asymptotic 
to the particular contours defined above. 



12.31. The Hankel functions 
In particular, we find, by taking a = 0, that 

//i,l>(2) = i_ r giBiahl-yt 

7n J 


— 00 
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a; — TTi 


f 


- 


are solutions of Bessel’s equation of order v, valid when 
■argzj < Att. These functions are called the Bessel functions of 
the third kind. or. more briefly, the Hankel functions^ of order v. 

The analytical continuation of these functions for other ranges 
of values of arg z is provided by the formulae 

«+ (tt — a)i 

M1)(Z) = 1 f ^‘^bl-yldt, 

m J 


— ® + ai 

00 — {»T + a)i 


f di, 

nt ./ 


-K+ai 


where — .^Tr+a+S ^ arg 2 iirH-a— 8 and 5 > 0. The argu- 
ment by which this is proved may be illustrated by considering 
the case when a — l-rr. 

is defined when !arg 2 | < whilst 

CD+ JlTX 

vi J 

— 00 + tfTl 

is a solution of Bessel’s equation when 0 < arg 2 < tt. We have 
to show that these two functions are identical in the first 
quadrant, their common region of definition. 

Let us suppose that 0 < 8 ^ arg 2 8. If we apply 

Cauchy’s theorem to the rectangle with vertices 
i?+7ri, TTi, we find that 

R*-m 

I* — J + J rfL 

ii- tni «+*”■» 

But, on account of our restrictions on arg 2 , the second integral 
on the right-hand side tends to zero as R cc, and so 

flc + ffi ec + i»ri 

J gzainhi-vl = I" (f/ 

t So rnlitHl he<-ausr it was Hankel who first realized their importance. 
definition ndoptod hero is not the usual one. but is essentially equiva en 

that of Hopf and Sommerfeld, .drcAii- der ..WotA. und /*Ays. (3), 18 ( 11*1 )• 
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Similarly we can show that 

4^ ini 

J _ J 

-- oo ® + 4tri 

Hence, when z lies in the first quadrant, 

cc + tri <D + |fri 

J ^BiDb/-v/^^ _ j ^alDbl-v^^^ 

— ® — ® — 4in 

which is the required result. 

In this way the Hankcl functions are continued analytically 
all over the 2*plane. It will, however, be observed that the 
functions so defined are not one-valued, but possess a branch- 
point at the origin, even in the case when v is an integer. f 

Example 1. Show that //*J*(z) are also solutions of Bessel’s 

equation of order v by proving that 

H'iUs) = H%[z) = 

Example 2. Prove that the Hankel functions W|,*'(z), W[,*’(z) satisfy 
the same recurrence formulae as J„(z). 

Example 3. Show tlmt^ 

= 2cosv7rHi®*(z)-f e'^/f*"(z). 

Hence prove that 

H'**(zc*"') = -/f'‘'(z)-2cosv7re-‘'"*H:,2’(z), 

H1?'(z 6*"’) = (4cos*i/7r— l)Ht^‘(z)-f 2cosv7re‘'’”/f‘,,‘'(z). 

(Weber; Graj.) 

12.32. The connexion between the Bessel and Hankel 
functions 

We shall now show that the Hankel and Bessel functions are 
connected by the relations 

provided jargz] < n. 

t Sm Ex. 3. 

X It is simplest to prove these formulae in the first instance when |urg ^ ^ ; 
in this case ^n < argfac*^) < fw. The formulae for general values of z follow 
by analytical continuation. 

§ This restriction ie needed since the Bessel functions are not dohnod outside 
this range of v'aluea of arg z. The formulae we ore about to piovo may be used 
to extend their range of definition. 
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If 2 — re^‘. wliere —n < 8 < tt, the formulae of the previous 
section give =c + <^-0)i 

— J_ j exp(re®‘sinh(— pO 

ni J 


- 00 




>(2) = — L j exp(re®*sinh ( — vO 

TTl J 


Hence we have 


-TS + di 


1 




277t 


I 


exp{r€^'sinh I'/) 


® - d i - ni 

the path of integration being the positive part of the line 
Im/ = —7T—6. the imaginary axis from —{■rT-\-d)i to {7T—d)i, 
and the positive part of the line Im/ = tt—8. If we make, in 
turn, the two substitutions t = u—di, €“ = 2r/r, we obtain 

\[H^y\z ) r exp{re®'sinh(u— *^+*'^*) 

Ztti j 


00 — in 
® ni 


= -? r exp{ire“— irc=‘^‘e-“}— 

27ri J 




® — m 
(0 + ) 


I f ■ i r-e^^^\ dv 


— ® 




— oc 


But this last expression is Schlafli’s integral for J,(z), and there- 

J,(-) = 

From this w’e deduce that 

a result which reduces to J_„(z) = when n is an 

integer. 

12.33. The complete solution of Bessel’s equation 

Although the Hankel functions are merely linear combina- 
tions of the functions JJs) and J^Jz) when v is not an integer. 
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they possess, as we shall prove, the remarkable property of 
being linearly independent solutions of Bessel’s equation for all 
values of the parameter v, so that the complete solution is 

where A and B are arbitrary constants. 

For when v is not an integer, the Wronskianf of J^,{z) and 
J-y{z) is given by 

A(J,. J_,) = J,{z)JiAz)-J:{z)J.,{z) 

and so, by the example off 12.11, 

//<«) = 4 -. 

■mz 

But, for any fixed value of z, the Hankel functions are integral 
functions of v, and so, by continuity, the Wronskian of Ii\}\z) 
and is •il{niz) for all values of v. Since the Wronskian 

never vanishes, and are linearly independent solu- 

tions of Bessel’s equation. 

12.4. The Bessel function of the second kind 

In view of the fact that the behaviour of J„{z) near the origin 
is much simpler than that of the Hankel functions, it is very 
desirable to retain it as one of the standard solutions of Bessel’s 
equation. As a second solution we take Weher’sJ function Y^{z), 
defined by the equation 

for all values of the parameter v. Remembering that 

we see that the linear independence of J„(z) and Y^{z) follows 
t S©e§ lo.n. Exx. 1. 2. 

J Journal Jiir Math. 76 (1873), 9; Math. Ann. 6 (1873). 148. Thor© are 
several other Uefinitione of a second solution of Bos-sel's equation* tho prosont 
ono being the most satisfactory. Soe Watson* Function9, § 3.5 et scq. 
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from that of the Hankel functions. Y^{z) is usually called the 
Bessel function of the second kind. Evidently Y^,{z) satisfies the 
same recurrence formulae as Jy{z). 

Wlien V is not an integer, it follows from the formulae of 


§ 12.32 that 


YJz) = 


C0Sv7rJJz)—J_Jz) 


Sin V 7 T 


When V is an integer, this formula fails because tlie numerator 
and denominator are then both zero. But since the Hankel 
functions are continuous functions of v, so also is Yy{z). Hence 
the value of Weber’s function of integral order is given by the 


equation 


y;{ 2 ) = lim 


cos vnJM—J^Az) 




sin^^ 


12.41. The series for y„( 2 ) 

If we substitute in the formula 

y _ COSl^J^(2) — <7-^(2) 

sin VTT 

tlie power series for the Bessel functions, we obtain the expan- 
sion 


};U) = cot..(Ur2HT>+7+r)- 

r»0 


CO 


— cosec VTT 




(i2)“*'2r!r(-v+r-t-l) 

f»0 


valid when v is not an integer. This formula fails when v is an 
integer. 

Now bv the ordinary rule for finding the limit of a quotient, 
we have 


YJz) = lim 


CO!iV7rJJz) — J^y{z) 




= lim / 






Sin VTT 

eJy 
dv 


dJ 

COS V7T — ^ — 7T sin vnJy ^— } / cos i^} 

cv 


TT n \CV CV ] 

Moreover, since Y_„(z) = (- l)»y„( 2 ), it suffices to consider only 
the case when n is positive or zero. 
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Denoting the derivative of log F(0 by we find that 

dJ. ^ 


dv 




r-0 

CD 




r-0 


as v -> n. 

When n is positive, we have to consider separately the first 
n terms of the series for dJ^Jdv since r{ — v^r~{-\) and 
0(— v+rd-l) have poles at v = n when r takes the values 
0, 1, 2 ,..., n— 1. This difficulty does not arise when n is zero. 
When r = 0, 1, 2 ,.,., n— 1, we have 

1 1 0r., . ...-sinv7Tr(v'— r) 




-v+2r 


= (iz) 


-v+2rIV^) 




-v+2r 


7T 


r\ 


7ir\ 


[— sinv^log ^z+TTCOS w-fsin vtt r)] 




(n-r-1)! 


r! 


as V -> 71. Treating the terms for which r ^ ti in the straight- 
forward way, we see that 


ov 


n — I 

2 

f-O 


(71— r— 1)! 


r! 




f»0 


as v ->• n. Hence, when ti is a positive integer, Weber’s function 
can be expanded as a series of the form 


_ (*2)" V (zi!!!! 

(71 +r)! 


f-O 


{21og(^2)-0(r+l)— 0(7i+r-{-l)}- 


n -1 


-42 


(n— r— 1)! 


r! 


(* 2 ) 


2r-n 


f-O 


This formula also holds when ti = 0, the terms in the second 
line being omitted. It is sometimes useful to modify this formula 
by writing 

where y denotes Euler’s constant. 
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12.5. The asymptotic expansions of the Bessel functions 
Although we have now represented the complete solution of 
Bessel's equation by series of ascending powers of z (multiplied 
in some cases by logz), which are convergent for all values of z, 
the convergence is, unfortunately, so slow w’hen |z| is large that 
an examination of the initial terms of such a series gives 
practically no information regarding the value of its sum. To 
overcome this difficulty, we now propose to determine, by means 
of the method of steepest descents.! expansions of the Bessel 
functions in inverse powers of z which are asymptotic in Poin- 
care’s sense, even though they are divergent for all values of z. 

The method of steepest descents,! which was devised by 
Debye§ to obtain asymptotic expansions of Bessel functions of 
large order, consists essentially in representing the function 
under consideration by an integral along a path with a particular 
geometrical property. 

I^et us suppose that we wish to find the asymptotic behaviour, 
when \z\ is large, of a function defined by a contour integral of 

the form r _ , , 

I dw 

which converges when Rlz is positive, the functions /(« ) snd 
F{w) being analytic functions of ir, regular in a region of the 
ie-plano which contains the path of integration. The path of 
integration is to be deformed, if possible, until the following 
conditions are satisfied: 

(i) the path of integration goes through a zero u'q of/ («•)» 

(ii) the imaginary part of /(«-') is constant on the path. 

To obtain a geometrical picture of this, we consider the sur 
face defined by the equations 

U; = U-\-iv, t = RI/(U'’) 

in a space in which (u, t-, I) are rectangular Cartesian coordinates. 

t For an account of other methods of determining these asymptotic 
sions. see Watson. Bessel Functions, Chap. VII. The only 

method of steepest descents to the present problem seems to »ithouah 

(Proc. Kon. Akad. Wet. Amsterdam, 35 (1932). 657-67. f52-66). 

Sommerfcld and Hopf (loc. cit.. p. 324) used it to find the dominant term. 

X Sometimes called the saddle-point method. aonOlO) 

§ Math. .4n«. 67 (1909), 535-58; Mundiener SUzungsbcnchU (&). \ 
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The height of a point on this surface above the plane I = 0 can 
never be a true maximum or minimum, since t satisfies the 
partial differential equation 


dH 

du^ 



dH 



The surface may, however, possess points at wliich the tangent 

plane is parallel to / = 0, and these are necessarily saddle- 

points. At such a saddle-point, ctjdu and ctjdv botli vanish, and 

hence, by the Cauchy-Riemann conditions, /'(ir) also vanishes 
there. 

If we construct a map of this surface on the («,?')-plane by 
means of contour lines, the curves of this map on which the 
imaginary part of/(u') is constant are everywhere orthogonal 
to the contour lines and so are the projections of the paths of 
steepest ascent or descent on the surface. 

Let us suppose that it is possible to modify the path of 
integration in this way without altering the value of the integral 
and so to express the function as a sum of integrals along paths 
of steepest descent starting at a saddle-point u-q. Integrals along 
paths of steepest ascent cannot occur as they evidently diverge. 
On a path of steepest descent, f{tv) ~ /(ifg)— t, where r is real 
and positive and increases indefinitely as we move away from 
the saddle-point. We have, therefore, to consider the behaviour 
of a sum of integrals of the form 


gs/(u>*) 



when |z| is large. To each of these we can, in general, apply 
the result of Watson’s lemma {§ 9.52), and so deduce the re- 
quired asymptotic expansion. 

This brief explanation of the method of steepest descents will 
e made clearer by a consideration of the following section. 


12.51. The asymptotic expansions of the Hankel func- 
tions 

In the present section we find an asymptotic expansion of 
the Hankel function by applying the method of steepest 
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descents to the integral 

X +(7r — a)r 

TTl J 

-« + At 

where jarg( 2 e~“‘)| < Jtt. From this the as 3 ’mptotic formulae for 
the other solutions of Bessel's equations are easil}’^ deduced. 

The saddle-points are given bj' the equation cosh^ = 0 and 
so are t — where n is an integer. Of these, t — Jiri 

lies on the path of integration for all values of a. If we make 
the substitution t = we find that 

x + J(Tr-a)i 

7Tie^*'^'H[^\z) = I* exp{ 2 e*"'cosh ir— vu’} duj 

if 

00 + 

= 2 J cxp{2e*’^'coshu'}coshi^dw-'. 

0 

To bring this formula into agreement with the theory of the 
previous section, we write z = so that iarg^l < i'rr. This 
gives X 

= 2 J exp(^e^'cosh u') cosh dw-’, 

0 

where ^ = cl+^tt. We have now to see whether there exists 
a path of steepest descent which starts at the origin and goes 
to infinity in the required direction. 

Let us suppose that 0 <)S < 27r. The steepest paths through 
the origin are given by the equation 

e^'coshu’ = e^'—r, 

where t is real. If we solve for iv, we find that 

^±w ^ — (T2e-2^‘ — 

so that argii’ -> or as t ^ +0 and argie — - 2 P 

or as 0. There are therefore four steepest 

paths tlirough w = 0, the paths of Steepest descent 
given by t 5= 0. Moreover, as t->+oc, ~ 1 + 

and so w oo-i‘[ 7 T—^)i or —co~{n—p)i. Hence there is a 
path of steepest descent which leaves the origin in the direc- 
tion SiTgw = i( 7 r— /3) and tends to infinity in the direction 
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co+{Tr— ^)i; we can take this as path of integration without 
altering the value of tlie integral. Hence we have 




= 2exp(?e^i) f e-i^coshvu’— dr 

J dr 

0 

CO 

= -exp(^e^-) f 

^ J dr 

0 

In order to apply Watson’s lemma to this integral, we must 
nrst show that 

Ff \ _ ^sinhvte 

’ rfr~’ 

regarded as a function of the complex variable r, satisfies all the 
conditions of the lemma; these are as follows: 

(i) F{r) h regular, save possibly for a branch-point at the 
ongm, when |t| ^ a+S, where a and 5 are positive- 

( 11 ) \F{r)\ < Ke^r holds when r ^ a, ^ and 6 being positive 
numbers independent of t; ^ ^ 

(iii) F(r) can be expanded as a series of the form 


CD 


m-i 

valid when |r| < «, r being positive. 

Now, from the equation 

e^'cosh w = 

we find that sinh 

-•f ’ -nU*: f PO*''ive on (ho pa(h 

.ho. •- 

Poomhlnllo. -v e'0-(=K4o O-3(l (o.n. ... .... 

*- 72 r+T)! ^sinh^'-i 

“““ - an analytie function ofl. 
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regular, apart from "a branch-point at 0, when [t| < 2. Also, 
for such values of t the expansion 


sinhv^ = X 


X 


Z (2r-fl)!2'‘ ^ 

r “ I 


is valid. This implies that, apart from a branch-point at the 
origin, F(t) is regular when |t| < 2 and can then be represented 
bv the series 


F{r) 




^ (41/2- 12)(4i/2_32) _ (4^_(2r- 1)2) 

Z 2"(2r)! 

r=l 


gr(Tr- 




Hence conditions (i) and (iii) of Watson’s lemma are satisfied. 
Finally, when t is large and positive, 


and 


dw 




1 


• T 


It follows that there exists a positive number tj with the pro- 
perty that 

le'^'l < 3 t, < 1/t, Idw/drl < 2/t 


w’hen T > Tj. 


But since 

, dw 
F(r) = vcoin^vw-^ 


this implies that there exists a constant A such that 

|F(T)t < < Ae^ 

when T > Tj. Since IF(t) 1 is bounded when 1 < r < n. con- 
dition (ii) of the lemma is also satisfied. 

By the formal term-by-term integration whose validity is a 
consequence of Watson’s lemma, we now deduce that, when 
i$i is large and |argCI < 
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2\1/2 

I 


exp{Ce?' + J(,r-j3)0[r(i) + 


ce 


+ 2 

r-1 


(4^'2- 12)(4w2-3-)...(4»)2-(2r- 1)2) 


2’’(2r)! 




Z7T 


,Ce»* 


W; 


exp{i4e“‘-f-i7ri}x 


[ « 

r«l 


^(4t'=-12)(4i/2_32)...(4i/2-(2r— 1 ) 2 ) 

2'-T!(2iCe“‘j^ 

In obtaining the expression in the last line we have used the 
duplication formula for the Gamma function. 

If we restore the original variable 2 , we find that 


~ exp{t( 2 — Itt)} 


>■['+2 

r-1 


CO 


(_l)»'(4v^_ I2)(4v^_32)...(4i,2_(2r- 1)2) 


22^! {2izY 

is the asymptotic expansion of valid when \z\ is large 

and |arg( 2 e“**)! < i'”’- 

In proving this formula we assumed that !arg(2e~*0l < 
where the only restriction upon a is that jS — a+^rr must lie 
between 0 and 27r. If we allow ^ to vary over this range, we 
find that the asymptotic expansion is valid when \z\ is large, 
provided only that — tt < arg 2 < 27r. 

We have now shown that, when — tt < argz < 27r arid [z\ is 
large, (he Hankel function is represented asymptotically by 

the aeries 

u-kere (., r) = (4^- l-)(4.^-3^)...(4^-(2r- iP) 

' 22'’r! 

This result, for general complex values of v and z, was first 
obtained by Hankel. f 

Since the Hankel functions are connected by the relation 

it follows immediately from the asymptotic expansion of Bl}\z) 

t Maih. Ann. 1 (1869), 491-5. 
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that, when < argz < 77 and \z\ is large, has the 

asymptotic expansion 

The asymptotic expansions of the Hankel functions for other 
ranges of values of argz may be deduced from the formulae of 
§ 12.31, Ex. 3. 

Although these asymptotic expansions are in the form of 
divergent series, they may be used for computing the value of 
the Hankel functions, since the error incurred by terminating 
the series at any point is of the same order of magnitude as the 
first term omitted. More precise information on the magnitude 
of the error will be found in § 7.3 of Watson's treatise and also 
in the series of papers by Meijer already cited. 

Example 1. Prove that the formulae 

/ 2\>.*r / I i \ V (-in»'.2r) 


JAz) 


r-O 


( 22 )*' 


... , . ^(-l) 7 i'. 2 r+l)] 

— sin(2-iJ/7r — Jrr) ^ 


/ 2 \>/»r V (-!)''(»'• 

L r «0 


f *»0 

2r) 


+ 


CD 


f COS(2— 4^7 — Jtt) 2 

r-0 


( 22 )*'+* 


]■ 


hold for large values of | 2 | provided that [argrj < tt. 

Example 2. Show that the as>Tnptotic expansions for the Hankel 
functions terminate when k is half of an odd integer. Deduce that, if 
I, = n + ^ where n is a positive integer or zero, 

/2i>'*r. , , .V" (-l)'‘(n + 2r)! 

L n 


(2r)!(n-2r)!(2z)*' 

r-O 

<(B- 1)'2 


+ 


4-cos(z 


(-l)'(n + 2r+l)! 1 

^ ( 2 r-}-l)!(n- 2 r-l)!( 22 )*’-*'^J’ 


f »-0 

<n Z 


r , 

J-y{z) = ( — COS(2 + Jn7T) 2 


(— l)r(n + 2r)! 


(2r)!(n-2r)!(2z)*' 

f»0 

Kin-\)'2 


^ (^ir(n+ 2 r+l)! 

-sin(z-{-4n7r) ^ (2r+ l)!(n-2r- 1)! (2^ 


2z)»'+*J‘ 
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12.6. The Neumann polynomials 

We now propose to investigate the properties of certain poly- 
nomials associated with the Bessel coefficients which are of 
importance in the theory of the expansion of an arbitrary 
analytic function /(z) as a series of the form 

/(z) = 

0 

These are the Neumannf polynomials 0,^{t), defined by the 
expansion , ^ 

— = Jo(2)Oo( 0 + 2 2 J„(z)O„(0. 

t — Z n-1 

We start from the formula 


4D 

(<— z)"* = J" c"^'~*’®‘“**“'cosh w duj 

0 

which is valid when Rl(<— z) > 0 , and use Schlomilch’s gene- 
rating function in the form 




This gives 


g«inh.o = l)’'e-"“V„(z). 

n — 1 


<r> ^ 

(i-2)-» = J c-'«‘“»u-coshu|yo(2)-f- 2 


OO 


= ^0(2) J w dw + 

0 

<0 ® 

-f- 2 t/„U) i e~^**°‘*'''cosh u’lc"'* ■+(— dw, 

n*l -L 


provided that it is permissible to invert the order of integration 
and summation. 

A sufficient condition for the validity of this process is the 
convergence of the series 



(Blnh u’cosh W 


— l)"e-"“}./„(2)[ dw. 


t K. Neumann, Journal Jur Math. 57 (1867), 310. The Neumann polynomial 
waa formerly called the Bessel function of the second kind, by analogy with 
the corresponding formula in the thoor>' of the IjOgendre poljmomials. But tho 
terminology is misleading as 0^(1) is not a solution of Bessers equation. 

2 
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But if RW = T > 0 and Imz = y, we have 

CD 

I |g-/9inbucoshw’{e "''’+{— dw 

0 

CD 

0 

CD 

< 4[J„(2)|€*"' J t/uj 

— CO 

= 4|/„(2)|€*^(2/T)"+*n! 

by § 12.2, Ex. 3. The interchange is thus certainly valid when 

\Z\ <T. 

We have thus shown that, when Rli > \z\, 


= j;,{2)Co(0+2 2 Jjz)0jn 

n» 1 

i* COdll 

where O (f) = c"^®^“'‘“cosh w . , nwdw, 

’ J sinh 

0 

the upper or lower function being taken according as n is even 
or odd. 

Tlie functions 0„{t) have, so far, been defined only when 
RU > 0. We now extend their region of definition and show 
that the expansion of is valid under the less restrictive 

condition \z\ < |f|. 

Now, when n > 0, we know thatf 


cosh 

sinh 


nw 


= 2”-' /sinh^wj-l- sinh"“'W' + 
\ ^2(2n-2) 


+ * 




2.4(2n-2)(2«-4) 


the upper or lower function being taken according as n is e\en 
or odd. If we make the substitution u = sinh u\ we find that, 


f Sco Hobson, Plane Trijonometry (191 1 )» 105- 
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when n > 0 and RU > 0, 

CD 


0„[t) = j + 

^ 2.4.(2»-2)(2n-4) / 

«(0 = *7^rn"j* + 2(2n-2)‘^ 2.4. (2n-2)(2n-4) "*"■■■)’ 

tlie .scries inside the brackets ending with a term involving 
fn-\ fn accordinj; as n is o<l<l or even. On the other liaiid, 


and so 


CD 


1 


Oo(0 — j c-t*‘“*‘“'co3h w dw = 

0 

We now define 0„{l) to mean these polynomials in \/t, for all 
values of argt. 

From this definition we see that, when n > 0, 


so that, by § 12.2, Ex. 3, 


H 


Hence, when | 2 | ^ aiul t lies in a bounded closed region for 
which K| where < is positive, the series 


<o 




n**l 


converges absolutely and uniformly with respect to z and t. 
Since its sum is — when RU > Izf, it follows by analytical 
continuation that this will still be the sum when |^1 > | 2 |. 

We have thus shown that 


CO 


(l-z)-' = J„(2)0„(() + 2 2 J„{z)0,xt). 

n — 1 

provided only that |2| < \tl 

Example 1. Prove that the Neumann polynomials are connected 
by the reciirrcnce formulae 

(« - l)O„+,(0H ('H ('* '■ M. 

- 2o;(() (» i), 

-0,(0 - o;{o. 

where accents denote difTerentiation with respect to t. 
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Example 2. Show that 0^(1) satisfies the differential equation 


d^w 

di^ 


3 dw 

7 'di 


/. n*-l\ 

+ (l JT')^ = 


where g„{t) denotes 1// or >i/i* according as n is even or odd. 

Example 3. Show that, if C denotes any simple closed contour about 

the origin, > 

J 0^{z)0,(z)dz = 0. 

c 

J J^{z)On{z) dz = 0 {m ^ n), 

C 

J J,z) dz = iri {m > 1). 

c 


12.61. Neumann’s expansion theorem 

K. Neumann showed that iff{z) is an analytic function, regular 
when j 2 [ ^ i?, it can be expanded as a series of the form 

f{z) = ao‘^(2) + 2 2««'4.(z). 

1 

which converges uniformly in every closed region within \z\ = li. 
The coefficients are given by the relation 

= 2ni J 

|tl = « 

For if 2 lies in a closed region within the circle [ 2 ] = R, we 
have 





= 2 ^. I /(0p„WO„(0+2|j-„(s)O„W]rf<. 

iti - n 

Since the series occurring under the sign of integration con- 
verges uniformly with respect to 2 and t, we can integrate it 
term by term to obtain Neumann’s result. 
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MISCELLANEOUS EXAMPLES 

1. Prove that lim (- i)"‘p,7(cos-) - J„(x) 

provided that x is positive. 

2. Show that, when n ia an integer. 


and deduce that 


1 

J d, = y(y ).v„.,(,), 
- 1 


CD 


n«0 


(Baubr.) 


<D 


3. Prove that 




— CD 


is equal to 2/{2n-f 1) or 0 according as the integers m and n are equal 
or unequal. 

4. Show that, when cos^ is positive. 


00 


p^icosd) 


= f 

(n-mj! J 


. I €"*«^^/„(4 sin^)z'' dr. ( Hobson .) 


6. Prove that the product Jj,z)J^{z) is equal to 

r(^+i-+2n+l)(-zV4) 


( 45 )“^*' y— 

^ Tt! 

n«*0 


r(/i-l-v + n-l- l)r(/* + n-|- l)r(v-j-n-f- !)■ 


6. Show that 


(SCHLAfU.) 






# CO 

COS(2Sin0 — ^ j ^4^^ 


TT 


0 0 

y„(z) = - J* 8in(zsinfl— t/tf) d0 — — J* 

0 o 


e **•“*»*(€'■♦ -j-e“’^cosrTT) 


provided that the real part of z is positive. (ScHi,AriJ.) 

7- Prove, by term-by-term integration, that the equation 

J *■' * 2*'a'*+''r(v+l) \ 2 ’ 2 oV 
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holds when Rlin + v) > 0, Rla > 0 and |6| < la]. Apply the principle 
of analytical continuation to show tliat the equation is true under the 
less restrictive conditions > 0 and Rlfax*^) > (Hankel.) 

8. Show that 


0 

provided that |argp| < and Rl(/i + v) > 0. (Hankel.) 

9. Prove that, wlten Rli' > — !• 


xi 




<• - flCt 


the path of integration being the straight line R1 1 = c > 0. (Sonine.) 

10. By using the formula for J, given in Ex. 9. prove that, when 
RU > — 1, u > 0, c > 0, 

® c-f Xl 


0 


c- xj 


<c 


Deduce that 


J JAnJ.^,V‘l)dt = 


where € is equal to 0, or 1 according as a is less than, equal to. or 
greater than unity. 

11. Prove that the relation 


<30 


F(x) = 


- J 0- 




0 


or 


implies that 


O(/)-<I>(0) 


- f t)"' 


J,^x{lu)F’{u)dH {t>0) 


provided that we can differentiate the first integral under the sign of 
integration and invert the order of a certain repeated integral. [This is 
the Hankel Transform Theorem. Sufficient conditions for its validity »re 
given by Burkill, Proc. London Math. Soc. (2)» 25 (1920), 513-24. See 
also Titchmarsh, Proc. Cam6. Phil. Soe. 21 (1922-3), 463-73. 

The more usual form of the theorem is obtained by writing 

F'{x) = x*-^>/(x), <D'(0 = r+»^(0; 


to 


/(X) = J dt 


0 


it then states that 
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CO 


implies that 


^(0 = I u/(u)J^(/u)du.] 


12. Prove that, when the real parts of /i+ 1 and v are positive. 




= J- fv**/ 

r(v)J 


*J„(2Vv)(z — dv. 


0 


Hence show that, when « is an integer, 

t t g 

= JJ-j *“'*J*.(2V2)d2, 

0 0 0 

integration being performed n times. (Sonine.) 

13. Show that 


CD 


(2 + /i)-'/V,{2V(2+/i)} = 2 


m^O 


(z-i^hyl’Wtz + h)) = ^ ~z>’-^>l‘J,_„(2Vz). 


#n — 0 


the latter expansion being valid only when j^[ < |z|. 

14. Show that, when Rl(iv — t) > Rl/z > — 1, 

QO 

j (t+z)-'/*J,(2V((+z)}i“d* = ^^^:^i'4-M-i(2Vz). (Sonine.) 
0 

15. Show that, when Rl(v+t) > 0, 

1 

J €**'{(•— 1 = 4ico3i^ J coszw(l — 

C 0 

where the contour C, on which [org{<*— 1 )) < tt, is a figure of eight wliich 
goes round t = 1 once positively and t = — 1 once negatively. 


Deduce that J,(z) = 


27rir(4) 




l)-»/» dt. 


V 


provided only that t'+i is not a positive integer. (Hankel.) 
10. By using the result of Ex. 5, prove that 


w 

j Jo(2z8in^)cos 2n^ = 7r{J„(z)J*i 


W 

J d,„(2z8in^) d^ = 7r{J„(z)}*. 


and also that 
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17. Show that, if £* = z*4-zj — 2zZiCos^, 




J'.(2) = 1 J„{z)J„(z,)e’^. 


— ® 


18. By integrating round a semicircle in the upper half-plane, show 
that, if X > a, oo 


J 


— ® 


H['\xu) du _ .a*' 

//i**(au) u ^*x*’ 


this being a Cauchy principal value. 


OO 


Deduce that 


r JAau) 

j R 


)Yjxu)-J,{xu)Y,{au) ^ /Titchmabsh ) 

U-2X'- (Titchmabsh.) 


0 


19. Show that, for all values of the parameter v, the complete primi* 
tive of the differential equation 


d*w 1 dw 
dz* z dz 




19 

where 


w = AJ^{z)+ BK^iz), 




M = 2 


(i2) 




^ m\r(y+m+iy 

m»0 

20. Prove that* when |arg 2 | < and \z\ is large* 

e 




V(27TZ) 

21. Show that, when |argz| < Jir, 


GO +fK 




gicoehip— «c 


CD~ iri 


CO 


K,(z) = j e'^«>^'®coshwdu', 


the path of integration in the former integral being along straight lines 
from 00 — TTt to — wi', from — tti to m, and from ni to co+ffi. 


22. If X > 0, -1 < Rli' < 1, 


CO 


= — r- I e^^’-'^dt. 


TTi 


/ 


— 00 


OO 


«‘y'(e) 


r 

TTi J 




CD 



CHAPTER XIII 

THE ELLIPTIC FUNCTIONS OF WEIERSTRASS 

13.1. Periodic functions 

A FUNCTION f{z) is said to be periodic if there exists a non- 
zero constant 2cu such that the equation 

/(3-f2a>) =/(2) 

holds for all values of c. The number 2aj is called a period of 
f(z); evidently, if ti is a positive or negative integer, 2na» is also 
a period. We call 2ai a fundamental period if no submultiple 
of it is a period. 

A periodic function whicli has only one fundamental period 
is said to be simply-periodic. For example, e' is simply-periodic, 
its fundamental period being 27ri. A function wliich possesses 
more than one fundamental period is said to be multiply- 
periodic. In the present chapter we show that multiply-periodic 
functions exist by constructing Weierstrass’s doubly-periodic 
function p(z), wliich has two fundamental periods whose ratio 
is not real; every other period is a sum of multiples of these 
two fundamental periods. 

Tlie existence of such a function naturally suggests the fol- 
lowing questions: 

(i) Does there exist an analytic function, regular save for 

poles, which has two fundamental periods whose ratio 
is real? 

(ii) Docs there exist an analytic function, regular save for 

poles, w’hich possesses more than two independent 
fundamental periods? 

These questions were first asked by Jacobi, wlio showed in 
each case that such a function is neces.sarily constant. 

Example. Tho hmetion /{z) hns two poriocis and Show 

that, if m and n denote positive or negnlive integers or z(“ro, tho number 
2Tnwi + 2nw^ is also a period. 

t See tho earlier part of Jacobi's pApur, Journal fur 13 ( 1835), 55-78, 

which is reprinted in his 6 ’m. Werke, 2 (1882), 25-50. 
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13.11. The lower bound of the periods of an analytic 

function 

As a preliminary step in provingf the results established by 
Jacobi, we show that a periodic analytic function which is not 
a constant cannot possess arbitrarily small periods. 

Let/(3) be an analytic function which lias a set of periods 2w, 
where the lower bound of |af| is zero. If is a point at which 
J{z) is regular, the function /( 2 )—/( 2 o) has a zero at each of the 
points ZQ-i-2oj. But since the lower bound of \uj\ is zero, there 
exists a point of the set ZQ-\-2iit in every neighbourhood of Zq. 
This is impossible^ unless /(z)— /(Z q) is identically zero. Hence 
the result. 

13.12. Jacobi’s first question 

We now answer Jacobi’s first question by showing that if an 
analytic function f{z), other than a constant, has a set of periods 
2cj, 2Xcu, where A is real, each of these periods is a multiple of 
a single fundamental period. 

If the only values which A takes are positive or negative 
integers, there is nothing to be proved; 2a> is then the funda- 
mental period. 

If, however, there are periods 2Aco with non-integral values 
of A, each such period is expressible in the form 2muj’\-2ouu, 
where m is a positive or negative integer or zero and 0 < a < 1' 
Evidently 2aco is itself a period, since it is the difference between 
the periods 2Aco and 2mw. Thus corresponding to every period 
2Aaj which is not a multiple of 2ui, there exists a pieriod 2ara/, 
where 0 < a < 1. 

There can, however, be only a finite number of periods of the 
form 2onjj. For if there were an infinite number, they would 
possess a limiting-point in virtue of the Bolzano-Weierstrass 
theorem; as the difference of any two of the periods 2aa> is also 
a period, this would imply that there exist periods of arbitrarily 
small modulus, which is impossible by § 13.11. 

Let us write 2a;j = 2cKja>, w'here aj is the least of the numbers 

t In framing the general argument of §§ 13.11— 13*13 I am materially in* 
debted to Vv. W. L. Ferrar and Mr* J. Hodgkin^on. and 1 wish to take this 
opportunity of thanking thorn* 

t Sec §4*51* 
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Qt. Then 2a» and each of the periods 2Acu arc multiples of 2tt>,. 
For if not, by a repetition of tlie previous argument wc could 
find a period 2 ci[ 2 tuj, where 0 < < 1. and this is impossible 

by the definition of 2tui. Tins completes the proof of the 
theorem. 

It should be observed that we have shown incidentally that 
if an analytic function, other than a constant, has distinct periods 
2oj and 2Aa>, where A is real, then A is necessarily rational. For 2at 
and 2Aco are multiples of a fundamental period 

Finally, it is evident that if all the periods of an analytic 
function are of the form 2Au), where A is real, the function is 
simply -per iodic. 

13.13. Jacobi’s second question 

Let/( 2 ) be an analytic function, otlier than a constant, which 
possesses two fundamental periods 2ct»i and 2 a >2 whose ratio is 
not real. Such a function cannot be simply-periodic. We now 
answer Jacobi’s second question by showing tliat it must be 
doubly-periodic, in the sense that every period is a sum of 
multiples of a certain pair of fundamental periods, not neces- 
sarily and 2oi^. 

Since wj/cuj is not real, we can express any period 2cu uniquely 
in the form 2Aa»i-f 2^0)2, where A and p are real, by solving tiic 
simultaneous equations^ 

Rloj = A R1 R1 0*2, 

Im a» = A Im Im coo. 

If it turns out that the only values of A and p wliieh occur are 
positive or negative integers or zero, there is nothing more to 
be proved, since every period is a sum of multiples of 2a>i 
and 2 a> 2 . 

If, however, there are periods which are not of the form 
2 mto 2 . where I and m arc integers or zero, each such j)eriod 
is expressible in the form 

2/toj-l- 2njaj2"f' 2atO|-|- 2y3b>2> 

t The3o equations do dutojmino X and p, since thuir detorminunt is 
Rlcu|Im<U|— linu>|Ri(i/| — |w, u;j|aiii arg(o^}/u>j). 
and this, by hypothesis, is not zero. 
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here I and ;« denote integers or zero, and 

0<a<I, 0^^ < I, 

ix and ^ not being simultaneously zero. Evidently the number 

is itself a period. We now sec that neither a nor ^ can be zero; 
for if /S were zero, a would not be zero, by hypothesis, and/(z) 
w'ould have periods and This i.s impossible, by § 13.12, 
since 2aj, is given to be a fundamental period. 

We liavc thus proved that, corresponding to each period 2a» 
which is not of the form 2/a>, + 2/?ia>2. where I and m are integers, 
there exists a point 2ita>i-t- 2^0*2 which represents a period and 
lies within the parallelogram with vertices 0, 2a>|, 2 wi-\- 2 w 2 , 2 w 2 - 
There can be only a finite number of such points; for, if there 
were an infinite mimber of them, it is easily seenf that f{z) 
would have period.s of arbitrarily small modulus, which is im- 
})OssibIe. Moreover, no two periods of the set have the same 
value of for if 2.ia»i+2^w2 2 n'a)^~\- 2 ^cu 2 were two such 

})eriods, 2jjt— a'jtui would also be a period, and this is im- 
possible. 

We see, then, that there exists a unique point of the set 
2aa>i + 2)3u)2 for which the value of ^ is least. Let us call it 2ai2- 
Every period of f{z) can be expressed as a sum of multiples of 
2^1 and 2uj2. For if not, a repetition of the preceding argument 
shows that we can find a period of the form 23i'a>i + 2^'a/2. where 
0<cz'< 1,0<^'< 1. But since 


2 oc " oji -\- 2 ^' u }2 — 2(af*-f-a^ )a;j-j-2/8^ a<2» 

this contradicts the definition of 20^2- We have thus proved 
that if f(z) is an analytic function, other than a constant, which 
possesses periods whose ratio is not real, it is necessarily doubly- 


periodic. 

If 2aj and 2cu' are two periods of a doubly-pcriodic function 
with the property that every other period is a sura of multiples 
of 2a> and 2aj\ we say that 2aj and 2a>' form a pair of primitive 
periods. The periods 2a»i and 2col, evidently form such a pair. 
When a pair of primitive periods is known, an unlimited number 


t Cf. I 13.J2. 
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of other pairs can be found. For if we write 

^1 = a<*>i + 6w2, Qj = 

where a, 6. c, and d are integers connected by the relation! 
ad— be = I, then 2fij and 20., are also periods. Moreover 

a»i = dOj — 6O2. a>2 = — cOj+oOj. 

As any period is expressible as a sum of multiples of 2uj, and 2a>', 
it is therefore also expressible as a sum of multiples of 20^ and 
2 O 2 ; thus 20^ and 2 O 2 form a pair of primitive periods. 

Ex^ple. Show that any three periods 2a^,. 2aj, of a multiply- 
periodic analytic function are connected by a relation 

2/iO| 4 - 2majj -f 2Ha>3 = 0, 
where I, m, and n aro integers. 

13.2. The definition of an elliptic function 

An elliptic function is defined to be a doubly-periodic analytic 
function whose only possible singular points in the finite part 
of the plane are poles. Before we actually construct special 
elliptic functions, it is convenient to consider some of the 
properties of elliptic functions in general. 

Let/( 2 ) be an elliptic function with a pair of primitive periods 
and 2^2- The imaginary ]>art of is not zero; we sup- 
pose, as we may without loss of generality, that it is positive. ! 
With this convention, the points 0, 2ta,. 2cyj-|-2a>2, taken 
in order, are the vertices of a parallelogram described in the 
positive sense. We call it a primitive period-parallelogram of 
Si-), there are evidently an unlimited number of primitive 
pcnod-parallelograms. Since, as we have proved, the only 
periods oi J{z) are of the form where m and n are 

integers, the vertices are the only points within or on a primitive 
period-parallelogram whose affixes are periods. 

Now mark in the Argand plane the points of affix 

= 2mtaj + 2Htu2> 

^ ‘‘’n'giM-s a Ulul 6 must I>o )iriinc to each other. When a ami 

A 4 ^ ***' fountl by tlic prorrHs of roiiCAUMl diviBion used in 

deUmunmg the G,C.M. of two nnmhora. 

t Por il U^\{o^J^o^) is negative* \\t' Ci>ii8id(rr instead the pair of priiiiitivo 

reruxiH 2 cu, and -2.0,. 
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where m and n take the v'alues 0, Then the four 

points Qp ,. are the vertices of a parallelo- 

gram, which is obtained from the primitive period-parallelogram 
bv a translation without rotation; it is called a period- 
parallelogram, or, more briefly, a mesh. The Argand plane is 
completely covered by this system of non-overlapping meshes. 

The points and s + obviously lie in different 

meshes: if we translate one mesh until it coincides with the 
second, these two points become coincident. Accordingly we say 
that tlie point is congruent to the point Then 

since Q,, — is a period of/( 2 ). it follows that/( 2 ) takes the 
same value at every one of a set of congiuent points, dhe 
behaviour of an el)ii)tic function is therefore completely deter- 
mined bv a knowledge of its values in a j)rimitivc period- 
parallelogram. 

From this it follows that an dliptic jnnethn must possess poles. 
For if/( 2 ) is an elliptic function wiiicli is regular in a primitive 
period-parallelogram, it satisfies there an inc’fiuality J{z)'' < K , 
wlierc K is a finite constant. But since /(z) repeats in every 
rnesh the values it takes in a jirimitive period-parallelogram, 
J{z) is an integral function which satisfies everywhen- the in- 
etiuality \f{z)\ < : A'; hence, by Liouville's theorem, it is a con- 
stant. 

An elliptic function has only a finite numher of poles in any 
mesh. For if it liad an infinite number, the set of jioles would 
possess at least one limiting-point, and this is impossible since 
a limiting-point of poles is an essential singularity. Similarly 
we see that an elliptic function has only n finite number of zeros 

iji any mesh. 

When we wish to calculate the number of poles {or zeros) ol 
an elliptic function in a given mesh, it is inconvenient to ha\e 
poles (or zeros) on the boundary of the mesh. Hut as there are 
onlv a finite number of poles and zeros in each mesh, we can 
always translate the mesh W'itliout rotation until no pole or zero 
lies on its boundary. The parallelogram obtained in this way is 
called a cell. The .set of poles (or zeros) in a given cell is called 

an irreducible set. 

Example 1. Show that, if /(z) is an elliptic function, so also is 
/'{ 2 ). 
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Example 2, Show that all primitive period-parallelograms associated 
with a given elliptic function are of tho same area. 

13.21. The irreducible poles and zeros of an elliptic 
function 

We prove, first of ail, that the sum of the residues of an elliptic 
functto7i at its poles in any cell is zero. For if C is a cell, the sum 
of the residues of the elliptic function f(z) at its poles within C is 

2^- / 
c 

and this is zero, since the integrals along opposite sides of C 
cancel on account of the periodicity of /(c). 

The number of poles of an elliptic function in any cell, each 

pole being counted according to its multiplicit v. is called the 

order! of the function. The order of an elliptic function is at 

least two, since an elliptic function of order one would have one 

irreducible pole ot residue zero, which is impossible. 

We next show that an elliptic function of order m has m zeros 

in each cell, multiple zeros being counted according to their 

multiplicity. For if the elliptic function f{z) of order m has n 

zeros m a cell, n-m is equal to the sum of the residues of 

/ (*')//(2) at its poles in the coll. J But f'(z) is obviously an elliptic 

function with the same periods as/(z). and therefore so also is 

I (*)//(’); hence n — m = 0, which proves the theorem. § 

Finally w'e prov'e that the sum of the a^xes of the zeros of an 

elUpUc function in any exceeds the sum of thr njfixes of its 

poles in that cell by a period. For if /(=) is an ellii)tic function 

with primitive periods 2w, and the sum of the allixes of 

Its zeros in the cell C exceeds the sum of the affixes of its poles 
there bvtt 

-L 

2^* J f{z) 

t It should 1)0 ohsorved thot the word order ho* difforont moaniiiRs in the 

thwry of elliptic funrtion.n ond tho theory of intogrol funrlioiiH. 
t See § 0.2. 

§ More gorierolly. a being nny conKlrmt. tho elHptir function f(2) of or.lcr »n 
token the voluo a m timc.4 in eiu*h roll. 

poles) uro rrpuatod in tho34' Hums occordinc to their 

nmltipliiHy. 

It Soo § 0.2. Ex. 1. 
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If the vertices of C are t, <+2a>i, i-|-2tu2, this 

difference is 


t+Zu}t 


^ _ (^ + 2a>2)f(^+2<02) ) 

2771 J ' 


l/(^) 


f(z-{-2aj2) 

t + 2u>. 


1_ f fzf'jz) (g+2a>^)f(2+2a>,) j 

2771 J \f{z) /(2 + 2a>,) / 


1 


2771 


2w 


t+2iOn < + 2<u, 

o.. f /'(*) 


■J 


/(2) 


J* 




dz 


= 2^(2a>,[log/(2)];^^“'--2cu2[log/(z)]; 




since /(z) and /'(z) have the periods 2a>i and 2a»2. 

Now /(z) takes the same value at each vertex of C. Hence 
the sum of the affixes of the zeros of/fz) in the cell C exceeds 
the sum of the affixes of its poles there by 

— .{27nTria>i — 2n7riaj2} = 2mtUi — 27ia>2, 

TtX 

where m and n are integers. As 2muji-~2noi2 is a period, the 
required result is now established. 


13.3. Weierstrass’s Sigma function 

Let f{z) be a simply-periodic analytic function of period 77, 
which has simple zeros Zj, Z2,..., and simple poles pi. P2- •' Pf* 
in the strip 0 < Rlz ^ 77. It is easily seen that 

m 

JJ sin(2— 2,.) 

/(z) = -i » 

n sin(z— p,) 

1 

where g{z) is an integral function of period 77 and = 0 or 1 

according as m—n is even or odd. 

If we wish to exhibit in a similar manner the way in which 
an elliptic function with primitive periods 2a>i and 2oi« depends 
on its zeros and poles, we must first construct an integral func- 
tion with simple zeros at the points which is to play a 

part similar to that of sin 2 in the theory of simply-p®*^^*® 
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functions. The simplest function with the required property is 
Weierstrass’s canonical product. 

In order to construct this canonical product, we must deter- 
mine the exponent of convergence of its zeros. If0 = arg(a> 2 /a>i), 

we have 

jTTicui+ntogl^ = m*]toi|* + n-|aj2l^ + 2mncos61tt>itj2[- 

But since 0 <1 6 <i n, cosfl = where 0 ^ p. < 1. Hence 
|mtoiH-7ia>2p = m-ltojp+n^lto2pi2mnp|cuiai2l 

= (1— p)(m='ltoip-|-n2|ai2p)+p(wilajii±nlw2lP 

> (l-p)(m*KP + n2|o>2p) 

^ (1— p)a2(m2-j-7i2), 

w’here a is the smaller of lajjl and {a* 2 l* Similarly we see that 

Imwi + ntujP < (l+p)6^(m*+n2), 

where 6 is the greater of |a>j| and jcojl. 

From these two inequaUties it follows that the double series 


where summation is extended over all positive and negative 
integral and zero values of m and n, save m = n = 0, converges 
or diverges with the series 


2' (m24-n2)-*/2. 


But it is easily shown by the integral testf that the latter series 
is convergent when a !> 2 and divergent when a ^ 2. Hence 
the exponent of convergence of the zeros „ is 2. 

It now follows from the general theory of canonical products^ 
that the doubly-infinite product 


a(zlcu,,a>2) 




where multiplication is extended over all positive and negative 
integral and zero values of m and n, save m = n = 0, converges 
uniformly and absolutely in any bounded closed domain of the 
2 -plane which contains none of the points and represents 
an integral function a( 2 la)i, cu,), of order 2, with simple zeros at 
the points This function is U'eierstrass's Sigma function. 


t for example^ Brotnwich, Injinite Series (1926)» 86. 
t § 7-2. 




A a 
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When there is no need to emphasize the parameters oij and uti 
on wliich the Sigma function depends, we shall denote it more 
briefly by o{z). 

It should be observed that a(z) is not an elliptic function; for 
if it were, it would be identically zero in virtue of the theorem 
of § 13 . 2 , and this is certainly not the case. 

In the canonical product for <7(2) we can arrange the factors 
in pairs, such as 






m,n 


LJ 


1 + 




y ' ' 2n«,, 

the second factor being derived from the first by replacing m 
and n by — m and — n. But since these two factors interchange 
when we replace z by — 2, it follows that o{z) is an odd func- 
tion of 2. 


13.31. Weierstrass’s elliptic function ^( 2 ) 

Before we show how elliptic functions can be constructed as 
quotients of products of Sigma functions, it is convenient to 
discuss the properties of Weierstrass’s elliptic function p{z), 
which is very closely connected with a{z). 

The function log <7(2) can be written as a double series 


l0gCT{2) = I0g2+ 2 


4- 


n 


-f 


m^n 




which converges absolutely and uniformly in any bounded 
closed domain D which contains none of the points 
W eierstrass' s Zeta function'\ is defined by the equation 

C{z) = ^\oga{z); 
dz 

term-by-term differentiation gives at once 

1 / 1 1 


c(2) = i4. y _ 

2 z — 




**m,n 


•m.n '••■m.n 

the double series being uniformly and absolutely convergent in 
the domain Z>. since its general term is ^(2) 

t This function is not to be confused with Riemann*fl ZetA function 

1 

which is of importance in the analytic theory of numbers. 
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therefore an analytic function with a simple pole of residue 1 at 
each of the points 

If we replace m and n by — m and ~n, the series for ^(2) 
becomes 

az)=:i+y L + 

2 j 

Hence 

^(- 2 )=. -y y I ! \ 

2 Z, 1—2+0^^ 

so that ^(2) is an odd function. ^(2) is not an elliptic function, 
since the residue at each of its poles is 1 , whereas the sum of the 

residues of an elliptic function at a set of irreducible poles is 
zero. 

ireicr^/jos.i'st elliptic function p(2) is now defined by the 
equation 


= -iiz). 


Piz) = — 


dz 


It follows that p(2) is represented by a double series 

fj(.) = J.+ y /_J LI 

which converges uniformly and absolutely in every bounded 
closed domain containing none of the points Hence p{z) 

is an even analytic function whose only singularities are double 
poles of residue zero at each of the points fi 

To show that ^(z) is an elliptic function, we consider the 
behaviour of its derivative when 2 is increased by 2 aJ^ or 
This derivative p'(z) is given by the equation 

- - 2 TO- 


where summation is now extended over all positive and negative 
integral and zero values of m and n without exception. From 
this, we see that 

r(2+2coi) = - y 1 _ y 2 . 

Z (2+2a»i-Q„„)3 ( 2 — 

but since the set of points is the same as the set 

this equation becomes 

P'{z-\-2cu^) = p'(z). 

t Weierstraae, Oea. tVerke, 2 (1895), 245-55. 
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Thus p'(2) has the period 2aji; similarly we can show that it has 
the period 2a>2- The function p'iz) is, therefore, an elliptic 
function, for it is doubly-periodic with a triple pole of residue 
zero at each of the points 

Moreover, 2tui and 2a>2 form a pair of primitive periods of 
p'(2). For if not. there would exist a network of period- 
parallelograms. each having a smaller area than the parallelogram 
with vertices 0, 2a>|. 2cui+2af2, Sajj: some of these would evi- 
dently contain no singularity of p'{z), and this is impossible. 
By integrating the equation 

p'{z-\-2ui^) = p (z), 

we obtain p{z-\-2cjy) = p(z)-{-C. 

The value of the constant C can be found by putting z = — wi. 
Since p{z) is an even function and p(±a>i) is finite, this gives 

C = pitui) — pi — 0 Ji) = 0. 

so that 2a»i is a period. Similarly 2^2 is also a period. Hence 
p{z) is a doubly-periodic function whose only singularities are 
poles, and so is an elliptic function. Evidently 2a>i and 2a»2 
form a pair of primitive periods of p{z). 

When it is desirable to put in evidence the primitive periods 
2^1 and with which p{z) is constructed, we denote it by 

p{z!cuj,a>2)- 


13.32. The pseudo-periodicity of {(z) and <7(2) 

If we integrate the equation p(2-l-2aij) = p(z), we obtain the 
relation . ((2 + 2aj,) = C(2) + 27,„ 

where 2 r)^ is a constant of integration; putting 2 = — wi. 

2,,, = {Kl-a-cu.) = 2{(a.,), 


since C(2) is odd. Hence 7)1 — C(cui). Similarly 

4(2+20.2) = 4 ( 2 ) + 2tj2, 
where = 4 (a..,). The numbers and 

for if they were, 4(2) would be an elliptic function, whic 
w'e know is not the case. The function 4(2) has, therefore, a 
pseudo-periodicit}'. in that tlie function is reproduced, apart 
from an additive constant, when z is increased by a perio 
of p{z). 
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The constants and tjj are connected by the relation 

For the only singularity of ^(2) within or on the cell C of 
vertices coj+wg. — toj-f tog, — cuj— cug is a simple pole at 

the origin of residue 1 ; hence 

2 fl-i = J 5 ( 2 ) dz 

c 

Wi + iV| Wi ^ Wt 

= j {C(2)-{(2-2o.)}de + J {^(t)-C(z + 2a.,)}<iz 

U>i^Wt — ttl| — Wl 

= 27 Ji j dz — 2 r {2 J" dz 

tMj — CW|— Ulf 

= 47)jW2 — 

which gives the required result. 

It is frequently convenient to make use of the period 2013. 
where coi+aig-hwg = 0. The pseudo-periodicity of ^(2) with 
respect to 2a>3 is then expressed by the equation 

^(2 + 2013) = ^(2) + 2773. 

where iji + Jjz+’Ja = 0. 

From the Equation C(2d-2a;i) = {(2)-|-277i, we deduce by in- 
tegration that 

where .<4 is a constant. Putting 2 = — tu^, we have 

A = 

a(--wi) 

so that CT(2-f2tui) = — c2^*('+<^>>a(2). 

Similarly we can show that 

CT(2+2tW2) — — 
a(2-|-2a»3) = — e*^***'*^’a(2). 

These three equations exhibit the pseudo-periodicity of aiz) 
when 2 is increased by a period of p{z). 

Example. Show that 
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13.4. The algebraic relation connecting two elliptic func- 
tions 

We shall now prove the important theorem that if two elliptic 
functions have a pair of common periods whose ratio is not real, 
they are connected by an algebraic relation. 

Let f[z) and (?(2) be two elliptic functions having in common 
a pair of periods 20^ and 202* whose ratio is not real. From 
these periods we can construct, as in § 13.13. a primitive pair 
of periods 2uj^ and 2cu2 with the property that every common 
period of/(2) and g(z) is of the form 2ma>j-r2nct»2. where m and 
n are integers. We are not necessarily supposing that 2wi and 
2cuo form a pair of primitive periods for both functions; the 
theorem will still be true, for example, if and 2a>2 are a 
primitive pair of periods of f{z). and 2a>i and are a primitive 
pair of periods of g{z). 

Denote by a„, the points in the parallelogram w'ith 

vertices 0, 2cui, 2a»i-|-2a>2. 20^2 which are poles either of f{z) 
or of g{z} or of both functions. Let be the order of the pole 
at a/, if Oy is a pole of both functions, let be the greater 
order. 

We now consider a polynomial F{^, y), of degree n in ^ and yj, 
which has no constant term; such a polynomial involves 
arbitrary constants. The function 

<D{2) = F{f{z),g{z)} 

is, therefore, an elliptic function of primitive periods 2wi and 
2a»«, hav’ing poles at some or all of the points a,. 

Since the order of the pole cannot exceed np^, we can make 
the principal part of at each pole identically zero by 

choosing the coefficients to satisfy a certain set o 

homogeneous linear equations. If 

n-f-3 > 2(^i-|-/x2 + ---+Mm)> 

there will be fewer equations than coefficients to be determined 
and so a suitable set of coefficients can always be found. t 
if the coefficients are chosen in this manner, 0{z) is an elliptic 

t In some cases it is possible to find suitable coefficients by taking 
An example of this is provided by the differential equation of § 13.41. 
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function without singularities and is therefore a constant. In 
other words, there exists a polynomial F(^,ri) such that 

F{f{zyg{z)] 

is a constant, which is the required result. 

13.41. The differential equation satisfied by p(z) 

It follows from the general theorem of § 13.4 that there exists 
an algebraic relation connecting the two elliptic functions p{z), 
p'{z), since they have the same primitive periods 2a)j and 2^2- 
This relation, which we shall now determine, is a differential 
equation satisfied by the function p(z). 

The function p(z)~-z~^ is regular in a neighbourhood of the 
origin and so can be represented there by a power series 

p{z)-z-^ = f a„2". 

0 

It follows from Taylor’s theorem that all the odd coefficients 
^*n+i vanish and that 

Oq = 0, ^2 = 3 2 di '— 5 

and so on. Thus 

^{z) = 2-2+022^-042*-)- 0{2«), 

where 0(2") denotes a function which is regular in a neighbour- 
hood of the origin and has a zero of order n at the origin. 
From this equation it follows that 

p'(2) = — 22-2 + 2022 + 40422+0(2®). 

We now construct a polynomial in p{z) and its derivative 
which is regular at the origin. To do this, we observe that 

^3(2) = 2-6+3a,2-2 + 3a4+0(22), 

P'2(2) = 42-8-8022-2-1604+ 0(22), 

whence 

p'Hz)-4p^{z) = -2002 2 - 2 - 2804 + 0 ( 22 ) 

= -2002^(2)- 2804+ 0(22). 

We have thus proved that the function 

0(2) = f)'2(2)-4f>2(2)+20a2p(2) + 28a4 
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is regular in a neighbourhood of the origin and has a double 
zero at the origin. 

Now 0(2:) is an elliptic function with periods and 2ci>2. 
Hence it is regular in a neighbourhood of each of the points 
But as the only possible singularities of 0{z) are the 
points 0 ( 2 ) is an elliptic function with no singularities, 

and so is a constant. The value of this constant is zero, since 
0(2) has a double zero at the origin. Hence ^{z) is a solution of 
the differential equation 


P'2(2) === 4^3(2) — 2002^(2) — 280^, 

where a^ = a, = 5 2' 

For many purposes it is more convenient to write 

g, = 20a, = 60 2' = 28a. = 140 2' , 

the constants gfg Qz being called the invariantsf of p{z). We 
have thus proved that w = p[z) satisfies the differential equa- 


tion 


IdwV , , 

1-^1 = 


Example 1. Show that w = fp{z) satis 6 es the differential equation 
d^wjdz^ = 6ui* — 

The function p( 2 ) — 2 “* possesses a Taylor expansion of the form 

valid near the origin. Show that the coefficients are connected by the 
relation („_ 2 )( 2 n + 3 )c„ = + + 

for n = 3,4.5,.... Hence prove that c„ is a polynomial in g, and 
whose coefficients are positive rational numbers. 


Example 2. Prove that 

o(z) = 2 + 6 iZ*-f- 6 | 2 ’-l--” + h„ 2 *"'^*-|-*-M 
where the coefficients are pwlynomials in and whose coefficients 
are rational numbers. In particular, show that 

gJ240. 6 , = -gJS40. 

Example 3. Show that 


a(A2|Aa;x,Aa>,) = Aa{z\uji,<Uf), 

$(A2|AtWi,Att»a) = A“*f(z|a>i,a>,), 
p(Az|A(oi,A(u,) = 

Prove also that the invariants of p(A 2 |Atuj,Aa>,) are A“Va» ^ Va* 


f The reason for the name will be evident after reading § 13.7. 
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13.42. The constants e^, and 63 

We shall now show that, if and ^3 are the invariants asso- 
ciated with p{z), the three roots c^, Cj, and 63 of the equation 

g'3 = 0 are all distinct. 

To prove this we make use of the fact that e^, and are 
the values taken by p(2) at the points where its derivative 
vanishes. Now since ^'(z) is an odd elliptic function, we have 

= ^3'C— tui) = — p'(twi) 

and so p'{z) vanishes at similarly it vanishes at cug- But 
fp'{z) is an elliptic function of order 3 with a triple pole at 
each of the points consequently the sum of the affixes of 
its irreducible zeros is a period. Since wi+ajj-f-wa = 0, the 
points a»i, coj, and wj form a set of irreducible zeros of p'{z). 
It follows that 

Cj = P(aii), C2 = 63 = 

are the three roots of the cubic equation in question. 

Now ^3(z)— Cj, being an elliptic function of order 2 with a 
double zero at 2 = a>j, cannot vanish at any other point in the 
primitive period-parallelogram; in particular, €2 and 

€1 63. Similarly we can show that ^ C3, so that the three 

constants e^, €3, and €3 are all distinct. 


13.43. The solution of a differential equation 

Let us consider the problem of finding the function u> defined 
by the differential equation 

^ = (W— ?2«J— 
az 


where pj and ^3 are given constants. This problem can be pre- 
sented in a somewhat different form; 2 is given as a function 
of w by the equation 


z+a 


J dw, 


where a is a constant of integration. If we could carry out the 
integration and solve the resulting equation, 14? would be deter- 
mined. 

If the discriminant 27g| of the cubic 4 m;^— 93 
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vanishes, the cubic has a multiple zero, ivq say, and the integral 


becomes 


2(2-ha) = 


/ 


which can be evaluated by the elementary methods of the in- 
tegral calculus. It follows that, in this case, 2 can be expressed 
in terms of w by means of the elementary functions of analysis. 

If the discriminant of the cubic is not zero, the cubic possesses 
distinct linear factors. We shall show that, if we can find two 
numbers and wo, whose ratio is not real, such thatf 

the integral can be evaluatedj by means of the transformation 
Assuming, then, that cui and W2 have been found, we have 

2 +:, = J lip^a)-g^pa)-g,y'V(i) di 


and so 


U' =: p{^\oJi,oj2) = p(2 + a|a>i, a>2)- 


In particular, £73)“*'* 

tr 

is equal to where z is the point at which p takes the 

value u'. The period D depends on the manner in which 

the path of integration loops round the branch points e,, e,. and 
€3 of the integrand. 


13.5. The addition-theorem for p{z) 

The elliptic functions p(u) and p{u + v), regarded as functions 
of the complex variable u, have the same pair of primitive 
periods and so, by § 13 . 4 , are connected by an algebraic relation. 
To determine this relation we consider the function 

f{z) = 

where A and B are constants. This is an elliptic function of 
order 3, with a triple pole at each of the points 0,„.n- 

t The existence of such numbers w,, w,. when g\ — 2ig\ is not zero, is p^o^ed 

X It cannot, however, be evaluated in terms of 
of analysis. See. for example, Hardy, Inte^raiion oj Functions J 
Variable (Cambridge tract, 1905). 
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therefore, three irreducible zeros, the sum of whose affixes is 
a period. 

Now if u and r are such that none of the numbers u, i\ 
is a period of p( 2 ). we can choose the constants .4 and B so 

= 0, 

When this^is done, the function /(z) has simple zeros at the 
points congruent to u and r; the third irreducible zero is there- 
fore congruent to — u — i'. Hence we have 

p't — u — r) + ^p(— u — r) + -fi = 0. 

Eliminating A and B from these equations, we obtain 

p(u) p'(u) 1 

p(r) p'(i-) 1 = 0. 

p(w + r) — p'(u + r) 1 

Now the derivatives occurring in this equation can be expressed 
algebraically in terms of p(u), p{r). P(m + i’) by means of the 
differential equation for p( 2 ), and so we have really expressed 
p(i£+i;)' algebraically in terms of p(w) and p(i‘). 

An analytic function F(z) is said to possess an addition- 
theorem if there exists a formula which expresses F{u-‘rv) alge- 
braically in terms of F{u) and F(v). Although we only set out 
to express p(u-}-t) algebraically in terms of p(u). we have 
actually proved the important result that p( 2 ) possesses an 
addition-theorem. It should be noticed that Weierstrassf 
proved in his lectures that a function F{z) which possesses an 
addition-theorem is either an algebraic function of z, or an alge- 
braic function of exp(7rzt/cu), where o> is a suitably chosen con- 
stant, or an algebraic function of p( 2 ;aj,,a> 2 ), <^i and being 
suitably chosen. 

An alternative form of the addition-theorem for p( 2 ) can be 
obtained by considering the elliptic function 
F{z) ~ P'2(z)_{^P(2)+£}2 

- 4p*(2)-A2p2(2)-(2A£+ff2)p(2)-(sr3-f.S2), 

t An account of Weierstraas^a lectures U given by Schwarz, Formeln und 
Lehrsdtze turn Oebranche der elliptischen Funktionen (Berlin, 1893). The 
theorem to which we have just referred is stated there without proof. Proofs 
have been published by Phragm^n, Acta math. 7 (1885), 33-42, Koebe. Berlin 
Dissertatiim (1905), and Falk, ^fova Acta Soc. Vpsal. (4). 1 (1907). 
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where the constants A and B have the same values as before. 
This is an elliptic function of order 6, with six irreducible zeros 
at the points Since p(z) is an even function, 

it follows that the cubic equation 

has the three roots p(u), p(r}, and p(u-i-r). From this we 
deduce that p^u)-hp(v)^p(u-hr) = ^A^. 

But if we solve the equations defining A and B, w'e obtain 

^ ^ _ p'iu)-p‘iv) 
p{u)-piv) ■ 

Hence we have 

a relation which expresses p{u-^v) explicitly in terms of p{u) 
and p(v). 

Example 1. Prove that the functions 

(i) /(2) = I P(2) P'(^) * 

p(a) p'(a) 1 

p(2+a) — p'(2+a!) 1 

are elliptic functions with no singularities. Deduce the two forms of the 
addition-theorem. 

Example 2. Show that 

(This result is called the duplication formula for p( 2 ).) 

Example 3. Prove that, if 

P(u) = J>1, Ptv) = P,. Pfu-) = Ps- 
where «+v+u> = 0, then 

(Pi+Pi+P3)(4PiPiP»-93) == (PiPi+PtP»+PaPi + i^'^*' 

13.51. The formula for p(z-\-aji) in terms of p(z) 

By the second form of the addition-theorem for p(z), we ha\e 


P'^(2) 


4{p(z)-eJ^ 


P(z)-ei 
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_ {P(2)-C2){#?(2)-C3} 
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p{z) — 


— P(2) — €l 


^ fii+e2e3-fi(g)(g2+e3) 

p{z)-e^ 

But since ei+e3+C3 = 0 , this relation can be ^Titten in the form 


Similarly we can show that 


P(2)-gi 


p{z+a,,) = e, + , 

P( 2 )-e 2 

P(z + o,,) = 

P( 2 )-g 3 


13.6. The expression of an elliptic function in terms of 
Sigma functions 

In the next few pages we shall consider the problem of 
expressing a general elliptic function in terms of the periodic or 
pseudo-periodic functions of Weierstrass. The simplest method 
is to express such a function as a quotient of products of Sigma 
functions, the resulting expression being analogous to the 
formula „ ^ 

!7(z)e'^ n sin{2-2^)/ fj sin(2— />^) 

for a simply-periodic function with assigned zeros and poles. 

Let us consider an elliptic function f(z) of order n and 
primitive periods 2 a>,. 2co2, of which 2p22,....2„ is a set of irre- 
ducible zeros, a multiple zero being repeated in the set according 
to its order. If pj. jjj,..., is a set of irreducible poles, 

a multiple pole being repeated according to its order, we know 
that 

2l-f-Z2+---+Z« = 

where O is a period. If we replace p;-f-n by we obtain a set 
of irreducible poles pj, pj,..., p„, the sum of whose affixes is equal 
to the sum of the affixes of the given set of zeros. 

We now construct the function 


n 


Fiz ) = n 


r-l 


g(s — 2 r) 
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which has the same poles and zeros as f{z). Hence f{z)iF{z) is 
an integral function. But, by the pseudo-periodicity of a{z), 
we have 

F{z-ir2uiy) ^ exp{277,(2— + ^ j 

F{Z) 1_1 exp{27;i(2-p, + cu,)} 

so that F{z) is of period similarly is also a period. 
Hence F{z) is an elliptic function. This implies that J{z)lF{z) 
is an elliptic function with no singularities and so is a constant, 
A say. We have thus proved that 




0{Z-Pr) 

r* 1 

a formula whicli exhibits the manner in which the elliptic func- 
tion /( 2 ) depends on its zeros and poles. 

Example, /(s) is an elliptic function of order n, with irreducible 
zeros 2,. 2, Zn. and irreducible poles p^, p, p„. Show that, if 


thon 

wh^re A is u constant. 


f- I 


13.61. A formula for p(z)—p(oc) 

As an example on the theorem of § 13.6. we shall express the 
elliptic function ^ p( 2 )_p(:,). 


where i is not a period, as a quotient of products of Sigma 
functions. 

We suppose, in the first instance, that 2a is not a period. 
Then F( 2 ) is of order 2. and has a pair of irreducible simple 
zeros a and -a. Since F{z) has a double pole at the origin and 
all congruent points, it follows at once that 


fo(2) — p(a) 



a{z—'\)a{z-\-oi) 



y 


where A is a constant. 

To determine the value of we consider how the expressions 

on each side of this equation behave near the origin. For 

sufficiently small values of [z], 

% 


p{z)—p{a) = 2 -* — p(a) + 0(z-). 
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Moreover, by Taylor’s theorem, 

a(2 + a) = CT(Q() + 2<T'(a)+0(22) 

ct(z— a) = — (r(ot)-f 2(7'(ct)+0{22), 

Using the result of § 13.41, Ex. 2, it follows that 


cr( 2 — 0 [)<T{ 2 +a) 


= -^4o(.,. 


Equating coefficients of 2-2 in the equation 

< 7 ( 2 — 0t)<7(2 + a) 


^>(2)— P(a) = A 


a^{z) 


we find that A We have thus shown that 

<^(2)a^(cit) 

provided that 2a is not a period. 

The expressions on each side of this equation are, how- 
ever, analytic functions of a, regular save when a is a point 
of the set Hence, by the principle of analytical con- 

tmuation, the formula holds provided that a is not a period 
of p{z). 

Example 1 . Prove that 

(i) gfi'lt) = (ii) p'(*) = 

Deduce that * 

a(2z) = -2{a(2)o(z-a».M*-a,,)a(*-ai,)}/{a(oi,)a(t^,Ma,,)}. 

Example 2. Show that 

o{2z) 

= 2a'»(2)-3ff(*)a'(2)a'(2)+a«(3)a-(2). 


13.611. The functions {p( 2 )— g^}i /2 

We now define L meaning that square root 

hich a simple pole of residue +1 at the origin. Since the 

principal part of p'( 2 ) is -2/^ near the origin, this definition 
imphes that 

P'(s) = - 2 {p{z)-e,}itt{f,( 2 )_e,}i«{p( 2 )-e 3 }'«. 

In order to express {fi( 2 )-e,}./i explicitly in terms of Sigma 
Junctions, we write » = in the formula of the last section 
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and obtain 


p{2)-e, = 


<T{z—w^)a{z-\-w^) ^ g^(z+a>r) 

cjr{z)a^{cOr) r(z)&-{w,) 


by the pseudo-periodicity of a{z). Hence we have 

{p(z)-e.fn = 

A consideration of the behaviour of the function near the origin 
shows that the upper sign must be taken, and so 




(r= 1,2,3). 


We see from this formula that {piz) — erY^~ simple poles at 

Uie points and simple zeros at the points 

In particular, we shall always understand by (e,.— the 
value taken by {,^( 2 ) — at the point w/y thus 

o(a;,.)a{a» 3 ) 

Example 1. Prove that (p(z)-e,}‘'* is an elliptic function of periods 
2coi and 4<u, and of order two, which has 0, 2a>, as a set of Irreducible 
poles and a>,, tyi-|-2cy, as a set of irreducible zeros. Determine also the 
corresponding results for {p(z) — and {p(z) — € 3 }'^*. 

Example 2. Show that 

(e,-e,)W= = ifcj-c,)''®, 

= *(^i — 

Example 3. Prove, by using Sigma functions, that 

= e,-|-{(ei-c,)(c,-e3)}‘'= 
p{j£U,-}-tjUj) = Cj — {(^1— 

Example 4. Prove the formula of § 13.51 by expressing 

{(o(z) — «,}*'={ 

in terms of Sigma functions. 

Example 5. Show that 

jO'(z + a>i) m( — 

p'(z) I P(z)-p(a>,) I 

13.612. The functions a^{z) 

By the introduction of the functions 


o{w,) 


- 1,2.3). 
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the formulae of the preceding section take the simple forms 


{p(2)-e,P = 


gr(g) 

a{z)' 




<7{a>,) ’ 


which will prove to be of great importance in the theory of 
Jawjobi’s elliptic functions. 

The function a,{z) is an integral function with simple zeros 
at the points Moreover, it possesses pseudo-periodic 

properties analogous to those of <r{z); these are expressed by 
the two equations 


a,(2+2ai^) = — 

<7,(z-f 2a>,) = 

where r ^ a. The proof of these formulae is left to the reader. 

Example 1. Prove that < 7 ^( 2 ) is an even function and that its Taylor 
expeuaaion is 

v,( 2 ) = 

Example 2 . Show that 

(i) a?(2)-(^(*) = (e,-«,)(7*(2), 

(ii) («t-«.)<d(*) + («i-«i)<i(2) + (ei-«,)af(2) = 0. 


13.62. The expression of an elliptic function in terms of 

Zeta functions 

It can be shown that, if/(z) is a simply-periodic function of 
period TT whose only singularities in the strip 0 < R1 2 < rr are 
simple poles of residue Cj, Cj,..., c„ respectively, thenf 

/(Z) = ?(z)d- lc^C0t{2-p^), 

r-1 

where g(z) is a simply-periodic integral function. We now pro- 
pose to determine the analogous formula in the theory of elliptic 
functions, where Weierstrass’s pseudo-periodic function $(2) 
plays a part similar to that of cot 2 in the simpler theory J. 

Now although ^(2) is not an elliptic function, we can easily 

t See Ex. 42 on p. 157. 

t {(2) is the logarithmic derivative of «y<2). just as cotz is the logarithmic 
derivative of sin z. 
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choose the constants so that 

<^(2) = iar^(2-?>r) 

r»l 

is doubly-periodic. For 

4,{z-^2aji)-<f>{z) = ^ a,{C{z + 2aji—Pr)—Ciz-Pr)} 

r*l 

= 27Ji i = 0, 

n 

if j Or is zero; similarly 

(^{z+ 2 a> 2 ) — <f>{z) = 0. 

Thus <^(z) is an elliptic function with simple poles at the points 

of the set . r *- ■ 

Using this result, we can express any elliptic function in 

terms of Zeta functions and their derivatives if we are given 

a set of irreducible poles and the principal part of the function 

near each pole. , , • -x- 

To prove this, consider an elliptic function f{z) of primitive 

periods 2w^ and 2 a> 2 , having a set of irreducible poles p^, Ps,-, 

p,. If the principal part of/(z) in the neighbourhood of p* is 

S^l 

n 

we must have 2 

since the sum of the residues of/(z) at a set of irreducible poles 
is zero. It follows, as we have just seen, that 

ifc-i 

is an elUptic function. 

We now construct the function 

k^l 9^1 

where $<*'( 2 ) denotes the sth derivative of ^( 2 ). If 
that C^“( 2 ) = — ^3(2)> see at once that F(z) is an elhp ic 
wSfL. moreltr, an integral function, -ce the principal 
part of F(z) at each irreducible pole has been made iden ic } 
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zero. Hence, bj' Liou\'ille s theorem, ^’{2) is a constant, .^4 say. 
Thus the function /(2) can be expanded in the form 

/(z) = ^+22 

1 1 \ / • 

This result is of particular importance when we wish to 
integrate an elliptic function. It gives immediately 

J f{z) dz ^2 + 

▼ _ 1 


n mt 


*- 1 s -2 


(5-1)! 

where B is the constant of integration. 

Example 1 . Prove that 

1^(2) -P(c») ^ “C(2 + a)-2C(r)-2^(a). 

Deduce thatf. if u + u + w = 0. 


Example 2. Prove that 

Example 3. Show that 

^(2-a)-^(2-^)-^(c»-^) + ^(2a-2^) 

is an elliptic function of pcriod.s 2uj, and 2u.,. Prove that it is equal to 

a(2-2a + j3M2-2j3 + a) 

<y(2/3— 2<i!)cr(2 — Q[)a(2— )S)’ 


13.63. The expression of an elliptic function in terms of 

^iz) 

Let us consider, in the first instance, an even elliptic function 
of primitive periods 2 aii and 2tu2, which is regular and non-zero 
at each point of the set 0,„ „. The order of such a function is 

even integer, 2jl' say. 

Now if 2^ is a zero of f{z) in a certain cell, the point in the 
cell congruent to —2^ is also a zero of the same order as 2,. We 
can. therefore, choose 1 : zeros z., 2^,. in this ceil.' each 

t This i-P^ult I.S o quasi-addition theorem for C(i). It is not a true addition 
theorem, since { (r) is not en algebraic function of ^(z). 
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multiple zero being repeated according to its order, in such a 
way that they, together with the points in the cell congruent 
to —Zi, —22,..., — form an irreducible set. Similarly we can 
choose t pole.s p^, p^,..., pj^, «o that they, together with the points 
of the cell congruent to — pj, —p^,..., —Pk, form an irreducible 
set of poles. 

When the zeros and poles have been chosen in this manner, 
the function k 

F(r\ - TT 

1_1 ^{z)-p{pr)' 


where p(z) has primitive periods 2 a>i and 2a»2, is an elliptic 
function having the same poles and zeros as/(2). Hence/(2)/f^(2) 
is an elliptic function with no singularities and so is a constant 


A. Thus 



piz)—p{zA 

p{z)~-piPry 


We next remove the restriction that /(z) is regular and non- 
zero at each of the points If /(z) has a pole (or zero) at 

the origin and congruent points, such a pole (or zero) must be 
of even order. Hence, if the positive or negative integer s be 
suitably chosen, /(2){p(2)}’ is an even elliptic function which is 
regular and non-zero at each of the points Q,n.n> expres- 

sible in the above form. We have thus proved that an even 
elliptic functimi of periods and can be expressed as a 

rational function of ^{z\uj^,u)2)- 

From this it is easy to deduce that an elliptic function of 

priynitive periods 2 cji and 2a>2 can be expressed in the form 

F{p{z)} + p’{z)G[iO{z% 

where p(z) has the same primitive periods 2 aji and 2w2, ci^ F(h) 
and G{X) denote rational functions ofX. For any elliptic function 

f(z) can be written in the form 

m = l{fiz)+f[-z)}-^l[f(z)-fi-z)}. 

The first term on the right-hand side of thi.s equation is an even 
elliptic function, and so is a rational function F{p( 2 )} of p(z)- 
The second term is, however, odd: but since p (2) is also o 
l{f(z)—f( — z)} p'iz) is even, and is, therefore, a rational func- 
tion G{p'(z)] of ^){2). The result stated now follows immediately. 
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An important consequence of this result is that every elliptic 
Junction possesses an addition theorem. For an elliptic function 
/(2) is, as we have seen, expressible in the form 


/(2) = F{p{z).p'{z)}, 

where F denotes a rational function. Hence, writing 

= P‘{u)=pi P{V)=P2, P'{V)=P2, 

have ^ 

f{v) = F{p2,P2h (ii) 

f{u-^v) = F{p(u-fi').p'(w + r)}. 

But by the addition theorem for p{2), we can express p{u-^v) 
and p'{w + r) as rational functions of pj, p^, p[, and p^, and so 

f{u-\-v) = G{p^,P2,plp2), (iii) 


where G denotes a rational function. If we now eliminate 
?>i. p 1 ' and p^ from the equations (i), (ii), and (iii), by the 

aid of the identities 


Pl‘‘ = ipf-fflPl-ff;,. Pi‘ = -tpl-ffiP.-g,, 
we obtain an algebraic relation connecting /(u-^-v), /(u), and 
f(v): this proves the theorem. 


Example. Show that 

p(2-a)-p(z + a) = p'(2)P'(a){p(z)-p(a)}->. 


13.7. The evaluation of elliptic integrals 

An integral of the form J F(t, u) dt, where F denotes a rational 
functionf of t and u, and where 


1/2 = agt^-i-iait^+ea^t^-i-ia^t'j-a^ 

is a quartic or cubic function of t without repeated factor^ is 
called an elliptic integral. For example, the integral 

r {l~kH^-)dt 

which is equal to the length of arc of an ellipse of eccentricity 


^ It rnust bo gonuinoly a rational function of t and u, and not a rational 
function of t and u*. In the latter cade the integral can be expressed in terma 
of the elementary functions of analysis. 

+ If u* has repeated factor^ we can evaluate the integral by means of ele* 
mentary functions. See Hardy s tract cited on p. 362. 
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and major axis 2a, is of this type; it is from this fact that the 
class of elliptic integrals derives its name. 

We shall now prove the important theorem that any elliptic 
integral can be evaluated in terms of Weierstrass’s periodic and 
pseudo-periodic functions, combined with the elementary func- 
tions of analysis. The first step in the proof is to transform the 
integral into a canonical form 

J G(iv, v) dw, 

where G denotes a rational function of w and v, and 

t;2 = — 

where pi ~ 27^5 is not zero. 

Let us consider how the expression 

behaves under the transformation x — lX-\-mY,y = I'X -j-m'Y, 
where A = Im’—Vm is not zero. The quantities 

92 = <20 04 — 

Qq Cj aj 

p 3 — Ol “2 O3 

02 O3 O4 

are known to be invariantsf with respect to this transformation. 
This means that, if 

/ = 72+4^3X73+^^ Y \ 

and if O2 a* 2 d G^ are the same expressions in the coefficients 
Ag as 92 anfi 9z a., then Cg = AV 2 ® 2 id G3 = A^pj. More- 
over, since / has no repeated factors, pi” 27p§ is not zero. We 
now show that the transformation can be chosen so that Aq 
and A2 vanish. 

It is easily seen that Aq vanishes if / = where is a root 
of the equation 

^{/) = aot^ + 4aif=*H-6a2f2 + 4a3(+a4 = 0. 

When to has been chosen in this way. A2 vanishes if the ratio 
of m to m' is given by 

t See, for example, Elliott, Algebra oj Qwniic* (Oxford, 1913), 8, 21. 
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where <j>Q denotes the value of diftfdt when t — and similarly 
for Hence 


m = m'to, or m^o = 6.^0). 

The first value of m:m' provides a trivial transformation 
which makes A zero. Since <f>Q is not zero by hypothesis, the 
second value is non-trivial and gives the transformation 

X = t^{X+XY)- Y, y = X+XY, 
where 6A = The corresponding value of/ is 

4A^X^Y-h4A^XY^-rA^Y\ 

where A^ = — Since A = 1 , the invariance of <72 and ^3 
gives the other coefficients A^ = — 

If we now write x — ty, X — u'YjA^, we find that 

y^<i>{t) =f= Y*{4ufi—g2W—g^)/Al, 


where 


y = —(w+XA^), 


t = t,- 




w-\-XAi 

Finally, if we substitute for y in terms of Y and replace the 
values of A^ and A, we obtain 




{AvA—g^w—g^i), 


whete < = (oH i^2_. 

With this change of variable, the general elliptic integral is 
brought to the canonical form 


J Giu>,v) dw, 

where O denotes a rational function of w and v, and 

i;2 = 

where 92“ 27^1 is not zero. Assuming that we can determine 
numbers cui and tug ^hose ratio is not real, such thatf 

g, = 60 2 ' Cl~*, g, = 140 2 ' n 
we make the transformation w ~ which gives 

/ G{w,v) dw = j G{p(2),^'(2))p'(2)dz. 


f A proof of tho VAiidity of this assumption is given in Chaptor XV. 
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As the integrand is now an elliptic function of periods 2toi and 
2 cu 2, evaluated in terms of Weierstrass’s periodic and 

pseudo-periodic functions by the method of § 13.62. This proves 
the theorem. 

Example. Prove that, in the above notation, the equation 

j = I W(or‘'» dt 

implies that ( = + — 

REFERENCES 

H. A. ScHWABZ, Formeln und Lehrsdtze zum Gebrauche der elliptischtn 

Funktionen (Berlin, 1893). 

J. Tannery and J. Molk, Fonciions elliptiques (Paris, 1893-1902). 

MISCELLANEOUS EXAMPLES 

I. Prove, by the use of Liouville’e theorem or otherwise, that 
|3(2) = p(22)-f {p(22)-€,}*/*{P(2z)-Cj}>/>-f 

Deduce that 

p'(Jaji) = -2(ex-€,)‘/*(«,-e,)'/*{(ei-ei)*'’+(ei-«i)''’)- 

2. Show that, if 3a be a period of p(z), 

{p(z)-p{a)}mz-\-a)~SDi<x)}{p{Z’i-2<x)-p(a)} =■ -p'*(a). 

3. Prove that.f if Zi+z^+z^ + z^ = 0, 

f-i r-i 

+ («!-«!) n 

f-l 

4. Prove that, if = 0, 

io($)p'(Y)-p'{^my) _ PiY)P'(<x)~ P'(y)pM _ P(CLW0)-P'l<xm^_} 
p(^)-J3(y) p{Y)—pM p{<x)~pi^) 

= HP'(cx)+p'{^)+p'(y)}-¥i{pM+pifi)+Piy)}^'' 

= {4p(a)p(j8)j3(y)-ff5}>/*. 

6. Show that 

p'{z)p'(z+Wi)p'(z+aj,)p'(z+Wi) = ?3 — 27^, 
where and are the invariants of p{z). 

t The simplest method is to write Zj = z, 2 , « a, Zj = *4 ” 

a + ^ + Y = 0, and then to regard the expression on the left-hand side as an 
elliptic function of 2 > whilst a, 0, and y are constant parameters- 
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6. Prove that, if n is an integer, p(nu) can be expressed as a rational 
function of p(u). SIiow, in particular, that 

(i) p(2u)=P‘ + i!'.P=+2?.P + A9l 


(ii) p(3u) = f3(u) + 
where ^ = P'»(u)[^(m) — p(2u)]. 




•P* 


7. If 

F(z) = a(z + a)a(z—o)a(6+c)a(6 — c) + a (2 + 6)a{z — 6)a(c + o)a{c—a) + 

-h ff(z 4- c)a(z — c)a(a + 6)a(a — 6), 

prove, by considering the function f’(z)/a*(z) or otherwise, that F{z) is 
identically zero. 


8. Prove that 


1 P(*) ^'(2) 

1 p(a) p'(a) 

1 P(6) P'(6) 



a(z + a + b)c{z^a)(T(z — b)a(a — b) 
<7^{z)<7^(a)a^{b) 


9. Show that 


1 


P'(«o) • • 



1 

io(Wi) 

P'(t*i) ■ • 



1 

i 

P(u«) 

¥ « * 

P'(Ui) • ■ 

» » « » 

♦ ♦ ♦ ♦ 


1 


p'(«„) . . 

• 4 ♦ # 




1 t Ol 

/ 1 \n(n-i)/J ^ • 

...n!o(t/o+Mi + ... + uJ n 

1 k 1 




where the product is extended over all pairs of integers A and from 
0 to n, with the restriction that A < /*. 

Deduce that 


P(u)-f)(v) p'(u)-(o'(v) 

io'iu) p'(u) 

p'(v) p'(v) 

10. Prove that 


P'"(v) 


a(2u + 2y)a*(u — v) 
a»(u)(7“(v) 

(Oxford, 1925.) 


e>'{u) 

P'(U) . . 

. . P'*““(U) 

p'{«) 

4 4^ 

P''(U) 

. . P'"’(U) 

• 4^44 

^ ^ 4 

• 9 * • 

« a « » « 

. p'*«-3»(u) 




(n-1)!}* 


a{nu) 


(Kiepeht.) 
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1 1. Prove that 

]£r,(2u) ai{2v) a^{2w) 

(7j(2u) <Tj(2y) <7,(2 uj) 

CT3(2u) o^{2v) (7j(2uj)| 

a*{aji)a*(w,)a*(ai,) 

12. Prove that, if the numbers a, /8, y denote 1, 2, 3 in some order, 

(i) CT(u-ra)o(u — a) = a*(u)(r*(a) — cr“(u)cr*(o), 

(ii) (T,(u + a)ff^{u-a) = tT^(u)( 72 (a) — (e^ — e 0 )(e. — ey)(T*(u)< 7 *(a), 

(iii) CT^(u-f-a)a„(u — a) = cfl{u)a^(a) — {e^ — ep)<7*{a)(Tl{u). 

Deduce the result of Ex. 1 from equation (iii). 


(Tannery and Mole.) 


13. Prove that o( 2 +a)/cf(a) is equal to 


m.fi 

where multiplication is extended over all positive and negative integral 
and zero values of m and n without exception. 

Deduce that 

c,(z) = exp(-K^‘) n 


m,n 


14. Show that, if g = so that (g| < 1, the function 


ec 




a(z) = H^exp(|;l’)sin(^) fj { 


n^l 

is an integral function with the same zeros as a(z). 

By showing that E( 2 )/<t( 2 ) is an elliptic function without singularities 
deduce that 

I — 2g*" cos TTZ/oji + g*" j 
d-g*")* / 

n — 1 

15. Prove that 

/ TTZ \ T*T r 1+ 2g*" cos rrz/w, + g^* 
a.(.) = exp(^)oos(— ) [ j ( 

1 

/77,z*\ T — T 1 1 — 2g*"“* cos7rz/cu| +g*’*“*l 

= -Ply n ( ( 1 -,^ — )■ 

n» l 

, . (l + 2g*'‘-‘cos7rz/a»,+g^"‘‘| 

= 1 1 1 (iT^*^> )■ 

M— I 
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16. Show that, if [gf < 1 and 

9o= 11(1-9*")' 9i = n(H-9*")' 

n« 1 n» 1 

9> = n (1-9*"”')- 

n • 1 

then 9} 9 i 9 ) = 1 . 

Prove that, if g = 


00 


9, = n (i+9*"-‘). 

n » I 


= ^qlcA. (e,-c,)'/>= = 2^ «5?;- 

Deduce that 16ggt = 9| — 9f- 

17. Prove that, if = iA, whereA is real and positive, then e^, e,, e, 

are real, and 

18. Determine the limiting forms, as A— »■ +oc, of the four Sigma 
functions with parameters coj = tr, a;, = ttAi. 


19. Prove that 
a{z) = — iexp 

7T 


OD 


ly}\ 2 .*\ ■ tn 1 r / 3in»(7rz/2u>i) \ 

\ 2a;, / 2to, ill sin*(n7ru;2/a;,)/’ 

n “ I 


oo 




* « cot^- 

<i>i 2<U| Ao 


^ OD 


nlz — 2na>t) nnw. 

cot = S- + cot 


2uji 


w 




coseo 


7r(z — 2nwf) 


CO 


2 a; 


nwt) 2' 


cosec 


^mrwi 


w> 


_ so — ao 

20. Prove that a( 2 |ia;,,a; 2 ) = exp{j€| 2 *)o( 2 )( 7 ,{r). 
Deduce that joizjJoji.u;,) = |o{2)4-io(2 + o>i)— Ci- 


21. Prove that w = satisfies the differential equation 

(^j = iw^—G^w—Q^. 

where (?, = 60e]f— 4^,. G, = 14c,g, + 22gj. (Oxford, 1922.) 

CO 

22. Show that if 4u; = ( ^ r^* 

J (2 + a)W»(2+6)^/‘’ 

C 

then 2+6 = p*(uj), where the invariants of p(u?) are = 4(6— a) and 

g, = 0 . 



CHAPTER XIV 

JACOBI’S ELLIPTIC FUNCTIONS 


14.1. The construction of elliptic functions with two 
simple poles in each cell 

In the previous chapter we saw that the order of an elliptic 
function cannot be less than two and we considered in detail 
Weicrstrass’s function p(z), which is of order two and has one 
double pole in each cell. We now introduce three other elliptic 
functions of order two, which differ from p(z) in that each of 
them has two simple poles in every cell; these are essentially 
the elliptic functions of Jacobi. Whilst Jacobi’s functions are 
slightly more complicated than p(z), they possess, as we shall 
sec, distinct advantages when we wish to obtain numerical 
results in problems involving elliptic functions. 

Let us consider the functions 


S(z) = 

< 72(^1 




^ 3 ( 2 ) 

^zizy 


in the notation of the previous chapter. If we make use of the 
pseudo-periodic properties of a(z) we find that, when z is in- 
creased by 2w,, S{z), C{z), and D{z) are reproduced, save for 
a multiplier il. as indicated below. 


1 

^ 2(1^1 

2uj^ 

{ 2a>^ 

S{z) , 

-1 1 

+ 1 ; 

1 -1 

C(z) \ 

i 

-1 

1 +1 

Diz) 1 

+ 1 : 

-1 1 

-1 


It follows that each of the functions is doubly-periodic, though 
each has a different primitive period-parallelogram. 

The only singularities of 5(2) are the points at which (Jziz) 
vanishes, and these are simple poles at the points of the set 

Thus 5(2), and similarly C( 2 ) and D{z), are elliptic 

functions. 

The three functions are not, however, independent. For since 
4u>i and 4a>2 are periods of each of them, it follows by the 
theorem of § 13.4 that C{z) and D{z) can be expressed as alge- 
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braic functions of 5(5). The explicit formulae are easily obtained 
when we observe that 



\p(z)-^e,yn 


We find, in fact, that 

C{z) = {i-SHz)yi\ D{z) = 

I ei-e2 f 

the square roots being chosen so that C{z) and D{z) have the 
value -{-1 at the origin, where 5(2) vanishes. 

The latter relation is usually wTitten in the form 


V{Z) = 


where k = — 

k is called the moduliis of the functions 5(2), C(z). and Diz). 
Since e^, and £3 are distinct, k is finite and cannot have the 
values 0 or ± 1 • 

Similarly, it must also be possible to express the derivative 
of 5(2) algebraically in terms of the three functions. Now 




S'( 2 ) — (C; ^2)^^"^ (2) 

2{p(2)-e3P'2’ 

and so, by § 13 . 611 , 

S'{z) = 

p(2)-e2 

which gives S'{z) = (ei-e2)>/2r(2)Z)(2). 

From this we deduce that 

^'(^1 - -{e,-e,yiWiz)S{z), 

^'( 2 ) = -(e»-e2)>/U-=5(2)C(2). 

by using the formulae expressing C{z) and /)(2) in terms of 
S{z). 


14 . 11 . General description of the functions 5(2). ^(2) and 

The function 5(2) is an elliptic function with periods 4a>i and 
Sojj, tlie points 0. 4ai,. 4afid-i*to2. taken in order, being the 
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vertices of a primitive period-parallelogram. It is, moreover, an 
odd function; for 

S{-z) = 

CTjl— 2) a^iz) 

since a{z) is odd and a^iz) even. 

5(2) vanishes only when <7(2) = 0; thus the only zeros of *S{z) 
are simple ones at the points of the set As two of these 

zeros occur in every cell, 5(2) is an elliptic function of order 
two. Similarly the only singularities of S{z) are the points at 
which (72(2) vanishes, and so are simple poles at the points con- 
gruent to a>2 or to 2(Vi-\-tu2 (mod4co|, 2<t>2). 

The residue of S{z) at cug is equal to 

lim 

z— ►tuj 1 ^2(^1 f ^^(^2) 

But <^2(2) = 6"'*‘‘7(cu2“2)/a(a>2), 

and SO ajiwg) = — c^*"*M<^2)- 

If we remember that 

a{w^)a{oj 2 ) 

we see that the required residue is 

a(cx>i) <7(a>2+a;3) 

Moreover, since the sum of the residues of an elliptic function at 
its poles in any cell is zero, the residue at 2a»| + a».2 is (63 — €2)“*^'- 
The function C(z), however, is obviously an even elliptic func- 
tion with periods 4cu2 and 2a>3. The points 0, 4cy2, 4cu2 + 2cu3, 2t«>3. 
taken in order, are the vertices of a primitive period-parallelo- 
gram for C(z); the latticef of period-parallelograms associated 
with C(z) is thus different from that of 5(2). The only zeros 
of C(z) are found to be simple ones at the points of the set 


t Tlie reader is advised to draw a diagram of the lattice of pwriod-parallelo- 
grams associated with each of the functions S(z), C(z), and £>(z). He wdl see 
that the three lattices considered here are not the only possible ones; for 
example, wo might have taken the points 0, 4 u»|* 4t4/| — 20^3, — a-s t lie vertices 
of a primjti\ e_pi'rio<i' parallelogram of C(c). 

The three lattices of periorl-parallologrHms considered here are probably the 
simplest, since each is derived from the preceding one by a cyclic permutation 
of uji, oji, and a;3. 
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as there are two of these in each cell, C{z) is of 

order two. 

The singularities of C(2) fall into two sets; they are simple 
poles at points congruent to cu^ or 3a>2 (mod 4tij2' The 
residue at tuj and congruent points is 

‘^"*1 o ^ i ~) i <^ 2 (^ 2 ) ^ 

From this it follows that the residue at each pole of the second 
set is —1(63— 

Finally, as the reader ^ill easily show, D(z) is an even elliptic 
function with periods 4tu3 and 2u>i, the points 0, 4cy3. 4013+ 2aji, 
2wi, taken in order, being the vertices of a primitive period- 
parallelogram. It has a simple zero at each point of the set 
a>3+Q„ „; as two zeros lie in every cell. D{z) is of order two. 
Moreover, its only singularities are simple poles at points con- 
gruent to a»2 or to a»2 + 2w3 (mod 4a»3. 2ct»|), the residue at each 
pole of the first set being — i(e|— and at each pole of the 
second set t(€i— 

14.12. The complementary modulus 

The complementarj' modulus Jc' associated with S(2), C{2), 
and D(z) is defined by the equation 

and so is connected with the modulus 1: by the relation 

= 1 . 

Moreover, Jc' is finite and is not equal to 0 or ±1- 

Example. Prove that 

= I, = 0, jD(a>i) = 

S((o,) = -l/fc, City,) = -(t'/A:, £>(0*3) = 0. 

14.2. Jacobi’s elliptic functions 

The occurrence of the factor (Cj — in the formulae for the 
derivatives of 5(2), C(z), and D(z) suggests that it would be 
advantageous to change the independent variable from 2 to u, 
where u = (Cj— €2)‘^“2. 
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Accordingly, we define Jacobi’s elliptic functionsf by the 
equations 

snu ~ cnu = C{(€i— 

dnu = D{(ei— 

and the identities of § 14.1 now take the simple forms 
cnt4 = {l — sn^uyi^, dnw = (1— A-sn^w)'/^, 

— snu = cnudnw, ^cn« = — dnwsnw, 

du du 

-^dnw = — i'-snwcnw. 
du 


If we add 4ajj(ei— or — to u, the three func- 
tions sn w, cnu, and dn u are unaltered. Accordingly we call the 

numbers k = aj,(e,-e,yi‘. iK' = 

the quarter-periodsj of Jacobi’s elliptic functions. It follows 
from § 14.1 that, when u is increased by a half-period 2K, 2iK' , 
or 2K-{-2iK' , snw, cnw, and dnw are reproduced, save for a 
multiplier ±1, as shown below. 


1 2K 

, 2iK' 

27f4-2iK' 

enu 

-1 

1 4-1 

1 

-1 

cnu 

-1 

-1 i 

1 : 

4-1 

dn u 

4-1 i 

- 1 

-1 


Finally, the equations defining Jacobi’s elliptic functions now 
take the form 


sn(A'z/a,,) = ^ ^ cn(KzM = in{Kzla,,) 

0^1 a^iz) a^iz) 

Example 1 . Show that 

snO = 0, snK = 1, sn(K' + iA'') = l/k, 

cnO = 1. cnK = 0, cn(K-i-iK') = —ik'fk, 

dnO = 1, dnK = k\ dn{K + iK') = 0. 


<72(2) 


t This notation Is due to Gudermann (1838). Jacobi wrote sinamu. 

cos am u. A am u for sn «, cn u. dn u, when he published his discoveries m 

his Fundamenta Nova Theoriae Functionum EUipticarum in 1829; he regarded 

en u, cn u, and dn u as the sine, cosine, and derivative of a function am « 

am u 

defined by the equation J ( 1 — /t*sin*5)-U2 — u. Cf. § 14.41. 

0 

t It should be obser\-ed that Rl(if'/A:) > 0 since Im(a<,/w,) > 0. 
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Example 2. Prove that Jacobi’s elliptic functions have the Taylor 
expansions 

snu == u-i(l+it»)u>+^(l + 14it»-‘-I-^)ty"-.... 

V • 


cnu = 1 — ^u*+^,(l + 4A:*)u*— .... 

dnu= l-iA:*u*4-^,(4A:*+A:*)«*-.... 
valid near the origin. 

Example 3 . Show that 

K = if- = 

a(a>i)a(cuj) a(tt>,)<7(<y,) 

Example 4. Show that.t if t = and q = e”', 

k = 4gr/* n 

n* 1 

A»1 

n»l 

iK' = l7rrn{(l-9*’')*(l+g*'*-*n. 

n-l 

Deduce that, when t is purely imaginary, the four numbers k, k\ K, K' 
are real and positive and that k, k' are less than unity. 

Example 5. Provo that.J as Imr— ► +co, 

A: -*• 0, A:'— ►!, X — ► Jw, X' — log(4/A) -► 0. 


14.21. The general properties of the functions snu, cnu, 
and dn u 


It is convenient at this stage to translate into the new nota- 
tion the properties of 5(2), Ciz), and D{z) discussed in § 14.11. 
The only real difficulty is the determination of the residues. 

We have already seen that 



1 

{es—e^yi^z—w^) 


+<I>, 


t Use the result of Ex. 16 on p. 379. 

t We shall seo in § 14.4 that, when k is given, the principal value of t is 
dstennined, and that, when it -► 0, the imaginary part of this principal value 
tends to infinity. Thus k 0 implies that K ^ and K' — \og{4/k) 0. 
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where <I> denotes a function which is regular &t z — toj. 
follows that 


snu = ~ 






+0 = 


1 


k{u—iK') 


+<I>, 



where O is regular at = iK\ Thus snw has a simple pole of 
residue l/k at every point congruent to t7f' (mod4A', 
similarly, it also has a simple pole of residue —\/k at every 
point congruent to 2K+iK'. The residues of cnu and dnu are 
obtained in the same way. 

We see, therefore, that sn u is an odd elliptic function of order 
two with primitive periods 4K and 2iK'. Its only singularities 
are at points congruent to iK' or to 2K-\-iK' {jnod4K,2iK'); 
these are simple poles with residues l/k and —1/k respec- 
tively. Its only zeros are simple ones at points congruent to 
0 or 2K. 

A slight difficulty occurs when we oome to translate into the 
new notation the properties of enu and dnu. It will be remem- 
bered that the lattices of period-parallelograms of C{z) and D{z) 
were obtained from that of 5(2) by cyclic permutations of the 
parameters wi, cog, and a> 3 . In the theory’ of Jacobi s functions 
there is no special symbol for and a certain lack of 

symmetry results. We could, if we wished, take the parallelo- 
gram with vertices 0, 4iK\ — 2^L4-2iA’', — 2K — 2iK' as funda- 
mental for cn?^. But since every period of enw is of the form 
4mK-\-2n(K-\-iK'), it is usually found more convenient to take 
the points 0, 4K, 4A'+2(A+iX'), 2^+21^' as the vertices of 
the primitive period-parallelogram of cn u. 

The function enw is, then, an even elhptic function of order 
two with primitive periods 4K and 2K-\-2iK\ Its only singu 
larities are at points congruent to iK' or to 2K-{-iK (mod4 , 
2K+2{K'); these are simple poles, with residues —i/k, */« 
respectively. Its only zeros are simple ones at points congruent 

to K or 3K. , 

Finally, dnu is an even elhptic function of order two wi 
primitive periods 2K and 4iK'. Its only singular points are 
congruent to iK' or to ZiK' imod2K,4iK'y, these are simple 
poles of residue — i and H-j respectively Its only zeros are 
simple ones at points congruent to K-yi^' or K-^SiK . 
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14.22. Glaisher's notation for quotients of Jacobi’s func- 
tions 

It is convenient to have a notation for the reciprocals and 
quotients of Jacobi’s elliptic functions. We shall w-rite 

1/snu = nsw. 1/cnu = new, l/dnw = nd 

snw/cnw = scu. snw/dnu = sdw. cn w/dn cd w, 

enu/snu = esu, dnu/snu = dsu, dnu/enw = dew. 

This notation is due to Glaisher.f 

14.3. The addition theorem 

Since snu, enw, and dn u are elliptic functions, each of these 

functions possesses an addition theorem whose form we sliall 
now determine. J 

Let us consider the function 

F{u) = cnucn(u — + ^ snusn(w — .a), 

where A and a are constants. It is an elliptic function whose 
primitive periods are 2A' and 2iK’. If « is not congruent to 
K, xK' or A + i7f' (mod2A', 2iA''), each term in F{u) has two 
simple poles in each cell at points congruent to iK' and a-f i A". 

We can, however, choose the constant A so that the principal 
part of A(i/) at lA' and congruent points is identically zero; 
thus A(u) is an elliptic function with only one pole in each cell 
and so is a constant, by Liouville’s theorem. Tutting w = 0, w'e 
see that A(u) = cna. 

The appropriate value of the constant A is determined by 
observing that, when \u\ is small, 

F{u) = cna-f7/dnasn:K— w.dsncx-l-0(tf2). 

Hence .4 = dn a and so 

cnucn{w — a) + snwsn(u — a)dna = cna. (i) 

This formula is true provided that a is not congruent to iK\ 
the restrictions that a is not congruent to K or A + /A' being 
relaxed by an appeal to the principle of analytical continuation 

t Messenger of Math. II (1882), 86. 

t The method of proof given hero is a sUght modification of that of Hurwitz 
and Courant, Funktionentheorie (3rd edition) (Berlin, 1929). 
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In a similar manner we can show that, when a is not congruent 
to iK', 

dnt/dn(w — a)+^-snusn(i^— a)cna = dna. (ii) 

If we now put a = w + v in equations (i) and (ii), we obtain 

CjCg— 5iS2dn(u-f v) =: cn(tt+v), 
and ~ dn(u+v). 

where, for brevity, we have written 8^ = sntt, dg ” dnr, and 
so on. These equations give at once 


/ I \ ^1^2 dtd2'^1^2 


= \-kvJr — 


Finally, writing a = —v in equation (i), we obtain 

5id2sn(u + y) = Cj— CiCn(ii+r), 

from which it follows that 

Now this last equation can be written in the form 

sn(«+t.) = J 

on using the identities connecting the functions sn u, cn u, and 
dn u. This equation expresses sn(tt4-t’) as an algebraic function 
of sn u and sn r. and so is the addition theorem for sn u. Similar 
remarks apply to the formulae for cn{«-|-v) and dn(M’f t^)- 
We have thus shown that the Jacobian elliptic functions 
possess the addition theorems 

sn w cn V dn 1;+ sn u cn dn a 


sn(t4-f-t’) = 


cn(tt+t') = 


dn(tt-h^) = 


l—k^ sn^u sn^v 

cn u cn u— dn « dn v sn 
l—k^ sn*tt sn^u 

dn u dn v~ kr sn u sn v cn cn v 


sn^u sn^v 

Example 1 . Prove that 

sn(u + IC) = cdu, cn(u + if) = — *'sdti, dn(u + if) = * 

sn(u+JC+iK') = A:~*dcu, cnfu + X + iiC') = —ikk, *nc«, 

dn(u+JC+i.K') ^ ik'scu. 
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Example 2. Deduce from Ex. 1 that 

sn{u + »A") = ifc-insti, cn(u + i/C') = -Vi->dsu, 

dn(u + iA') = ~ic3u. 

Hence show that, when luj is small. 
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/ . * 2it*- 1 , 

cn(u + iA ) = -—-f 


6Jk 


dii(u + i/C') = — - -1- . 

Example 3. Prove that 

sn(u + a)sn(u — a) = (sn*u — sn*a)/'(l— A:*3n*usn*a), 
cn(u + a)cn(u — a) = (cn*a-dn*asn*u)/(l -I-»sn*u sn*a), 
dn(u+a)dn(u — a) = (dn*a— A:*cn*asn*u)/( I — I.*sn*u 3n*a). 

Example 4. Writing s, c, d, S, C, D for sn u, cn u, dn u, sn 2u, cn 2u, 
dn 2u respectively, prove that 


S = 


2scd 


l-ifcV’ 
Deduce that 


C = 


1-itV 


D = 






1 -C 


c« = 


D+C 

l+D’ 


l+D’ 

Examples. Show thatf 
sn^A = 1/V(1+*'). cniA = VA7v(l+A:'). 
Example 6. Prove that 

Ir'sn ti 4- cn « dn u 


a = T+'C' (^^AISHER.) 


dniA = sk'. 


sn(u + iA) = (!+!:')-»/* 


cn*«4-A:' sn*w 


14.4. Jacobi’s elliptic functions of given modulus 
Weierstrass’s elliptic function 

IS obviously a homogeneous function of the three variables 2, 
and a>2 of degree — 2 ; in particular, the constants Cj, e.^, and 
are homogeneous functions of a;, and a>2 of the same degree. 
Hence the function 

S{z) = [^hiz^y^^ 

t In this result, the branches of the square roots of k' and 1 +k' are defined 
by requiring them to be positive when 0 < k < 1. 
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is homogeneous of degree zero in z, and and so is of the 
form F{zjoj^, t), where r = wjcoi. But this gives 

snw = €2)"*/^} — 

As €2)*^^ is a function of r'alone, it follows that snw de* 

pends only on the independent variable u and the parameter t; 
similarly for cnw and dnw. 

This means that, when t is assigned, we obtain the same 
Jacobian elliptic functions, no matter what pair of parameters 
and W2 we employ in their construction, so long as the ratio 
(O2I0J1 is equal to t. 

Similarly the quantities 

, (€3—62)^^^ , , (^i— 

~ (61-62)^'^’ ” (€1-62)*^’^’ 

K == t'A' = 

are functions of t alone ; moreover, the explicit formulae, found 
in § 14.2, Ex. 4, show that they are analytic functions, regular 
when Imr > 0. 

Conversely, when k~ has a given value c different from 0 or 
1 , the Jacobian elliptic functions are uniquely determined. (This 
fact is often emphasized by denoting them by 8n(u,^), and 
80 on.t) To prove this, we need to show that the equation 
(63— C2)/(ei— 62) = c always has a root t whose imaginary part 
is positive, and also that every root of this equation leads to 
the same set of Jacobian elliptic functions. 

This problem is completely solved in Chapter XV. We show 
there that the equation always has a root tq lying in a certain 
‘fundamental region’ of the upper half of the r-plane, and that 
any other solution is of the form (0x3+26 )/(2cT(,+d), where a, l>> 
c, and d are integers such that ad~4bc = 1. From this it is 
deduced that the functions 8n(u,il), cn(u, A:), and dn(u,A:) are 
uniquely determined when is given. 

The equation (€3— e2)/(Ci— e,) = c defines r as a many-value 
function of c, with branch-points at c = 0, 1, 00. Each branc 
is regular in the c-plane supposed cut along the real axis from 
—00 to 0 and from I to +00. As c ^ 0 the principal branch tq 
tends to infinity along a line parallel to the imaginary axis. 


t The notation is rather unfortunate^ as is given* not 
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These branch-points of t, regarded as a function of c, are such 
that has branch-points only at c = 1 and c = oo, and is 
regular in the c-plane supposed cut only along the real axis from 
1 to -f CO. 

Finally, sincef 

^ iK’ = tK, 

n— 1 

where q = these results imply that K is an analytic func- 
tion of c, regular in the cut c-plane, and that A" is also regular 
provided that an additional cut is madej along the real axis 
from —CO to 0. 

14.41. The evaluation of an elliptic integral 

When is not equal to 0 or 1, the expression 

it 

J (1_22)->/2(1-A;222)-1/2(/2 

0 

is an elliptic integral. We now show that, when the path of 
integration does not pass through a branch-point of the inte- 
grand, we can evaluate this integral by means of the substitution 
z = sn(u%i.'). 

The equation z = sn(u;, k) defines as a many-valued func- 
tion of z. For if w — /(z) is any solution of this equation, then 

u; =/(z)-b4mA + 2mA' 
and w = 2A— /(z)-f-4?7iA" + 27u'A' 

are also solutions for all positive and negative integral and zero 
values of m and n. Since 

the only singularities of w are branch-points at z = ± 1 and 
z = il/^'. 

There is, however, a unique solution of the equation which 
is regular in a neighbourhood of the origin and vanishes at the 
origin. The existence of this solution w = F{z), say, is a con- 
sequence of the inverse-function theorem of § 6.22, since sn(t<^, k) 
has a simple zero at the origin and is regular when is small. 

t Se« § 14.2, Ex. 4. 

X Actunjly the cut from c = ltoc = -foois xiimecessary in the case of K". 
See § 14.44. 
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As the path of integration does not pass through a branch- 
point of the many-valued function w{z), we can continue F{z) 
analytically along it. Accordingly the transformation w = F{z) 
determines a definite path of integration in the i^;-plane, which 

starts at the origin and ends at a point v, where v is a certain 

% 

solution of the equation sn(v, k) = s. The particular solution 
V which has to be taken evidently depends on the manner in 
which the path of integration in the 2 -plane passes between the 
branch-points ±1 and ±1/^- 

If we now make the substitution z = sn(u;, k) and suppose 
that the integrand has the value -(-1 at the origin, we obtain 

# V 

J (l-22)-l/2(l_tV)-W dz = ^dw = V. 

0 0 
Example 1 . Prove that 

1 

(i) u = J {i-t*r^i^k'*+kH*r^i*(U, 

coy 

1 

(ii) u = j 

doy 

CP 

(iii) u = J 

oy 

•dy 

(iv) u = j 

0 

Example 2. Show that, if k* is not equal to 0 or 1, 

0 

j (l-k'BinHr^l^dt = V, 

0 

where v is a solution of the equation an(v.Ar) = aind. (This equation 
was used by Jacobi as the definition of his function 6 = amv.) 

14.42. The expression of K in terms of k 

We saw in § 14.4 that K is an analytic function of c (= 
regular in the c-plane supposed cut along the real axis from + 1 
to 4 - 00 . We shall now show that the equation 

1 

J dx = K, 

0 
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where the path of integration is a straight line, holds every- 
where in this cut c-plane. 

By § 14.41, the value of this integral is u-{-^mK-\-2niK' , 
where m and n are integers and w is a zero of 1— sn^i. But as 
1— snu is an elliptic function of order two with a double zero 
at It =s X, we have 
\ 

J (i-a:2)-i/2(l-cx2)->/2dr = (47n-f l)A'+2mX', 

0 

where m and n are integers to be determined. 

Let us consider first the case when 0 ■< c <C 1, so that the 
value of the integral is real and positive. In this case the 
principal value of t is purely imaginary, and therefore K and 
K' are also real and positive. This implies that m > 0 and 
n = 0. But if m were positive, there would exist a number Xq 
between 0 and 1, such that 

J (l_a:2)-i/2(l-cz*)-i/2 dx = K; 

0 

we should then have sn = Xq < 1, which is impossible. Hence 

m = 0. 

We have thus shown that 

1 

J (l-x2)-i'*(l— cx*)-!'* dx=^ K 
0 

when 0 < c < 1. The truth of this formula when c lies any- 
where in the cut plane immediately follows by the principle of 
analytical continuation. 

14.43. K expressed as a hypergeoraetric function 

If we write x = sin0 in the integral-formula for K, we find 
that ^ 1 r 

K = j (l-csin20)-V2 d0, 

0 

when c lies in the cut plane. When \c\ < 1, we can expand the 
integrand as a series of ascending powers of c which converges 
uniforralyt with respect to 0 and so can be integrated term by 

t By Weierstraaa’s Af-teat, since 0 < sin*® < 1- 
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term. This gives immediately 

where c — 

By the principle of analytical continuation, this formula holds 
everywhere in the c-plane, supposed cut along the real axis from 
+ 1 to -fee, since the expressions on each side of the equation 
are both regular all over the cut plane. 


14.44. The expression of K' in terms of k' 

We now' prove that K' is the same function of k' as K is of 
k, by considering the effect of renaming the parameters wi and 
a>2 which occur in the definition of Jacobi’s elliptic functions. 
If w'e write w[ — —oj^, ojg = a>,, a»J-fa»2+w)3 = 0, the set of 
points 2m' oj 2, where m' and n' take all positive and 
negative integral and zero values, is identical with the set of 
periods 2 /na»i-f 27 icu 2 Weierstrass’s function p(zlcoi,w2)- It 
follows that 

oj' 2 ) = p{z\wi,W2), Cizlw'i,a>2) — 
and <7(2|a»i, = cr( 2 |cui,a» 2 ). 

On the other hand, the constants which occur in the equations 
expressing the pseudo-periodicity of and <7(2|<x^i, wj) 

are no longer and 7)2. For, if 

{(2-f 2a)i|cui, wg) = 2Tji-f{(2lwf tUg), 
then 7)1 = C02) = 

and similarly 7;^ =s t^j, 7^3 = 

Hence we obtain a different set of Jacobian elliptic functions 
if we use the parameters cj'i and instead of a>| and a>2- 

Next we find the modulus and quarter-periods of this new set 
of elliptic functions. Using an obvious notation, we have 


(ei-e')*'- {P(— 

by the definition of Now {^>(2) — Ci)’'’' is an odd elliptic 


function with periods 2 a>i and 40^2; hence 

(63-63)*'“ (6.-63)"“ 

since (63-6.)*'“ = 3(61—63)*'“, (63—6.)*'“ = — •(6.— 63)''“- 
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follows, therefore, that o^g), and similarly that 

k' {cj{, io^) = A(cui, wg)* Thus the modulus and complementary 
modulus are interchanged by the interchange of parameters. 
Again, we have 

which gives at once 

K{uj{,w^) = K'{wi,w2)-, 
similarly = K{oji,co 2 )- 

Hence, when k'iw'iyw^) is not real and greater than unity, 

1 

0 

1 

= J {l-x'-)-W{i-k'Hu,^.w^)x^-)-'i‘dx, 

0 

1 

that is, K' = j (1— i2)->/2(i_jt'2a;2)-i/2 dx. 

0 

save when A:'* ^ 1. This proves the required result. 

Further, by using the result of § 14.43, we see that K' is an 
analytic function of c (= P), regular in the c-plane supposed 
cut along the real axis from — co to 0; the additional cut from 
4-1 to +00, imposed in § 14.4, is unnecessary. The explicit 
formula for K' as a function of c is 

K' = ^F(ii;l:l-c). 

14.45. Jacobi *s imaginary transformation 

We have just seen that the primitive periods of sn(u. A:') 
are ^K' and 2iK. and hence those of 8n(iw, A:') are 2K and ^iK‘ . 
Therefore the functions sn(w, A:) and sn(iu. A:') have a common 
pair of periods and AiK', and this implies that they are con- 
nected by an algebraic relation which we shall now determine. 
By definition, we have 

^,\ K' a{z\cu{.w2) K' a{z\w[,w2)o{oj2\oJi,<^2) 

\a>l ’ j Oj'i <72(z|cUj,CU2) €”’^i*Ct(Z + CU2 tt>2) 

K* ct(z)ct(cuj) K' a{z) 

iv'i e“'^i*a(z+a>i) ofi(z) 
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But xK’jK ~ and so K'joj'^ ~ —K'fu )2 ~ iKjw^. Hence 


sn 


\ / OJI Q^iz)! <72(2) \a>i / 


Putting Kz = we obtain 

sn(iM, X:') = isc{Uyk), 

which is the required algebraic relation. From this it follows 

cn(iu, X:') = nc(u, X:), dn(itt, X:') = dc(M,X:). 

These three equations constitute Jacobi’s imaginary trans- 
formationf of his elliptic functions. 

Example 1. Deduce Jacobi's imaginary transformation from the 
equation 

I = iu. 

0 

by the substitution z = <*)*/*. 

Example 2. Prov*e by the aid of Jacobi's imaginary transformation 
that 

an kiK' = iHk, cn \iK' = V( * + =%/(* + *>- 

the square roots being positive when 0 < ik < 1 . 

Example 3. Prove that 

8n(«+J.X') = 


14.46. Landen’s transformation 

The theory of the transformations of elliptic functions is con- 
cerned with the expression of the Jacobian functions of para- 
meter T in terms of those of parameter t, where 

T = (aT-f-6)/{CT-f d), 

a, b, c, and d being integers such that ad^bc is positive. A very 
simple instance^ of this is provided by Jacobi’s imaginary 
transformation, in which t' = — 1/t. 

The general theory of these transformations is beyond the 
scope of the present book;§ we shall consider only Landen s 

t FundoTTtenta Nova, 34-5. 
t For others, see Ex. 18 on p. 416. 

$ See, however. Tannery and Molk, Fonction* elliptiques, 2 (Paris, 1896), 
19&-232. 
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transformation, defined by / = 2t. This is of historical interest, 
being the first case ever discussed. f 

In order to determine Landen’s transformation,^ we consider 
first the connexion between Weierstrass’s Sigma functions 
a(2jtoi,aj2) and afzjcuj, cug), where <jj[ = and a»2 = cog, since 
these give 

^ = 2^ = 2t. 


OJ 


<JJ 


It is easily shown that§ 


it being understood that the parameters of <j{z) are oij and a>2. 
unless the contrary is explicitly indicated. From this it follows 


that 


i(z\oJi,U}2) = CjZ— TJi-t-^(2)+4{2 + a;,), 


and hence that 

Tji = iCitOi— r/i+S(icoi)+C(ia>i) = iCiOJi+TJi. 

and 172 — = eiW2-¥^Vi- 

Let us now suppose that the Jacobian elliptic functions con- 
structed from a{z\(o[,w2) have quarter-periods L, iL' and modu- 
lus 1 . Then 



L o{z\w[, ui2)a{aj2\<*>’\y <02) 

w[ e“’’*"a( 2 +cu 2 ltui, tog) 

a»i a{z-\-ii}2)o{z-\-oJi-\-U)^<j{u}i) 

ajj — — Jej (2 + a>2)2+»7i(z + t*>2)} 


t Landen, Phil. Trans. 65 (1776), 285. Landen, however, deals only with 
elliptic integrals, the idea of ‘inverting’ an elliptic integral to obtain an elliptic 
function (duo to Abel and Jacobi) not having been introduced vintil 1826. 

X A simpler but leas obvious method of finding Landen's transformation is 
suggested in Ex. 2 at the end of this section. 

§ See Ex. 20 on p. 379. 
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2L a{z)a-^{z) 

‘^2(2)<73(zj 



Writing Kz = we have 


Ksn{2lAi.lKJ) = 2L^n{u,k)Qd{u,k). (i) 

It remains to determine the relations connecting the quarter- 
periods and moduli of the two sets of Jacobian functions. 

The relations connecting the quarter-periods are found by 
putting u = \K in this equation. This gives 

Ksxi{L,l) = 2L^n{\K,k)cd(\K,k), 
and hence, by § 14.3, Ex. 6, 


L = \{l+k')K. 

Using this value of LjK, equation (i) becomes 

8n{(l-f U)u,/} = (1+A:')3n(w, A:)cd{w, ^). 

Moreover, since 


2LIV = 2iu>\lw’^ = {a.i/a>2 = KjK', 
we also have U = (1+U)A^'. 

Again, if we write equation (i) in the form 

i'sn(u,i)cd(?i,I-) = K' sn{L'ujK\l) 
and then put u = v+iK\ we obtain 


Vdc{v,k) _ K' 
k^3n{v,k) ~ lsn{L'vlK'jy 

Multiplying the expressions on each side of this equation by v 
and then making v tend to zero, we have 

L' _ K'^ 

~ L'l ' 


and so 


k’^K"^ k^ l-k’ 
~ ii+ky ~ I+A' ■ 


We have thus proved that 


sn{(lH-A:')u,I} = (l-)-i')sn(M, /;)cd(u, ir) 

where I = (1 — k')l{\-\-k'). This is the result known as Landen s 
transformation. 
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Example 1. Prove that, in the notation of the previous section, 
cn{{l + k')u,l} = {1-(1 + Jt')sn*(u.fc)}nd(u,ifc). 

dn{(l + fc')«.^} = {l-(l~*:')sn*(u,fc))nd(u,A:)- 

Example 2. Show that Landen's transformation is equivalent to 

4, e. 

J ( 1 ~ sin V)-*'* = ( 1+ fe') I ( 1 - jfc* sin>0)-‘/* dB, 

0 0 
where sin<^j = (l+i(:')smd,cosflj(l— 

Obtain this resiilt also by a direct transformation of the integrals. 


14.5. Legendre^s three kinds of elliptic integral 

We shall now show that the problem of evaluating the general 
elliptic integral ^ F{t,u)dt, where F{t,u) denotes a rational 
function of t and u, and u- is a quartic or cubic polynomial in 
t without repeated factors, can be reduced to the evaluation of 
three very simple types of elliptic integral. 

Since F(t,u) is a rational function of t and u, we can wTite 

Fit.u) = N{t,u)ID{t,u), 

where N and D denote polynomials in t and u. Now 
D(t,u)D(t, ~u) is a polynomial in t and u®, since it does not 
alter when we change the sign of u, and so becomes a polynomial 
in t alone when we substitute for in terms of t. Thus 


uF{t,u) = uN{t,u)D(t,-^u)jO{t), 

where G denotes a polynomial in t. 

If we multiply out uN{t,u)D{t, ~u) and substitute for u® in 
terms of t, we obtain ultimately 

uN{t,u)D{t, — u) = <l>(()+uT'(0. 

where <I> and T denote polynomials in t. Hence 


F{t,u) 


u G(ty G{ty 


As the second term in this expression for F(t, u) can be in- 
tegrated by means of elementary functions, the problem of 
evaluating the general elliptic integral has been reduced to the 
discussion of the simpler integral 



0{t) u 
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Let us suppose, in the first instance, that 

where a, y, and 8 are, by hypothesis, distinct. Making the 
transformationf 

2^ = {^i3-5)(^-a)}/{(a-8)(^-i3)}. 


we easily find that 

where = {(a-8)(i3-y)}/{(a-y)(;8-8)}. If, however, is a 
cubic in (, say 


the appropriate transformation is = {t — ci)l{t — P); this gives 

at once 

. ,dt 2dz 

where = (i3— y)/(a— y). Hence, no matter whether be a 
quartic or cubic, we have now shown that 


r <D(0 dt 

J G{t)u 


j i?(z'){(i 


—z^){l--k^z^)}-^^dz, 


where Riz^) is a rational function of z^, and k^ is a finite con- 
stant, not equal to 0 or 1. 

The next step is to express B{z^) as a sum of partial fractions 
in z*. The general elliptic integral is thus reduced to a sum of 
integrals of the following types. 


j zir{{i-zi){i-kH^)]-il2 dz, 

j (l+yZ=)-*{(l-22)(l-A:222)}-l/2rfz, 

where r and s are int^ers, s being positive, and v is a con- 
stant. 

Finally, by using well-known methods of the integral calculus, 
it is easy to obtain reduction formulae by means of which each 
of the above integrals can be expressed in terms of one of the 

f For an alternative method which only involves the use of a homographic 
tranafonnation, see Ex. 29 at the end of the present chapter. 
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three standard forms of Legendre: 

J (14-«2)-‘{(l-j“)(l-t=z=)}-‘'* dz. 

These are called the elliptic integrals of the first, second, and 
third kinds respectively. The evaluation of the integral of the 
first kind has already been discussed in § 14.41. 


14.51. The elliptic integral of the second kind 

If we make the substitution z = sn(w,I-) in Legendre’s in- 
tegral J 22{(1— z“)(l — (f 2 , we find that it becomes 
J 8n*(u, k) du. But since 

J dn2(i4, fc) du = u—kr j sn^(u, k) du, 

the latter integral could equally well be taken as the standard 
elliptic integral of the second kind, and this proves to be more 
convenient. It is usual to write 


U 

E{u,k) — J dn*(u,fc) du, 

0 

it being supposed that the path of integration does not pass 
through a pole of the integrand. When it is unnecessary to 
emphasize the modulus k, we shall denote the function more 
briefly by E{u). 

We shall now show that E(u) is an odd analytic function of 
u, regular save for simple poles of residue +1 at the points 
2mK + {2n-^l)iK\ 

To prove this, we observe that dn*u is an even elliptic func- 
tion of periods 2K, 2iK' whose only singularity in any cell is 
a double pole of residue zero at the point congruent to iK'. It 
follows that the integral of dn*u round any closed contour which 
does not pass through a pole is zero, and hence that E{u) is 
a one-valued function. Moreover, since the derivative of E{u) 


is dn^ti, E{u) is an odd function whose only possible singularities 
are the poles of dn-i4. We know, however, that, if a is a pole 

D d 


85314111 
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where ^{u) is regular at aj hence 

where <I>(u) is regular at a. Thus a is a simple pole of E{u), of 
residue -fl. 

It should be noticed that E{u) is not an elliptic function, 
since the sum of its residues at any set of its poles can never 
be zero. W e can, however, show that, when u is increased by 
2K or 2iK' , E{u) is reproduced, save for an additive constant. 
For we have 

u+ZK 2K 

E{u-{-2K) — E{u) = J &o?u du = J dn^M du, 

« 0 

since 2K is a period of tlie integrand, and hence 

E{u+2K)-E[u) E{2K). 

Putting u = —A", we find that E{2K) = 2E{K). 

Similarly we can show that 

E{u+2iK’)~E{u) ='E{2iK% 

but no simpler form of the constant can be obtained at the 
present stage, since iK' is a pole of E{u). 

14.511. The complete elliptic integral of the second kind 

The constant E{K) is called the complete elliptic integral of 
the second kind, and is usually denoted by E. If we write 
sna sin0 in the equation 

K 

A = J dn^w du, 

0 

it'2 

we find that ^ = J {l-csin^ 5 p 

0 

where c = k-. From this it can be shownf that E is an analytic 
function of c, regular in the c-plane supposed cut along the real 
axis from +1 to + 00 , and that 

E — i7rF( — l;c). 

We write E' for E{K\k'). Since E' is the same function of 
I;' as A is of k, it is regular in the c-plane supposed cut along 


t Cf. % 14.43. 
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the real axis from — co to 0, and can be written in the form 

E' = C). 

Example 1 . Show that, as ifc 0, 

E~^^, {K-Eyk^^i-rr. 

Example 2. Prove that 


dE 

^dc 

E-K 

c 

= 

dc 

E-Kc’ 
cc' ' 


K'^E' 

2^- 

K'c-E' 

dc 

c' * 

^ dc ~ 

cc' 


where c = k*, c' = &'*. 

Example 3. Show, by using the results of Ex. 2, that 

EK'-\-E'K-KK' 

is independent of c, and find its value by making c —*■ 0. 


14.512. Jacobi’s imaginary transformation of E{u) 

To find the effect of Jacobi’s imaginary transformation on 
the function E{u,k), we write 


\U 

E{iu, k) = J dn-f^, k) dt = 
and so 




E{iu,k)-\-iE{u,k') = i j [dc^fu, A:')+dn2(u, A:')] du 


0 


From this it follows that 



E{iu,k) = iu-\-isn(u,k')dc{u,k')^iE(u,k'). 

In particular, by putting u — 2K', we obtain the formula 
Ei2iK\k) =. 2iK'~iE{2K\k') = 2i(K'~E’). 
Hence, by § 14.51, 

Eiu-\-2iK\k) = E(u,k)-{-2iiK'-^E'). 


14.513. Legendre’s relation 

Since the only singularities of E{u) are simple poles of residue 
+ 1 at the points 2mK-{-{2n-\-l)iK', 

j E{u) du = 27rl, 
c 
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when C is the parallelogram with vertices K, K-\-2iK\ 
— K-{-2iK', and — K. Hence 

^ 2iK- 

27ri = j {E{u)-E(u^2iK')}du f {Eiu-\-K)-E(u-K))du. 
-K i 

When we make use of the pseudo-periodic properties of E{u), 
this becomes 

27Ti= -MK{K'-E')-^UK'E, 
or EK'^E'K-KK' = ^tt. 


This relation, which is due to Legendre, is the analogue of 

the formula = Jwi which occurs in the tlicory of tlie 

integral ^( 2 ) of Weierstrass’s function p{z). 


14.514. The quasi-addition theorem for Eiu) 

Let us consider the expression 

F{u) = E{u) + E{v)— E{u+v), 

regarded as a function of u. By the pseudo-periodicity of E(u), 
it is an elliptic function with periods 2K and 2iK\ It has a pair 
of irreducible simple poles iK\ iK‘ — v, and two irreducible 
simple zeros 0, —v. But sn«sn('W-(-v) is an elliptic function of 
periods 2K and 2iK', with the same irreducible poles and zeros 
as F(u); thus sn «sn{u + i')//’{u) is an elliptic function without 
singularity and so is a constant. 

When |u| is small, we have 

snwsn(« + i') usnv-{-0{u^) snt; n , 

F(u) , “ I-dn^v^ 

and therefore 

sn t^s n(u4- f) snt? 1 

■f\u) 1 — dn^u it^snu’ 

for all values of u. 

We have thus shown that 

E(u)-\- E{v)— E{u-\-v) = k-sniisnv3n(u + v), 

which is the quasi-addition theorem for Eiu). There can be no 
true addition theorem, as £’(«) is only pseudo-periodic. 
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14.515. Jacobi's Zeta function Z(u) 

For some purposes it is desirable to have a function which is 
of the same general character as F(u), but is simply-periodic. 
Such a function is Jacobi’s function Z{u), defined by the equa- 

Z{u) = E{u)—uEjK. 

It is easily verified that 

Z{u-^2K) = Z(ul Z[u-{-2iK') = Z[u)-nilK, 

on taking into account Legendre’s relation. Thus Z{u) is 
simply-periodic with period 2K. 

Example. Show that 

Z{u)-f Z(t;) — 2(u -|-v) = A:*sn u sn ytn(u4-t;). 


14.52. Jacobi's Theta function 0(u) 

We now introduce Jacobi’s function 0(i/). which plays a part 
in the present theory similar to that of a{ 2 ) in the work of 
Weierstrass-t This function is defined by the equation 

U 

0(u) = 0(0) exp J Z{u) du, 

0 

where 0(0) is a constant which we shall choose later. We show 
that 0(a) is an even integral function of period 2K, whose only 
zeros are simple ones at the points 2mK~\-{2n-^l)iK’. 

For if a is a pole of Z{u) we know that Z(m) = 
where <f>{u) is regular at ot, and so two determinations of 

U 

J Z{u) du, along different paths of integration, differ by a 

multiple of 27n. Hence log0(u) is a many-valued function, but 
0 (u) itself is one-valued. Moreover, as Z(u) is an odd function, 
0(ii) is even. 

The only possible singularities of 0{tt) are the poles of Z(u). 
Iog0(u) = log(u — a)-f J ^{u)du = log(u— a)-f<l>, 
where 4)(ti) is regular at a, and so 

0(u) = <x)e*^'*K 

■f In fact, we shall shov/ that ©(iCz/cyj) and ffj(i) differ only in an exponential 
factor. 
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Hence 0(ti) has a simple zero at each pole of Z(u). Since, how- 
ever, any pole or zero of 0(u) is a polef of Z(u), it follows that 
0 (w) is an integral function whose only zeros are simple ones 
at the poles of Z(u). 

Finally, since Z(«-f 2 A") = Z(u), we have 

0 («-f 2 A) = A0(uX 

where ^ is a constant. If we put u = — A and remember that 
0(w) is an even function, we find that A = 1; thus 0(a) is 
simply-periodicj with period 2X. This completes the proof of 
the fundamental properties of 0 (a). 

14.521. The Fourier series for 0(a) 

Since 0(a) is an integral function of period 2A, it can be 
represented by a Fourier series§ 

0(a) = 

— 00 

which converges uniformly and absolutely in any bounded 
closed domain of the a-plane. We shall deduce the values of 
the coefficients a„ from the important identity 

0 (a + 2 tA') = — g-ic-^*“/^ 0 (a), 

where q = 

To prove this identity we integrate the equation 

Z{a-l-2iA') =- Z{u)~7TilK. 

This gives 0(a-t-2jA') = .4e-"‘“/^0(a), 

where .4 is a constant of integration. To find A, we put 
a = V — iK'\ we then have 

_ 0{iK' + v) 

But, when [ul is small, 0(iA'-|-tj) — Q'{iK')v-\-0{^), and 
0 '(iA') does not vanish, since 0 (a) has only a simple zero at 
iK'. Hence, when v -»• 0, we obtain Aq = — 1 , and so 

0 (a+ 2 iA') = *Wir 0 (u). 

t Since Z(tt) = 0'(u)/0{ti). 

t If it were doubly-periodic, it would be a constant, which is certainly not 
the case. 

§ See Ex. 10 on p. 89. 
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Substituting in this identity the two series 

0(«) = Q{u-\-2iK') = 2 

» 00 •• 00 

and equating coefficients of we find that 

a„ = 

From this it follows that a„ = (— l)"ao?”'> positive and 

negative values of n. Hence 

0{u) = Uq 2 (— 

— OO 

The constant Oq is at our disposal, since, in the definition of 
Jacobi’s Theta function, 0(0) was left undetermined. We now 
fix 0(0) by taking Oq = 1. This gives 

= f = 1 + 2 2 (-l)'>5"*cos(n7ru/Ji:). 

-® \ 

This series provides a valuable method of computing 0(ti); 
for since 'R\{K'IK) > 0, we have < 1, so that the series con- 
verges rapidly. 


14.53. The elliptic integral of the third kind 

Making the substitution z = sn{u,k) in Legendre’s elliptic 
integral of the third kind, we obtain 

f (l+rz^)-^ J _ r r sn^-u , 

J Ul-z^){l-kV)Yl^ Jl + ..sn^«““ ‘'J l + ^sn-«‘^“' 

If V = — 1 or the evaluation can be completed in terms 
of the elliptic integral of the second kind. For other values 
of V, we choose a so that v = — k- sn-a, and we have to evaluate 


u + k^sn^a r — ^ du. 

J 1 — A'^sn'^asmu 


We shall take as the fundamental elliptic integral of the tliird 
kind Jacobi’s function 


U 


n. V f I-snacnadnasn^w . 

J 1 — ^•^sn“asn-^( 

0 

and this can be expressed in terms of Jacobies Theta function* 
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For, using the addition theorems for snu and Z{u), we have 

ti 

U{u,a) = i j k^snusna{sn{u+a)-{-sn{u—a)}du 

0 

u 

= i j {Z(m— a)— Z(t4+a)+2Z(a)} rfw. 

0 

Hence U{u,a) = ^ ! + uZ{a). 


14.6. The expressions for E{u) and Z{u) in terms of 
Weierstrass’s Zeta function 


The function dn^w is an elliptic function of periods 2K and 
2iK', with one double pole per cell at the point congruent to lA", 
the principal part at lA" being If we substitute 

u = Kzjoji, and suppose that w^lwx = iK'jK, we find that 
(Ar/<wi)2 dx\^{Kz'ni>x) is an elliptic function of periods 2a»i, 2^2 with 
one double pole per cell at the point congruent to a> 2 . As the 
principal part of this function at oj^ is — ( 2 — follows, by 


§13.62, that 

^dn2^^ = n2+a>2)+A, 

OJl Wi 

where A is a constant. 

When we integrate the expressions on each side of this equa- 
tion, we find that 


j = C(2 + <^2) + A2— 7J2> 

\a>i/ 

the constant of integration being determined by the fact that 
J?(0) = 0. To find the constant A, we put z = a/j. This gives 

EK/wi = ^{wi-{' 602 )~\~A<jUi — 172 “ Awi — ~ 

and so ^ EK 

a>| coi 

We have thus obtained the formula 



C(2+a»2) + 




^2’ 


wliich expresses the elliptic integral of the second kind in terms 
of Weierstrass’s Zeta function. 
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From this equation, it follows at once that 






14.61. The connexion between 0(v) and a(z) 

To show the connexion between 0(«) and a(z), we write the 
last equation of § 14.6 in the form 


and integrate between the limits 0 and z. This gives 

Q^Kzjw^) = O(0)exp( — iT7iz2/aji)(y2(2)- 

If we now use the result of Ex. 15 on p. 378, we deduce from 
this equation that 


0(u) = G n {1 — 252n-ico3(Tru/iC)+9^"-2}, 

where q — and G depends only on q. As this formula 

is of great importance, we give in the next section a proof of 
it which is independent of the theor}" of Sigma functions and 
which gives incidentally a very simple expression for G. 


14.62. The infinite product formula for 0(«) 

If ]g| < 1, the inHnite product 

converges uniformly and absolutely in any bounded closed 
domain not containing the origin. Hence F(0 is regular in every 
annulus 0 < a ^ l<j ^ and can be represented there by a uni- 
formly and absolutely convergent Laurent series 

■^(0 = 

— ® 

Moreover, since qtF{qH) = — F(0, we can show, as in § 14.521, 
that a„ = (— l)"?”'ao* It remains to determine Oq. 

Now the function ^ 

/(O = 
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is an integral function, expansible as a Taylor series 

m = 1 t", 

0 

where 6o = 1. Since F{t) = we can express in 

terms of the coefficients by multiplying together the series 
for/(0 and and then equating powers of this gives 

= ^n + frl^n+l + ^2^n+2+--- • 

But if we substitute the Taylor series in the identity 
(l—qt)f{q^t)=f{t) and equate coefficients, we find that the 
coefficients are connected by the recurrence formula 

from which it follows that 


where 

Hence 


and so 


6„ = 


(-Ij-S-'ao = a„ = y ^ 

* r4l 


^ /j(n+r)'gr* 


n+r 


^ /, 2 (nr+r*) 


1 

» r-l ' 


As is independent of n, it is necessarily equal to the limit as 
n tends to infinity of the expression on the right-hand side of 
this equation. 

Since |g| < 1, c„ tends to a finite non-zero limit as n-^oo, 
and so l/c„ is a bounded function of n. Hence we have 


^ q2lnr+T*) 






i?r. 

r^l 


where A is independent of n. Since ^ is convergent, this 

r-l 

inequality shows that 


lim N I = 0, 


lim y £1 

n-^ C- 

r-1 


n+r 


and so 


Oq = lim l/c„ = l/fl (1— g*"). 

n — ’ 1 


We have thus shown that 

1 
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Putting t = exp(rriu/^), we obtain 

1 

the required formula for 0(u). 

14.63. Jacobi's Eta function H(u) 

Closely associated with Jacobi’s function 0(tt) is his Eta 
function, defined by 

H(u) = -i?i/«exp(i7rtu/A:)0{u+iA"). 

The relation between 0(ti) and H(u) is a reciprocal one; for 

0(u) = — ig*/^exp{^7n*u/X) H(u+iA'), 

as the reader will easily verify by usine the formula for 

0(w+2iA:'). 

H('u) is an odd integral function which possesses simple zeros 
at the points of the set 2mK-{-2niK' . The effect of increasing 
u by 2K or 2iK' is given by the equations 

H(w 4-2A) H(u), H(ii+2i7i:') = 

% 

Thus H(ii) is a simply-periodic function of period AK. 

Example. Show that 

(i) H(u)= 2f (-l)V*"+“'^*sin{(n + i)7rw/A'), 

n«0 

(ii) H(w) = 25‘/*sin(fnnx/A) fl {(1— 9*’’){1 — 2^*’'cos(fru/A) + g^")}. 

n — I 


14.64. The expression of Jacobi's elliptic functions in 
terms of 0(u) and H(u) 


It follows at once from the formulae of §§ 14.521, 14.63 that 
the function H(w)/0(w) is reproduced with multipliers — 1 or + 1 
when u is increased by 2K or 2iK* respectively, and so is an 
elliptic function of periods 4A and 2iK\ In any cell it has two 
simple zeros (the zeros of at points congruent to 0 and 

2A, and two simple poles (the zeros of 0(w)) at points congruent 
toiA' and 2K-\~iK\ Hence snu0('u)/H(tt) is an elliptic func- 
tion with no singularities, and so is a constant whose value 
©(A)/H(A) is found by putting u = K. We have thus shown 


that 


_ 0(A)H(tt) 
H(i:)0(tt)' 
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Similarly it can be proved that 


cnw — 


0(O)H(u+/r) 

~^{K)Q{u) ’ 

Example. Prove that 

vt = H{Kye(K), 


dnw = 


0(O)0(tt+.fi:) 

0(A')0(w) 


'k' = 0(O)/©(X), 


and deduce that 

anw = V(I/i)H(u)/0(u), cnu = V(it7*)H(w + if)/0(u), 

dnu = Vi'0(u + /ir)/0{M). 

Show also that ^(2K!7r) = 0(iC). 

14.7. The numerical evaluation of elliptic functions 

The simplest method of computing the numerical values of 
Jacobi’s elliptic functions, when q is given, is provided by the 
formulae of § 14.64, which express them as quotients of 0 and 
H functions. For, in the formulae 

^ksnu = — 


l-f-2 2 (— I)”?”'cos 


TlTrU 


n-* 1 


etc., we have \q\ < 1 so that the initial terms of these rapidly 
convergent series give very accurate approximations to the 
values of snu, cnu, and dnw. 

Usually, however, it is the modulus k, and not q, which is 
given. When this is the case we have to determine the values 
of K and q before we can calculate the values of the elliptic 
functions. Now it is possible to calculate K and K' in terms 
of k by using the hypergeometric series 

when \k'^\ and \l—k^\ are less than unity, and thence to find 
q from the formula q = But as k^- and l-k^ are never 

small simultaneously, at least one of these series converges far 
too slowly to be of much use. 

An alternative procedure, due to Weierstrass, gives q im- 
mediately in terms of k. We know that 

^ ^ l-2g+V-V+ 

©(A) l-^2q-\-2q*+2q^+... 
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andso 1 ^^ 2 ^+lV+V^+... 

1 + Vyt' 

If we write 26 = (1 — VI*')/(l-f-VI'') and apply the ordinary 
methods for the reversal of series, we find thatt 

q = 6 + 26^+15£®+150€i3_|_..., 

the first term omitted, being of the order of This series is 
convergent when je] < a condition which is certainly satisfied 
in the case of greatest practical importance, namely that in 
which k lies between 0 and 1 . 

The power of this method for calculating q is seen from the 
fact that, when 0 < c < 1/23. The second term in the 

series for q is thus less than 10 “® and can, in general, be omitted. J 
When q has been found, K is then calculated from the formula 

^i2Kl7T) = e{K) = l + 2g+2g4 + 2g9 + ..., 

and finally K' from the equation 

ttK' = K\ogq-K 

Having found q, K, and K', the computation of Jacobi’s elliptic 
functions can be readily carried out.§ 

14.8. The four Theta functions 

In his later work, Jacobi denoted the functions H(u), A”), 

0(-w + A), and 0(ii) of the Fundamenta Nova by &iiz,q), i? 2 ( 2 .?). 
^ 3 ( 2 . 9 ). and 1 ^ 4 ( 2 ,^) respectively, II where 2Kz = ttu. For our 
purposes Jacobi’s older notation was preferable. 

Another method of introducing the elliptic functions of Jacobi 
is to determine, from first principles, the properties of the four 
Theta functions defined by means of infinite series, and thence 
to deduce the whole theory of Jacobi’s elliptic functions, defined 
as quotients of Theta functions. For an account of this very 

t See \\ eierstrass, Werke, 2 (1895), 276, or Schwarz's account of Weier- 
strass 8 lectures, Fonntln und Lthrsatze turn Gebraucht der elliptischen Funk- 
tionen (Berlin, 1803), 54. 

X li i < k* < 1, it iB probably boat to interchange k and k’ and datermine 
e~”KiK\ and thonce find q. 

§ For on example of this, see Whittaker’s discussion of a problem in rigid 
dynamica, soluble in terms of elliptic functions, in his Analytical Dynamica 
(Cambridge, 1917), 144-9. 

II This notation, which is a slight modification of Jacobi’s, is the one now 
in general use. Jacobi himself wrote d[z, q) for g). 
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beautiful theory, we must, with regret, refer the reader else- 
where, f 
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MISCELLANEOUS EXAMPLES 

1 . Show that sn u, cn u, and dn u tend to sin cos u, and 1 respectively 
as A' — > 0, and to tanhw, sechu, and sechu respectively as fc -► 1. 

2. Prove that 

/ cn^u k'^sn^u / dn^u 

Wn u dn u cnudnw' ’ 'snucnu ~ cnudnu' 

are elliptic functions of periods K, xK'. 

3. Show that, if 2 = sn*(u’, fc), where 0 < ^• < 1, the curves in the 
2-plane on which the real and iraaginarj' parts of u; = u+ t'e are constant 
form two orthogonal families of Cartesian ovals, whose equations are 

[2 — 1|— | 2|dn(2u,A:) = cn(2u,A). 

|2— 1 |cn(2y, it')+ |2|dn(2u, fc') = L 

4. Prove that, if 0 < it < 1, the transformation 2 = vArsnuJ maps 
conformally the interior of the rectangle with vertices w — 

on the interior of the circle jzl = 1, provided with cuts along the real 
axis from <k to 1 and from — to —1. 

5. Show that the part of the uj-plane within the ellipse uVo*-t- J- 
where w = u-j-tv, is mapped conformally on the interior of the circ e 

Izl =s 1 by the relation 

, = VA-.sn[— 

where Jacobi’s parameter q is given by y = (a — 6)*/(<^ + ^)’- (Schwarz. J) 

6. Prove that 

{l-)-sn(u + y)}{l+sn(u — t’)} = (cnv-f-snudnv)*/!?, 

(1 +cn(u4-y)}{l -i-cn(u — t’)} = (cnu-f cnt)V^» 

{1 +dn(u+y)}{l +dn(u— v)} = (dnu + dnu)*/^* 
where D = \—k* sn*u sn*v. 

■f See, for example, MTiittaker and Watson, Modem Analysis 
Chapter XXI, or Tanner>' and Molk, Fonctiona elliptiques, 2 (Paris, 18 )• 

notation in the latter book is slightly different from that given above. 

X See Forsyth, Theory of Functions (1918), 614-15. 
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6n(u + v)cn(u — 1 ») + sn(u — t;)cn(u v) 

= 2 sn u cn w dn t>/( 1 — jfc* sn^ 6n*v), 
cn(u+v)cn(u— v) + sn(M + v)sn(ti — v) 

= (cn*t;— sn*y dn*u)/( 1 — A:*sn*« sn*y). 

8. Show that, if tanh U = ksn*u, tanh V = jfcsnk), then 

tanh(C7^— V) = fcsn(u + t>)sn(u — v). 

Deduce that 

sn(tJ + ii?)an(v— u>)+sn(uj-t-ti)sn(u; — u) + sn(u4-^)sn(u — y)-f- 

+ A;*an(t>+ty)sn(u?+u)sn(u + v)sn(u— u>)sn(u;— u)sn(M — e) = 0. 

(Glaisher.) 

9. is a fixed diameter of a circle. P, Q are variable points on the 
circle such that ^PAB = am(u + a), Z.QAB = am(u-a). where a is a 
constant. Prove that the chord PQ envelopes a circle. (Jacobi. t) 

10. P, Q are points on the ellipse x*la* + y^jb* ^ 1 of eccentric angle 
am(w±a}. Show that, if a is constant and u variable, the locus of the 
pole of PQ is the ellipse 

^cn»o:+ ^sn*(/£: — a) = I. 

11. Prove that an |Jf == cd Jif, cn fiC = it'ed JiT. Deduce that 
sn J.K+cn f/C = 1. 


12. Show tliat sn u + acn M+^dn u+y. where a, y are constants, 
is an elliptic function of periods 4K, 4iK' and of order 4 and that the 
sum of the affixes of its zeros in any cell is congruent to 0 (mod 4K, 4iK'). 
Deduce that, if «i + u, + u ,+«4 = 0, 


Si Cj di 1 

St C, d, 1 
c, dj 1 
St Ct dt 1 

where 8^ = snu,,, == cnu„ d, = dnw,. 
Hence or otherwise show that 



C| d,-c,d, 



+ 


Ctdt—Ctdt 


a.— a. 



(Cayley.) 


13. Determine the periods and order of the elliptic function 

8nM8n(u + if)-f asn(u+X)+ySsnu+y, 


t This result is of importance in Jacobi’s discussion of Poncolet’s poristic 
polygons {Journal pir Math. 3 (1828), 376). See also Forsj’th, Messenger of 
Math. 12 (1882), 100. 
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where a, y are constants. Hence show that, if Ui+U|+u,+«4 = 2K, 


Sj Cl 

81 di 

Cl 

di 

= 0. 

5jC| 

#1 dj 

C« 

d.! 


SjCj 

^sd. 

Ca 

d> 


^4^4 

^4^4 

C 4 

d4 



(Oxford, 1923.) 

14. Prove, by using Liouville’s theorem or otherwise, that, if 

Wl-f«, + U, + U4 = 0, 

k’*-k*k'*ala^8,8t + k*ClCiC^c^-d^d^did^ = 0. 

(GUDEBMAIfN.) 


15. Deduce from Ex. 14 that, if U4 + Uj + Uj + U4 = 0, 

(i) ^*«t5,c,C4 — did| = fc*CiC,SjS4— djd*. 

(ii) di<ijCjC4 + fc'*«iSj = CiCjdjd4 + A;'*«j«4, 

(iii) Sj j ^3 ^4 Cj = dj dj Ss ^4 ” Cj C4. 

(H. J. S. Smith.) 


16. Show that, if snu, cnu, and dnu are denoted by «. c, and d 
respectively, 

1 — sn 3u 1 + d / 1 — 2s + 2 W — 

l+sn3u ~ 1— a\l + 2« — 2fcV— ’ 

1 - cn 3u 1 - c (k'^ + 2fc'*c + 2k>c^+k^c*\> 

H-cn3u” l+cU'*-2jfc'*c-2*:*c5+*»cV ’ 

l-dn3u l~d(k'* + 2k'*d-2(P-J^Y 
l+dn3u” l+d\k'»~-2k'*d + 2d^-d*J ' 


17. If the nine roots of cn3u = a. regarded as an equation in cnu, 

are Ci.Cj c,, prove that 

3ife‘nc,+fc'‘ic, = 0 . 

1 1 

18. By considering the four transformations (i) t' = t/( 1 +t)» 
(ii)T'= -l/d+T), (iii)T = -(1+t)/t, (iv)T'= 1+T. prove that 


^*sn(u, k). 


sn 


sn' 


tifc'sc(u. fcK 


^{ ku.D = 

(ii'ui) = 

^I'Aru, = ikstHUfk), 

(-•.4) - 


it'sd(u, k). 


Deduce the corresponding transformations of cnu and dnu. 
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19. Prove the results of Ex. 18 by direct transformation of the integral 

•o(u,X:> 


formula 


20. Prove -Gauss’s transformation, viz. that if A = 2v'it/(l +A:), 

sn{(H-I:)u,A} = (l+A:)sn(u.A:)/{l+I:8n*(u,A:)}, 
cn((l+A:)u,A} = cn{u, I:)dn(u, *)/{! 4-A:sn*(u, A:)}, 
dn{(l+A:)u,A) ^ {1 -fcsn*(u. *))/{! -ffcsn*(u, A:)}. 

Show also that, if 4A, 2iA.' are the periods of sn(u,A), 

A = (!+*)/£:, A' = i(l + A:)A:'. 

21. a and b are two real positive numbers. Two sequences of r^al 
numbers, a|, a^, a,,... and 6^, 6^, bj,..., are defined by the equations 

ai = i(a+6), 6i = yj(ab), 

Of+t = i(ar + fer). = y/{arbrh 

Show that, as n — *■ CO, and tend to the same finite limit, M{a,b} 

say. (This limit is called the arithmetico -geometric mean of a and 6.) 


22. Prove that, in the notation of Ex. 21, 
•/2 «/2 
dS 


/ (“• 


= f . 

J (ajcos*^ r6jSin*^)*<* 


cos*^ + b* sin*d)‘/* 

0 0 

Deduce that, if 0 < A: < 1, 

X = j7r/Af(l,A:'), A' = i7r/A/(l,Ar;. 


23. Show that the arc « of the lemniscate r* = a* cos 26, measured from 
the point of polar coordinates (a,0), is g^ven by r = acn(«N'2/a, 1/V2). 

Prove that, for the elliptic functions of modulus 1/V2, g = 0 04321, 
K — K' = 1-854, correct to four significant figures. Deduce that the 
length of a complete loop of the lemniscate is 2-62a, approximately. 

24. A rigid body is performing finite oscillations about a fixed hori- 

zontal axis, under the action of gravity. Show that, if its angle of swing 
is 2Qt, its period of oscillation is where A: = sin and I is the 

length of the equivalent simple pendulum. 

If gravity is suddenly reversed when the pendulum is at the end of 
a swing, show that the new period is 4K'^{llg). 

25. Show that 

r . 1, dntt — A;cnu 

J 2k *dnu-fA;cnu 

Jcnudu = iarctan(A:sdu), 

f dn u du = am u. 

E e 


ssaicii 
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Deduce the integrals of the other elliptic functions of Jacobi by in- 
creasing u in turn by K, iK', K + iK'. 

26. Prove that the integrals of ns*u, nc*u, nd*u, sc^, cs*u, sd*«, ds*M, 
cd*w, dc*u can all be expressed in terms of E{u), Jacobi's elliptic func- 
tions, and u. 

27. Show that 
d 

sn M cn u dn^'^u) 
du 

= (n -f 1 )dn"+2M — w( 1 + A:'*)dn"u + {n — 1 )<ln"“*«. 

Hence obtain reduction formulae for 

u K 

j dn^u du, j dn”ii du. 

0 0 

Find also similar formulae for sn"M, cn"u. 


28. Prove that 
2K 

j Mnd*u du 
0 

ZK 

j u nd*u du 


2KE c 

“ ’ J “ 


ZK 


7T 


nd’u du = 


2k'^ 


^^{2{1 +k'^)E-K}. 


0 


29. Show that any quartic or cubic polynomial in x without repeated 
factor can be expressed in the form 

where A, B, C, D, a, and ^ are real if the coefficients of the quartic 
are real. 

Hence prove, by using the homographio transformation 

t = (x-a)/(x-^). 

that an elliptic integral J Ii{x,w) dx can be evaluated in terms of 
Legendre’s three kinds of elliptic integral, together with the elementary 
functions of analysis. t 

30. Express x in terms of u when 


9 

« = J di. (Math. Trip., 1914.) 


31. Prove that 


n(u,v) — n(v,u) = uZ(v)— t;Z(u). 


32. Show that 

. r,, » TT/ I , 1 — /t*snasnusnt?sn(u-fv— a) 

II(u,a)-f n(v,a)— n(u + v,a) = i log 7 — ■ : , , 

® l + ^*snasn wsn vsn(u-hy+<*l 

t The advantage of this method of reduction is that it always gives » real 
modulus when the coefficients in to* are real, unlike the reduction of § 14'5* 
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33. Prove that 

n(»u, ia+/C, ife) =5 n(«,a 4 --K',ifc'). 

34. Show that 

n(tx,o) + n(w,6) — n(u,a + 6) 

,, 1 — A**8nasn 6snusn(a+6 — u) . t . , 

= 4 log rr ; ; r + SO o SH o sn(a -f- 6). 

* ® 1 + Jb* sn a sn 6 an M sn(o + + w ) 

35. By integrating round a cell of sn u, prove that 

J snuexp(injrtu/X)(iu = 

Deduce that sn u is expansible as a Foxirior series 


9 


sn 


2Tr . . ... 

'^“KicZ 13 ^. *■"("+ 

0 


valid in the strip Ilin(u/X)| < "RliK'/K). 


36. Prove that the expansions 

00 

27r 


V 


OO 


, TT , 27rV 

1 


cos nimIK, 


hold in the strip Ilm(«/X)| < R1{K7^)* 

37. Deduce from Exx. 35, 36 the Fourier series for cd u, sd u, and nd n. 

38. Show that 

00 

,<n+l 

9 


TT jnt 2n-^ 9 *" + * . 

^ cosec ^ + X Z. 1 - n-\-\)7TUIK, 

0 


2K 


the Fourier series on the right-hand side being convergent in the strip 
Ilm{u/A')l < 2R1(A7A). 

39. Prove that tho expansion 


‘*"“ = K + /r» 


00 


nq^ 

2, 


n • l 


holds in the strip |Im(u/K)| < R1(X7A). 
Deduce that the formula 


^<■'>-121^ 


2n 


is valid in the same strip. 


sin nnufK 
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40. Prove that, if U 1 + W 1 + M 3 + M 4 = 0, 

ZK,+Z,u.,+ZK,+Z,„.)= 


A:*Ci c, C3 C4 df 8 f k*di dj dj d4 c, 

A*Ci c, c, C4 — ^ c, Ar'*+did,d,d4 ^ d. 


41. Prove that 


n©(«r)+ nH(Ur) 

r -1 f -1 


is invariant under the transformation 2u' = Uj + Uj + Uj-f U 4 — 2 m,. 
Deduce that 

0 (uJ0(u,)H(m3)H(u4) + H(u,)H{m,)0(m,)0(m4 ) 

and 

0(Ui + if)0(«, + iC)0(u,)0(u,)-H(Mi + .K:)H(M,+A:)H(u3)H(«4) 
are also invariant. 


42. Show that, in the notation of Ex. 41, 

0(Ui + /f)0(u3 + X)0(Uj)0{u4) + H(Ui+K)H(ui+if)H(«3)H(M4) 

= 0(M; + /v)0(uH/f)0(U2)0(M;) + H(u;4-/f)H(M; + K)H(uaH(w;)- 

^ ^ . ( 1 — iksn M, sn M»)(l — fcsnu.snMj) 

43. Prove that p * , , . -[ 

( I + A; sn sn u^){ 1 + A; sn u, sn M 4 ) 

is invariant under the transformation of Ex. 41. Deduce that 

1 — ifc 8 n(r— x)sn(y— 2 ) 1 — A;sn(f— y)sn( 2 — x) 1 — A: 3 n(<— 2 )sn(x— y) 
I+A:sn((— x)sn(y— 2 ) 1 +Arsn(( — y)sn( 2 — x) i+A: 8 n((— r)sn(x— y) 

is equal to unity. 


CHAPTER XV 


THE ELLIPTIC MODULAR FUNCTIONS AND 

PICARD’S THEOREM 

15.1. The construction of elliptic functions of given 
modulus 

It was seen in the previous chapter that the problem of evaluat- 
ing an elliptic integral is solved if we can construct Jacobian 
elliptic functions when c, the square of the modulus, is given. 
By the first formula of Ex. 4 on p. 385, we have to show 
that, when c has any given value different from 0 or 1 , we can 
find a number t whose imaginary part is positive, which satisfies 
the equation ® / i_|_g 2 T. \8 

where q = and, moreover, that each solution of this equa- 
tion leads to the same set of Jacobian elliptic functions. 

An equivalent form of this problem is the determination of 
two parameters and such that Im(co 2 /‘^i) Is positive, 
which satisfy the equation 


16^ 




= C. 


p(a>i |a>i, cx>2) — p(a>2|ai|, <jj^) 

Actually a precise value for cyj cannot be determined from this 

equation, since the expression on the left-hand side is a function 

of T = alone; but this is immaterial, since cuj disappeai-s 

# 

when we construct the Jacobian elliptic functions by means of 
Weierstrass’s Sigma functions. 

If, however, we reduce the elliptic integral to Weierstrass’s 
form, as in § 13.7, we are given three constants Cj, e^, and €3 
whose sum is zero, and have to determine a»j and oj^ such that 

€1 = p(a>i), Cj = ^3(1^2), C3 p(aji+cu2) 

and Im(a» 2 /cui) > 0. But when we take into account the homo- 
geneity of p(z)y we find that this problem is precisely the same 
as the one we have just stated. 

15.2. The primitive periods of an elliptic function 

In § 13.2, the periods 2aj^ and 2 a >2 of an elliptic function were 
said to be a pair of primitive periods if Im(o> 2 /a>j) is positive and 
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if every other period of the function is of the form 2 moi^-{- 2 nw 2 , 
where m and n are positive or negative integers or zero. When 
this is the case, the parallelogram with vertices 0, 2a;i, 2co, + 2 to 2 , 
2 a >2 is a primitive period-parallelogram; if the affix of a point 
within or on this parallelogram is a period, the point is neces- 
sarily one of the vertices. 

There are obviously an infinite number of pairs of primitive 
periods. If 2a>i and 2oj2 form one pair, the numbers 

2ci>j = 2(fa>j -j- 2ca>2, 2cu2 — 26tUj-f-2(/t02 
form another if and only if > 0 and 

ojj = qoj'^, i02 = ra>i-l-Sa*2, 

where q, r, and s are integers. It is easily seen that 

has the same sign as ad— be, and so ad— be > 0. If we solve 

the first set of equations for and co^, we obtain 

{ad — bc}(vj^ = aw'i — ew^, {ad—bc)w^ = —bojl~\-d<jj 2 , 

and so ° = — = — = - = {ad— be). 

p —r —q 8 

From this it follows that {ad—be){pa—qr) = 1 and hence that 
ad—be= 1. We have thus shown that if 2toi and 2 oj 2 form a 
pair of primitive periods of an elliptic function, so also do 

2a>i = 2d<t»j-f-2c«>2> 2a>2 = 26cuj -j- 2aa>2 

if arid only if a, b, c, and d are integers such that ad— be = 1. 

Out of the infinite number of pairs of primitive periods of the 
given elliptic function, we now choose a particular pair of special 
importance, in the following manner. 

There are two, four, or six periods of least modulus, (i) If 
there are two, let 2w be the one of least argument. In the set of 
periods 2w' such that 2a> and 2<jj' form a pair of primitive 
periods, there are at most two nearer the origin than the rest. 

If there is only one such period 2a>', call it 2 cot; if there are two, 
let 2wt be the one which gives the smaller value of arg(a>'/w)- 
(ii) If there are more than two periods of least modulus, any 
pair whose sum is not zero form a pair of primitive periods; we 
take as 2a> and 2aAT the particular pair which is such that 
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0 < argT < ^rr and arga> is least. The unique pair of ])rirnitive 
periods chosen in this way is called the Jundamentnl pair of 
primitive perioiis of the given elliptic function, and the corre- 
sponding period-parallelogram the fundamental primitive period- 
parallelogram. 

Obviously ItI ^ 1, and, if |t| = 1, then 0 < argr 
Moreover, as 2a> and 2a> + 2a)T also form a pair of primitive 
periods of the function, we have ll + rj > 1 t|; but since 
0 < arg( 1 H-t) < arg t when Im t > 0, the sign of equality is not 
permissible, and so |1 + t| >■ [t|. Similarly we can show that 
\t—\ \ > [tI, where, however, the sign of equality can now 
occur. 

Therefore if 2co and 2a>T form the fundamental pair of pri- 
mitive periods of an elliptic function, t lies in the region defined 
by the inequalities \t\ ^ 1, 1t+1| > It], It— 1| > ir]. This 
region is bounded by an arc of the circle [t| = 1 and the 
straight lines RIt — the only boundary points which 

belong to the region are those for which the real part of t 
is not negative. 

15.21. The modular group of transformations 

If 2a»,2a»T and 2tj',2a>'T' are two pairs of primitive periods 
of an elliptic function, there exist, as we have just seen, integers 
o, 6, c, and d, connected by the relation ad— be = 1, such that 

vj't' = awT-^boj, w' = CU}T-\-du>. 

When, therefore, we change from one pair of primitive periods 
to another, the quotient t undergoes the homographic trans- 
formation aT + 6 

^ CT-f-d 

A transformation of this type, where a, b, c, and d are integers 
connected by the relation ad — 6c = 1, is called a modular trans- 
formation. 

The set of all modular transformations forms a group, since 
it possesses the two characteristic properties of a group, namely: 

(i) Ifr' = (aT + 6)/(cT-fd)isamodulartransformation,soalso 
is the inverse transformation T = —{dr — b)j{cr' — a). 
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(ii) If Tj = (OiT-f-6j)/(CiT + (ij), Tg = («2'ri + ^2)/(^2'^l + «^2) 

two modular transformations, so also is the transforms- 
t ion 

^ _ (Qiq2 + Cl^2)'^+(^iq2 + g^lfe2) 

(®1<^2 + Cirf2)^+(^1 C2"l"^l ^ 2 ) 
which is obtained by the successive application of the 
given transformations. 

The group of modular transformations is called the ynoduhr 
group. 

Two points in the r-plane are said to be congruent with 
respect to the modular group whenever their affixes are con- 
nected by a modular transformation. If Imr > 0, there is 
evidently no point congruent to t in the lower half-plane; 
moreover, if a point is congruent to a point on the real axis, 
it is either the point at infinity or else Ues on the real axis. We 
shall only consider the effect of modular transformations on sets 
of points in the upper half-plane, as the corresponding results 
for the lower half-plane can be obtained by a reflection in the 
real axis. 

It follows immediately from the work of the preceding section 
that if Im r is positive, there exists a point t which is congruent 
to t' with respect to the modular group and which lies in the 
region defined by (i) |rl > 1 and — J < RIt < 0 or (ii) It| ^ 1 
and 0 ^ RIt ^ J. This region is called the fundamental region 
of the modular group. 

We have not, however, shown that t is the only point of the 
fundamental region congruent to t'. Now if were another 
point of the fundamental region congruent to t', T^ would be 
congruent to t; this is impossible, as we shall now show. 

Let us suppose, then, that and t are connected by a modular 
transformation tj = (ar-f 6)/(CT+d) and that t lies in the funda- 
mental region; we consider separately the cases c = 0, c- — I, 
and c- > 1 . 

If c = 0, the transformation becomes tj = r + n, where n is 
an integer, and so does not lie in the fundamental region. f 
The point at infinity is invariant under this transformation. 

Ifc2= 1, the transformation isof the formT, — 7n = — 1/(t— n), 

t It must be remembered here that boundary points on the line Rl r = — 1 
do not belong to the fundamental region. 
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where m and n are positive or negative integers or zero. Now 
the inequality |t— n| > 1 holds for all points of the fundamental 
region if n ^ 0 or 1, and for all save certain boundary points if 
n = 0 or 1. In these cases Itj — m] < 1, so that r is certainly 
outside the fundamental region. When n = 0, we have to con- 
sider the boundary points t = e^*, where 0 ^ and so 

Ti— m = It follows that t, belongs to the fundamental 

region only when m = 0 and Q — or when m = \ and 
^ in both cases, tj is identical wth t. Again, when n = 1 , 

|t— 1| > 1 save when t— 1 = this gives Tj — m = 

so that Tj lies in the fundamental region only when m = 0, in 
which case Tj and t are identical. 

Finally, when c* > 1, the transformation can be written in 
the form 



But 



so that 



hence Tj is certainly not in the fundamental region. 

We have thus shown that, if Imr' is positive, there exists a 
unique point r which lies in the fundamental regiem of the modular 
group and is congruent to r unth respect to that group. 

A modular transformation t = U{t), being homographic, 
maps the fundamental region conformally on a region of the 
upper half-plane bounded by three circular arcs (or straight 
lines) intersecting at angles Jtt, 0. It is convenient to denote 
this region by U , which is also the symbol of the transformation 
producing it; we denote the fundamental region by I. 

Every point of the upper half-plane lies in at least one of the 
regions congruent to 7, so that they completely fill the upper half- 
plane; we shall show that they do so without any overlapping. 

For suppose that tj is a point common to the regions U and 
V, produced from I by the modular transformations r = U{t), 
t' = F(t); let Ti be the point of 7 congruent to t^. Then, if 
T = is the transformation inverse to t' = U{r), we have 


Ti= U-\r[)= 
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so tliat Tj is a point of I which is invariant under the modular 
transformation r = XJ~W{t). 

We have, however, just seen that at most one point of I is 
invariant under a modular transformation and that such a point 
has affix or oo. Hence the regions U and V can have 

at most one point in common, and so do not overlap. 



In the above figure are shown the fundamental region an a 
number of the regions congruent to it. In each case the dotte 
curve is congi’uent to the imaginary axis; it divides ^ch regio 
into two parts and corresponding parts are marked with 
At first sight, it appears that two adjacent regions would have 
a whole side in common, contrary to what we have just prove 
This is not the case, since part of the boundary of each regio 

does not belong to it. 

15.22. The elliptic modular functions 

An analytic function /(t), regular save for poles when 
Im T > 0, is called an elliptic modular function^ if there exis 
an algebraic relation between the functions /( t) and/(T ) w en 
ever t and t' are connected by a transformation of the modu 

t Tho standard work on elliptic modular functions is Klein and Fric 
Theorie der elliptischen M odulfunktionen (Leipzig. 1890). 
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group. If /(t) = /(t') for all modular transformations, /(t) is 
said to be an automorphic function^ of the modular group. 

We can easily construct an elliptic modular function out of 
the invariants g.^, of Weierstrass s function ^o{z\tu,ojT), which 
are unaltered when we replace 2oj and 2tuT by any other pair 
of primitive periods 2uj' and 2oj'r. But since 

g2{oi,OJT) = ffaioi.OiT) = t*>-V3(l,T), 

it follows gl!gl is a function of t which is invariant when t under- 
goes a modular transformation. As gl/gl can be shown to be 
regular in the fundamental region, save for one simple pole, it 
is an autoraorphic function of the modular group. 

On the other hand, the function 


where g =: is an elliptic modular function, but not an auto- 

morphic function of the modular group. To prove this, we 
observe that, as we saw in § J5.1, 


= (63— C2)/(ei— eg), 

where Cj, e^, and are the values taken by p{z\cjyU}r) when 
3 = 0), cjT, and o)+o;t. Now when we change to a new pair of 
primitive periods, 2a>' and 2w't say, the numbers e[, e^, C3 are 
a permutation of Cj, e^, €3. Hence, when t' is connected with 
T by a modular transformation, A(t') is equal to one of the six 
functions 


A(t), 1-A(t). 


A(t) 


A(t)’ 1-A(t)’ A(T)-r 


1 — 


1 


A(t)’ 


obtained by permuting e^, Cg, and C 3 . Since A{t) is regular when 
l?l < 1> that is, when Imr > 0, we have thus shown that A(t) 
is an elliptic modular function. 


15.23. The A-group 

A group of transformations A is said to be a sub-group of 
another group B, if every transformation of A belongs to B 
although there are transformations of B which do not belong 

t For the theory of automorphic functions in general, see, for example, 
L. R. Ford, Autoniorphic Functions (New York, 1929), or Forsyth, Theory of 
Functions (Cambridge, 1918). 
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to A. We now show that the elliptic modular function A(t) is 
an automorphic function of a certain sub-group of the modular 
group. 

We have seen that A(a>2/cwi) = ^ico^/cui) if 2a»i, 2^2 form a pair 
of primitive periods of p(zlaji,co2), such that p(toi) — ej, 
p(uj') = €2, and pico^) = 63. This is the case if 

Wi = dai^-\-2cuj2, ~ 26a)i + ao>2, 

where a, b, c, and d are integers such that ad— 4 bc = 1, o and 
d being odd.f Writing to2 — W2 — 

A{t') == A{t) whenr' = (aT+26)/(2cr+dh where a, 6 , c, and d are 

integers such that ad— 4 bc = 1. 

We shall call a modular transformation of this special type 
a A-transformation. The set of all A-transformations evidently 
constitutes a group, which is a sub-group of the modular group, 
we call it the A-group. The elliptic modular function A(t) is, 
therefore, an automorphic function of the A-group. 

15.24. The fundamental region of the A-group 

Two points in the r-plane are said to be congruent with 

respect to the A-group if their affixes are connected by a 

transformation. As two congruent points are necessarily bot 

on the real axis or both on the same side of that axis, it su ces 

to consider only the effect of A-transformations on sets of points 

in the region Imr ^0. j f 1 

We show first of all that the A-group possesses a fundaments 

region by considering the periods 2Qi^ and 21^2 piz\^i><*^2 

such that = Cl, ^(^2) = €2’ 

assigned number t' whose imaginary part is positive. 

The fundamental primitive period-parallelogram of p{z) con- 
tains either one or two points of the set Oi. If there y ’ 
we call it tu. If there are two, they are the midpoints of opposi 
sides of the parallelogram; we take as a> the one nearer e 
origin. In this way, to is uniquely defined and satisfies the con 
dition |to| < where is any period of pi^)- 

We next consider the points to' of the set fl2’ . 

and 2a»' form a pair of primitive periods of p{z). These poin 
to' lie on a straight line parallel to the line through ±to, an a 

t It will be seen that the condition od — 46c = 1 itself implies that a an 
are odd. 


ELLIPTIC MODULAR FUNCTIONS AND PICARD S THEOREM 429 
most two of them are nearer to the origin tlian the rest. If tlicre 
is only one, we cal! it air. If there are two. we take as cut the 
one which gives the smaller (positive) value of arg(a>7‘a). Thus 
wr is uniquely defined and satisfies tlie condition 

\ ujt \ < |aiT + Q,„„l, 

where „ is any period of p( 2 ). 

In this way we have found a number t which is congruent 
to the given number t' with respect to the A group, and which 
satisfies the inequalities 

1 < |2m-hl+2nTh 1 t| ^ |2p + (2g+ 1 )t[. 

for all positive or negative integer or zero values of m, n, p, and 
q. Each of these inequalities is satisfied if 

1 < |2t+1|, |r| < |t+2|. 

1 ^ 12T-lh 1 t| |t-2|. 

The point t lies, therefore, in a region bounded by the straight 
lines RIt = ±1 and the semicircles 12Td;l| = 1; moreover, it 
is easily verifiedf that the only boundary points which belong 
to the region are those for which Rlr ^ 0. We call the region 
defined in this way the fundamental region of the A-group. 

We have thus shown that, when Imr' > 0, there exists a 
point in this fundamental region which is congruent to t' with 
respect to the A-group. It is not, however, obvious that t is the 
only point of the fundamental region congruent to t '. If therfe 
were another such point tj, t and Tj W'ould be two points in the 
fundamental region congruent with respect to the A-group, and 
this can be shown to be impossible. J Hence, if Imr' > 0, there 
exists a unique point r in the fundamental region of the X-group 
which is congruent to r' with respect to that group. 

Each A-transformation maps the fundamental region con- 
formally on a region in the upper half-plane, hounded by four 
semicircles (or straight lines) all orthogonal to the real axis. It 
can be shown, just as in the case of the modular group, that 
these ‘quadrilaterals’ congruent to the fundamental region fill 
the upper half-plane completely without any overlapping. Two 

t By finding r when r' = il + ty and when 2 t^ = 

X Tho proof is omitted, since it is a simple modification of that given in 
§ 15.21 in connexion with tho modular group. 
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quadrilaterals can have at most one point in common, and such 
a common point is congruent to one of the points 0, 1, or oo of 
the fundamental region. f 

The figure given opposite shows the fundamental region and 

a number of the regions congruent to it with respect to the 
A-group. 


15.3. The behaviour of A(t) in the fundamental region 

The function A(t) is regular in any bounded closed domain in 
the upper half of the r-plane- and never takes there the values 
0 and 1- We now show that these exceptional values 0, 1, and oo 
are the limits to which A(t) tends as t moves in the fundamental 
region of the A-group up to one of the corners 0, ± 1, or oo. 


Now 


where q = 




Hence, if t — u-j-iv, where u ^ 1, we have 
|?i = < e~^ 


and so iA(T)| ^ 16e-^ 


n (i 


_pg-2nir \8 

g-(2n+i)ij 


where A is independent of 2 / and v. Therefore Xiu~\-iv) ^ 0 as 
V CO, uniformly with respect to u. In particular, A(t) ^ 0 
as T 00 in the fundamental region. 

Now as T moves to the origin in the fundamental region, the 
point — 1/t tends to infinity in the same region. But, by 
Jacobi’s imaginary transformation, we have 


A(t)= 1_A(-1/t). (i) 

and so A{t) ^ 1 as t 0 in the fundamental region. 

Again, sincej 

A(t) = ^ Mr-1) 

A(t+ 1)-1 A(T-l)_r 

the function A(t) tends to infinity as t ^ ± 1 in the fundamental 
region. 

When T lies on the imaginary axis, q is real and hence A(t) is 
also real. But X{iv) is a continuous function of the real variable 

atatemenU are omitted, as they can be easily supplied 

t See Ex. 18 on p. 416. 
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V therefore A(t) assumes all real values between 0 and 1 on the 
imaginary axis. Using formulae (u), we deduce that A(t) is also 
real and takes all values between — oo and 0 on each of the Unes 

Finally, by formula (i), we see that A(t) is real and 
takes all values between 1 and +oo on each of the semicircles 

|2t±11 = 1. 

15.31. The zerosf of A(t)— c 

If r is a closed contour in the upper half of the r-plane on 
which A(t) never takes an assigned value c, different from 0 or , 



the function A(t)-c has N zeros within T, where 

-- = / - 

We suppose, in the first place, that c is not real, so that A(r)-e 

has no zeros on the boundary of the 

we Uke T to be the boundary of that part of the fun 

region for which 

Imr < l/2e. \r-U\ > €, \t±1-u\ > 

where e > 0. This contour is shown in the figure above, m 

t The analysis of this section is essentially the “ ‘[*“3 

Whittaker and Wateon, Modem Analym (Cambridge, 1920), 481 • 


ELLIPTIC MODULAR FUNCTIONS AND PICARD’S THEOREM 433 
A(t) -»• 0, 1, 00 as T -V 00 , 0, ±1 respectively in the fundamental 
region, we can make « so small that no zero of the function 
occurs in the part of the fundamental region outside F. The 
value of the contour integral then remains constant as € de- 
creases; we find its value by considering the limit as € 0. 

Now when t moves along the arc F'E', its affix is — i-f- 
where 6 increases. The congruent point of the fundamental 
region has affix and so describes the arc FE. It follows 

that the integrals along F'E' and EF cancel. Similarly the sum 
of the integrals along GH and H'O' is zero. 

The value of the contour integral is thus equal to the sum of 
the integrals along HH', G'F', E’E, and FG. We consider these 
parts separately. 

Now when Imr ^ I, A(t) is regular since |g] ^ e~ We can 
therefore express it as a power series 

A(t) = 

which converges uniformly with respect to t when Imr ^ 1. 
Hence we have 

A'(t) = 167rig(l + 2aiy-f 3^29^+ ■■). 
and so the function 


A'(t) _ 167rtg(l + 2a^g-f-3a2 9-4--) 

A{t)— c —c+16g(l4-«i 9+^2 9^ + ■■■) 

tends to zero as Imr -> oo, uniformly with respect to RIt, pro- 
vided that c is not zero. From this it follows that the integral 
along HW tends to zero with e, since Imr = l/(2e) on HH’. 

When T moves along the arc E’E, the point t^= — 1/t de- 
scribes the straight line HH’, and hence 


f 1 ^ _ r 1 dX{r) j 

J A(r)-c dr J A(t)-c“^'^'"^- 

f'E HH' 

But, by Jacobi’s imaginary transformation, A(t) = 1— A(tj), 
and 80 . A-(r) _ r X’jr,) 

J A(t)— c J A(ti)— (I— c) 


By the same argument as before, this tends to zero with e, since 
1— c is, by hypothesis, not zero. 

8MMS1 pf 
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Again, when t describes the arc FG, the point tj = — 1/(t 1) 

moves along the right-hand half of the line HH , so that 

dXir) 




c dr 


- = f .Tb t-’ 


FG 


HK 


But, by Ex, 18 of p. 416, 


A(t)= 1- 


1 


which gives 


MriY 


f r 

J A(t)-c J 


1 


A'(ti) 


dr,. 


(1— c)A(ti)— 1 A(ti) 

FO US 

Similarly, by using the transformation Ti=— 1/{t+ 1). "’e 
can show that 


f r 1- 

J A(t) — c J (1— c)A(ti 

OF' sir 


A'(t,) 
)-l A(ti) 


dr,. 


Combining these results, we find that, so far, we have shown 
that 


27ruV = hm f — .w . — I 

J (1-c)A{t)— 1 

HH' 


A'{t) 

A(r) 


dr. 


The integrand can, however, be written in the form 

. (l + 2Q.g+3q.g-+ -) ^ 

^ ( 1 -t- a 1 g -{- a 2 3^ + - • . ) 1 1 — ( * — ^ } 

and this tends to —ni as Imr-^ +ao. uniformly with respect 
to RIt. From this it follows that tiriN = 27rt, and so A - L 
We have thus proved that, when c is not real, the function 
A{r)— c has one zero in the fundamental region of the A-group. 
It remains to consider the case when c is a real number no 
equal to 0 or 1. In this case, A(t)-c will have a fimtef number 
of zeros on the sides FF, F'F', GH. and G'H' of V , "O"® 

in the part of the fundamental region outside F, provided a 
c be sufficiently small. Now F'E' does not belong to the funda- 
mental region, but is congruent to FE with respect ® 
A-group; a similar remark applies to the sides G'H and 

t It cannot have Em infinite number, since A(t) — e is regular within an 

on r. 
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Accordingly these zeros occur in pairs which are symmetrically 
placed with respect to the imaginary axis. 

We now cut out each zero on E'F' and G'H' by an indenta- 
tion whose radius is so small that it cuts out no other zerof of 
A(t)— c. The zeros on EF and QH are then brought w^jthin F 
by circular arcs congruent to these indentations, as shown in 
the figure. We then apply the same argument to the modified 
contour, observing that the integrals along the indentations and 
the congruent circular arcs cancel, and conclude that A(t)— c 
has one zero within the modified contour. Since, however, 
points on E'F' or G'H' do not belong to the fundamental 
region, this means that the function has precisely one zero in 
that region. 

Hence it follows that, if c is any nutnber not equal to 0 or 1, 
the elliptic modular function A(t) takes the value c once in the 
fundamental region of the \-group. 

In particular, we see that A(t) increases steadily frpm — oo to 
0 as T moves along the straight line from 1 to l + co», then 
from 0 to 1 as T describes the imaginary axis from cot to 0, and 
finally from 1 to +co as r moves along the semicircle joining 
the points of affix 0 and 1. 

15.32. The solution of the problem of § 15.1 

We now show that the Jacobian elliptic functions are unic|uely 
determined when the square of the modulus is assigned. 

For we know that the equation A(t) = k' has an infinite num- 
ber of roots; each root t is connected with the root tq in the 
fundamental region of the A-group by an equation 

To = (aT + 26)/{2cT + J). 

where a, b, c, and d are integers such that ad— Abe = 1. 

If we construct two sets of Jacobian elliptic functions from 
the Weierstrassian functions ^{z\2cr-A-d,ar-\-2b) and p{z\l,r), 
the square of the modulus k has the same value for each set. 
But since the two Weierstrassian functions are identical, the 
two sets of Jacobian elliptic functions are also identical. Thus, 
when k^ is given, sn(u,^), cn(«, and dn(M,A*) are uniquely 
determined. 

t Thia ia possible^ ainco the zeros of a regular analytic function are isolated. 
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15.4. Conformal mapping by A(t) 

In the fundamental region of the A-group, the function A(t) 
is real only on the sides of the curvilinear trianglef OA C. Hence 
the imaginary part of A{t) is always of the same sign within this 
‘triangle’. To determine this sign, we observe that 

Mr) = 169{l-f/(?)}- 

where f{q) can be made as small as we please by taking Imr 
sufficiently large, and so ImA(T) has the same sign as Iraq. But 
if T = w + i?’, 

Img == = sinTrw 

and this is positive within OAC. Thus the imaginary part of A(t) 
is positive within the curvilinear 'triangle' OAC, and vanishes on 
its boundary. Similarly we see that the imaginary part of A(t) 
is negative within the curvilinear ‘triangle’ OA'C and vanishes 
on its boundary; in fact, by Schwarz's principle of symmetry,! 
A(t) takes conjugate complex values at points which are sym- 
metrical with respect to the imaginary axis. 

Since A{t) is regular and simple within the fundamental region 
and takes there every value save real values between — co and 
0 and between 1 and d-co, the transformation z = A(t) maps 
the interior of this region conformally on the whole z-plane, 
supposed cut along the real axis from — cc to 0 and from 1 to 
d-oo. The upper sides of the two cuts correspond to -4 C and OA 
respectively, the lower sides to A'O and OA . There exisU, 
therefore, a unique inverse function t = v{z) which is regular in 
the cut 2 -plane, and maps it conformally on the fundaments 

region of the A-group. 


15.41. The inverse function v(z) 

The equation z = A(t) defines t as a many-valued function of 
2 . We call the function v{z), which we have just defined, the 
fundamental branch of t; any branch of t is connected with 
v{z) by a A-transformation. We now consider how these other 
branches of t can be obtained by continuing analytically the 
function v{z) across the cuts in the 2 -plane. We do this by using 
certain results in Chapter XIV which depended on showing that 


t See the figure of § 15.24. 


X See § 8.4. 
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the Jacobian elliptic functions are uniquely determined when 
the square of the modulus is given; the work of the present 
chapter has completely justified this assumption. 

Now v{z) = iK'jK, where K and iK' are the quarter-periods 
of the Jacobian elliptic functions of modulus 2 ^/^. But K has 
branch-points at 2 = 1 and 2 = 00 , and at 2 = 0 and 2 = 00 ; 
this follows from their expressions as hypergeometric functions. 
Hence v{z) has branch-points at 0, 1. 00 . 

To determine the nature of these branch-points, we use the 
equation , 

V _ d AA \ 77 

~ dz\K j ~ 4iA'Ml-2)’ 

which follows immediately from the result of § 14.511, Ex. 2. 
When \z\ < 1, this equation can be written in the forinf 

TnZ 

the infinite series having jzj = 1 as circle of convergence. Hence 

v{z) — log 2 + ^( 2 ), 

TTt 

where ^( 2 ) is regular when \z\ < 1. 

The function v{z) has, therefore, a logarithmic branch-point 
at the origin. When we continue v{z) analytically once round 
2 = 0 in the positive sense, we obtain a new branch r — v{z)~\-2 
of the inverse functionj: this branch maps the cut 2 -plane con- 
formally on the interior of the ‘quadrilateral’ CAOiA^ of the 
figure of § 15.24, 

On the other hand, we have 

J /J_\ _»>'{2) _ 

dz \v{z)l _ 1 ^( 2 ) 1 -z) ■ 

We deduce from this, in a similar manner, that 

where ip{z) is regular when |l~ 2 j < 1. 

t Sine© 2 )K*} ia regular when |z| < 1 and has the value 4 / 77 * at the 

origin. 

X It ohould be observed that this implies that regarded as a function 
of Xf has DO braneb^point at the origin* but has a simple zero there. 
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The singularity of viz) at z = I is therefore most simply 
explained by saying that l^z) has a logarithmic branch-point 
at 2 = 1. Wlien we continue v{z) analytically round z = 1 once 
in the positive sense, we obtain a new branch r of the inverse 
function, giv'en by the equation 


1 

T 



v{z) 

so that --(z)+r 

This branch maps the cut plane conformally on the interior of 
the ‘quadrilateral’ OAC^A^ of the figure, which is obtained from 
the fundamental region by the A-transformation t = t/(2t4-1)- 
The point at infinity is the only other branch point of viz). 
But as a circuit about the point at infinity is the same as a 
circuit about 2 = 0 and 2 = 1 , there is no need to consider this 

any further. 

All the branches of the function t defined by the equation 
A(t) = 2 can therefore be obtained by repeated circuits about 
z = 0 and z = 1 in appropriate orders. Each such branch maps 
the cut 2 -plane conformally on the interior of a ‘quadrilateral 
congruent to the fundamental region of the A-group. It 
that every transformation of the A-group can be pnerate y 
repeated applications of the two transformations r — t-|-- an 
^ 1). For this reason, these transformations are callea 

the generating transformations of the A-group. 


15.5. Picard’s theorem 

It is well known that a polynomial takes any assigned fimte 
value n times, where n is the degree of the polynomial s 

polynomial is an integral function with a pole at 
naturally ask whether every integral function actually attains 

any given value. ^allv 

The theorem of Weierstrass, proved in § 4.55, does not j 

answer this question. It merely shows that we can n 

sequence of points at which the integral function approaches a 

near as we please to the given value. j + ho 

The answer to this question was first given by Picard, f ^ 

^ CompitM Ttndxu^ 88 (1879)» 102+-’7. 
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proved that an integral f unction actually attains every finite value, 
save one exceptional value at most. This result is known as 
Picard's theorem. 

We know that the equation e* = a has an infinite number of 
roots for any given finite value of a, save a = 0; but if a = 0, 
the equation has no roots at all. Thus zero is an exceptional 
value of e‘. On the other hand, there exist integral functions 
with no exceptional values; the function sin 2 is a simple example 
of this. 

In order to prove Picard’s theorem, we have to show that an 
integral function P( 2 ), which never takes two given values, a or 
6 say, must be a constant. The simplest proof of this is Picard’s 
original proof, by means of the function ^'( 2 ) introduced in 
§ 15.41. 


The function 



— a 

b—a 


is an integral function which never takes the values 0 or 1. We 
now consider the function t = v{/{z)}, where t lies initially in 
the fundamental region of the A-group when 2 = 0. 

When 2 describes a closed curve C, the point t = f{z) describes 
a closed curve P, since /( 2 ) is one-valued. This curve P cannot 
enclose either of the points 0 or 1 ; for if it enclosed the point 
/ = 0 (or 1), we could make P pass through / = 0 (or 1) by 
deforming C, and this is impossible by hypothesis. Thus v{t) 
returns to its original value when t describes P, and so \'[f{z)) 
is a one-valued function of z. 

The point t = v{f{z)) lies, therefore, in the fundamental 
region for all values of z, and t is always finite, since /(z) is never 
zero. Hence ^{/(z)} is an integral function whose imaginary part 
is positive. 

It follows that the function 


^(2) = 

is also an integral function. But since 

1^(2) 1 = < 1, 

we see, by applying Liouville’s theorem, that ^( 2 ) is a constant. 
Hence /(z) is also a constant. This completes the proof of 
Picard’s theorem. 
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15.51. Elementary proofs of Picard’s theorem 

Although Picard’s proof of his theorem is quite simple, it 
involves the rather difficult theory of the elliptic modular func- 
tion A(t). It is, however, possible to prove the theorem by 
elementary methods without the use of the modular function. 

The first elementary proof was due to Borel.f More recently, 
other elementary proofs liave been given by Bloch J and R. 
Nevanlinna.§ These proofs are of great interest, as they have 
been the starting-points of new methods in the theory of func- 
tions. H 

For an account of the application of the modular function to 
the discussion of the behaviour of a function near an isolated 
essential singularity, we refer the reader to Julia’s tract|t in the 
Borel collection. 


15.52. Landau’s theorem 

het f{z) be an analytic function which is regular and never 
takes the values 0 or 1 when \z\ < E. If this were true for all 
values of E, no matter how large, f(z) would be an integral 
function with two exceptional values, and this is impossible by 
Picard's theorem. The set of permissible values of E possesses, 
therefore, a finite upper bound L-, if R’ > Ly the function /( 2 ) 
is either not regular everywhere in [zl < R’ or else takes there 
one of the values 0, 1. 

In 1904 LandauJJ discovered a remarkable extension o 
Picard’s theorem when he found that this upper bound 
depends only on the first two non-vanishing coefficients in the 

expansion of/( 2 ) as a Taylor series in powers of z. 

Landau proved his theorem by elementary methods. I he 
best proof, however, is that due to Caratheodory,§§ which give 


t Comptes rendus. 122 (1896). 1045-8; Acta Math. 20 (1897). 357-96. 

X rem/u.-. 178(1924). 1593. An account of Bloch s method iflg 

by Landau, Daratellung und Begriindung ciniger neuerer trgebntMc dtr r 

iionenthtorie (Berlin, 1929). , . , j. 

§ Acta Soc. Scient. Ftnyiicae, 50 (1924), vi. See also hia Borel tract, 

Thiorimt dc Picard-Bwel (Paris, 1929). . , 

II See, for example. Bloch’s tract in the series. Memorial dee tciencee m 

matiques, fascicule xx (Paris, 1926). 

tt Lecone sur lee fonctione unijorrrue (Parts, 1924). 
it Berliner SitzuTigaberichte (\90A), 1116-33. 

§§ Comptes rendus, 141 (1905), 1213—15. 
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the ‘best possible’ value for L\ it involves the use of tlie function 
v{z). We give here Carath4odory’s proof in the case when/'(0) 
is not zero; the proof in the general case follows the same lines. 

The function /(z) = a^ 4 ‘< 2 i 2 -f-a 22 “ + 

where Oj is not zero, is regular and never takes the values 0 or 1 
in the region \z\ < B. As in the proof of Picard’s theorem, \'e 
consider the function where i'{ao} understood to mean 

the fundamental value; this function is one-valued and regular 
in \z\ < JR, where its imaginary part is positive. 

Now' the transformation w = (r — a)/(T — a), where Ima > 0, 
maps the region Imr > 0 conformally on lu’| < 1 and turns 
T == a into It) = 0. Hence the function 


where via^) — a, vanishes at z = 0 and is regular in ]z| < B, 
where it takes only values for which [ie| < 1. 

As u’(z) satisfies all the conditions of Schwarz’s lemma (§ 8.32), 
the inequality 'i-(/(z)}-a 

holds when |z| < B. If we divide through by |z| and then make 
0, we find that 


z 
B' 


- > lim 


W/(2)}-K/(0)} 1 

1 


a — a 

2 Im ^(ao) ’ 




s-0 


2lm v{aQ) 




and so 


B < 


2lmi/(ao) 


We have thus proved Landau’s theorem, that if 


J{z) = (Uj ^ 0) 

18 regular and never takes the values 0 or \ in the region \z \ < B, 
then B ^ L, where 

^ ^ 2lm»/(ao) 

1^1 1 KK)!* 



442 ELLIPTIC MODULAR FL’NCTIONS AND PICARD’S THEOREM 
If we replace L by any smaller function of and a^, the 
theorem is false. For we can actually construct a function 
satisfying the conditions of the theorem with R= L, by taking 

/<■! - 

^.here a = K«o) and A denotes the elliptic modular function of 
§ 15.22. The result contained in Caratheodory’s formulation 
of Landau’s theorem is thus a ‘best possible’ one. 
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MISCELLANEOUS EXAMPLES 


1. Show that 


J(t) = 


2. Prove that 


J{t) = 


9?(L^) 

is an autornorphic function of the modular- group, which takes every 
finite value exactly once in the fundamental region of that group. 

4(1 -A+A*)’ 

27A*(1-A)* ’ 

where A denotes the elliptic modular function A(t). 

3. Show that any transformation of the modular 
generated by successive applications of the transformations t 

dnd ~ *« 

4 Prove that A(t) 1 as t - 0. uniformly with respect to argr m 

any angle e < argr < rr -£. where e rs positive. 

5 Show that tho only points on the real axis which are co g * 
with mspecrto the A-gfoup. to points of the fundamental region, are 

those of rational affix. . 

6. Prove that the function which is equal to ^ J supposed 
is equal to Kz) + 2 when Imz < 0, is regular m the z-pl^ .Jpiane 
cut along the real axis from 0 to +co, and that it maps this cu p 
conformally on the ‘quadrilateral’ COAOi of § 15.24. 
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7. Obtain a function regular in tho 2 -plano. supposed cut along tho 
real axis from — oo to +1. which maps this cut plane conformally on 
the ‘quadrilateral’ COCfA. 

8. The function ^( 2 ) is regular save for poles in any finite region of 
the z-plane. Show that there exist at most two values of c such that 
the equation i^( 2 ) = c has no roots. 


9. The function 


where a„ 

I2I < B. 


/( 2 ) = a^-hOnZ^-i-afH-i 
is not zero, is regular and never 
Prove that i? < X, where 


2Im v(ao) 


takes the values 0 or 


when 


10. The function 

/(2) 5= ao + ai24-a,2* + ... 

is regular and never takes the values 0 or I when [z] < B. 0 is & con- 
stant between 0 and 1. Show that there exists a function S(aQ,0), 
depending on Og and 0 alone, such that, when jzj < 0B, 

l/S(a^\0) < 1/(2)| i>\a^.0). 

1/Sai~ao)-K0} < |l-/(2)l < S(l-a,.e). (SCHOTTKY.) 

11. Show that, under the conditions of Ex. 10, there exists a function 

L(k,0), depending on k and 0 alone, such that, if t<^oi ^ inequality 

\S(z)\ < L{k,0) holds when |zj < dR. (Landau.) 
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100-2 

Rodrigues's formula forP„(s), 275 
Rouch^'s theorem, 119-21 

Schlafli’s integral for P„(z). 275; 

for p;;'( 2 ), 301; for </,.(z). 318-19 
Schllcht functions. See Simple 
functions 

Schwarz’s lemma, 189-90 


Schwarz’s principle of symmetry, 
192-3 

Schwarz-Christoffel transforma- 
tion, 193-201 

Sequences of numbers, 19-22; of 
functions. 92-6, 121 (Ex. 2) 

Series. See Absolute convergence. 
Asymptotic expansions. Conver- 
gence. Expan.sions, Power series. 
Uniform convergence 
Sets of points in the Argaiul piano, 
13-20; boundctl sets, 15-1 8 ; clo.sed 
and open sets. 13-14 
Sigma functions. Sec Weiorstrass’s 
pseudo-periodic functions 
Simple functions, 184-5 
Singularities of an analytic func- 
tion, 36, 78-83; of a linear differ- 
ential equation, 233, 237-45 
Spherical harmonics, 272-3 
Steepest descents, method of, 330-1 
Stereographic projection, 9 
Stolz's principle of convergence 
for double series, 27 

Tannery’s theorem, 207-9 
Taylor’s theorem, 72-3 
Theta functions, 413-14 
Three circles theorem of Hada- 
mani, 164 

Transformations of elliptic func- 
tions. 395-9, 403, 416-17 (Exx. 
18-20) 

Trigonometric functions, 43 -6 

Uniform continuity, 33-4 
Uniform convergence, ofasequence 
of functions, 90-6; of infinite in- 
tegrals, 110-15; of infinite pro- 
ducts, 104-6; of infinite scries, 
96-102; of functions depending on 
o parameter, 106—7 

Watson’s lemma, 218-19 
Weierstrass’s double-series theoren., 
97; A/.tests, 97-8. 104-5. Ill; 
theorem on isolated essential singu- 
larities, 81-3 

Weierstrass’s elliptic function de- 
fined, 355-6; addition theorem for, 
362—5; associated constants, 

I e,, Cj, Zj, 361; differential equation 
satisfied by, 359-60; expression of 
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elliptic functions by, 371-3; in- 
variants of. 360. 374 ; (c, — e,)*, 368 ; 

367-8. S'ee aijo Elliptic 

functions 

Welerstrass ‘s pseudo-periodic 
functions 0 ( 2 ), 352-4, 356-7; 

CT,(z). 368-9; C(z), 354-7; their 
connexion with Jacobi’s pseudo- 
periodic functions, 408-9 


Zeros of an analytic function, 74-5, 
118-21; of an integral function, 
159-62, 109-70; of a polynomial, 
120-1 ; of Bessel's function, 317-18 
(Exx. 3, 7); of Legendre’s poly- 
nomial, 275 (Ex. 1) 

Zeta function of Jacobi, 405; of 
Riemann, 101-2 (Ex. 3); of 
Weierstrass, 354-7 
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